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3
% 1 COS Z
Z——| COSZ-COS|f ——
( 2) (Z—ﬁje%

N 2
Haiitu Bce ocoOpie ToukH QyHKIMN f (Z) = , ompenenuTth ux T OTBeT

(sinz—1)

000CHOBATH.

6 1llabynun, Cumopos ctp. 64 — 70 (mpumepsi 9 - 13 crp. 68 — 72), [TomOBUHKHH cTp. 85 — 95 (mpumepsr 1 - 4 ctp. 91 — 93)

z
® f(Z) = 4 ( ;, rae GyHKIUS l//(Z) perymspHa npu Bcex Z . [loaTromy ocoOple TOYKH (PYHKITUH f(Z) OTIPEeNIeNSIOTS 0COOBIMHU
w\Z

TOYKaMH (YHKIHN (0(2) U HYJIIMU 3HaMeHaTess i/ (Z)

T
KaHauaatel B 0coOble TOUKH: Z = — - HyJIb 3HAMEHATEJIS apI'yMEHTA DKCIIOHEHTHI,
Z = 7T - HyIb 3HAMEHATENIs apryMEHTa KOCHHYCA B YHCIIUTENE,
T
Z=—+27K, K=%1,£2,... -uynn snamenarens,

Z=00.

T
@ TokaeM, uTo TouKa Z = — SIBIAETCS YCTPAHMMO# 0C060i TOuKO# ' s (ByHKIHH f (Z):

T
nposezneM 3ameny t = Z — E Torma

t*sint - cos ! : 7N
-2 3)
f(t)= 2 esm%

(cost —1)? [1—i+o(t3)—lj2 ) t;+o(t5)

2
— 4ecos—.
—0 T

Ciie1oBaTeNnbpHoO, s f (Z)

® [Tokaxem, yTo TOUKa Z = /T SABIJISAETCS CYLIECTBEHHO 0c060ii> U QYHKIAA gD(Z):

1 . . 1 V4 .

nycrs Z, = 7 +——— ,Torma limz, =7 ,a llmCOS[ J—COS —COS(—+2721 =0, .e. lim f(Z|)=0;

/A [ [ Z, — T T 2 |0

—+2A ! e

2 2 24

1 . . 1
nycrte Temepp Z, =7 +—— , TOrma lim Z,=m, a lim cos = COS—:COS(27Zm>:1, T.€.
27Zm m—o0 m—»o Zm -

2m)

27 20,

i) (72[)3 cos(r)- cos(27m) e[/z }

7
m-e (sinz —1)’ 8

J— o
! Onpenesenne. M3onupopannas ocobas Touka & € C dynximn f:B, (a) — C nasbiBaetcs ycmpanumoit 0codoii moukoii, ecnu

cymecTByeT KoHeuHsli npeaen lim f (Z) eC.
Z—a

—_— o
2 Onpexaenenne. M3omuposannas ocoGas Touka a € C pynxwn T 1B, (a) —> C unaswiBaercs cyuecmeenno ocodoii moukoit, ecnv

HE CYHIECTBYCT KOHCYHOT'O WJIN OCCKOHEYHOTO npeaecia hm f (Z) .
Z—>a



Oco0ble TOUYKH OJTHO3HAYHOI'O XapaKTepa 2

Caenosarensno, |Z = 77 - COT| nius f (Z)

® Paccmorpum Toukn Z = z +27K, kK =+1,%£2,... , B KOTOpBIX HyJIM 3HAMEHATENS COBMANAIOT C HYIAMH YHCIUTENS (QyHKIUH
f (Z) I[IpousBenem 3aMeHy: t=2z- % —27K. Torna f (t)=
3 T 1
(t+27k) cos[t + -+ 27zkj - COS cos(HLzﬂk]
2 L2 )
t—— + 27K t+27K
= e =
(sm t+ + Zﬂkj 1
—(t+27k) smt+27zk - COS 1 —(t+27k)’ sin(t)- cos ¥+01
T
27K —— (—sin(t+2ﬂk)j 27K —— [—sin(t)j
— e t+27K _ 2 e te2ak ) _
(cos(t +27k)— (cos(t)—1)
—(27k)’t - cos oy o(1) | +oft*) —(27k)’t - cos _t o(1) |+olt?)
27K _r [—H—o(tz)] 27k _
_ 2 e 27k+o(1) _ 2 eo(l):
o)) rolt)
1=+ oft*)-1 4
—(27k)’ - cos L +0(1) [+oft)
27k -7
= o 42) e°(‘) =0 P - TOJTIOCHI 3-T0 TopsaKa.
— t
o of
Touku |Z = % + 27K, k = +1,%2,... - nomocs! 3-ro nopsiaxal ans dyuximn | (Z)
|[Z=00 - mnemsonmpoBammas ocoGas touka] (HOT)*, T.K. B moGoil e OKPECTHOCTH €CTh MOIIOCHL 3-TO  MOpSIKA

T
Z="—+27K, K=%1,£2,... (TouKa HAKOIICHHS TIOIIOCOB).

JE— o
} Onpenesenue. V3zomipoBanHas ocobast Touka a € C byHKIN f:B P (a) — C nasbiBaercs norocom, ecnu CYILIECTBYET Ipeae
lim f(z)=oo0.
Z—a

p— o
4 Onpenenenue. [Tycts pyHKINSA f ompenenena n perynspHa B mpoKosioToii okpectHocTH Toukn A € C | 1.e. Ha MuOKecTBe B, (a),

£ >0 . Torna Touxy 8 Ha3bIBAIOT U30AUPOEAHHOI 0CODOI MOUKOIL (00HO3HAUHO20 XapaKmepa) GyHKUuU f.
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16-2°
2(z +4i)

Pasnoxuts B psix Jlopana o creneHsm (Z +3+ 5i) ¢dyHKIHIO f (Z) =

B KOJIbLIC, KOTOPOMY HPUHAJICIKUT TOYKA

Z = —1—1. Ykasarh rpaHuIibl KOIbIA CXOIMMOCTH.

6 1labynnn, Cugopos ctp. 70 — 75 (mpumepst 1, 2 ctp. 73 — 75), [T0OBUHKHH CTp. 78 — 85 (mpumep 1 ctp. 83 — 84)
® JpoOb npaBuIIbHAS.

Haxoanm koprn ypasuenns Z = 0. ITomyuaem npocroii kopens: Z; = 0.
Haxomum KopHH ypaBHEHHUS! (Z + 4i)2 =0: z,, = —4i.Tonyuaem kpatnbie kopun: Z, =—4i u 2, = —4i.
@ Touxu Z2,=0mn Z,; = —4i aBnsrOTCA 0COOBIMM TOUKAMHU (GYHKIUHU f(Z) (B HEX f(Z) HE PETYIISpHA).

® Pasnaraem f (Z) Ha 3JIeMEHTapHBIE IPOOH:

16-2° A B C _ Az+4if +Br(z+4i)+Cz _ Az’ +82i-16)+ B[z’ +47i)+Cz
2(z+4i) 7 z+4i (z+4i) 2(z +4i)’ 2(z +4i)
2°: —16A=16 - A=-1 N
z': 8iA+4iB+C =0 > 4iB+C=8i N
\
2’ A+B=-1 > B=0 > C=8i
-1 8i
f(z)=—4—
W= ey
@ Jlns yno6eTBa qanbHeHIINX BHIKIANOK TIpou3BeaeM 3ameny Z + 3 + S5i=Wwum Z=W-3-5i:
-1 8i
f =
W)= o5 Wiy

Komsma anammmmanocr £(W): W< 3+i|=+/32 +1 =410,
\/ﬁ<|vv|<|3+5i|=m=\/§,
R
® Tpu z = —1—i nonyuaem W:2+4i,|vv|=x/m:\/%.

T.o., packnansiBath apodu B psn Jlopana no crenenam W 6yzem B xoible +10 < |W| < A/34 , ucnonw3ys paznokeHUs B ps
Teiinopa.
ITpu 3TOM |3 + i| < |W| < |3 + 5i| .

-1 ~1 1 1 & w ) & w
1) = . = = -
w-3-5i -3-5i , W 3+5i§;(3+5i) nZ;(3+5i)”+1

3+5i
8i i 1 8i 1 2 i 8i & (3+i)"
o -8 _ 8 _ 8 (ﬂ} _ —ZZH(LJ _
(W 3—|) W ( 3+Ij w 1_3+| W™ o\ W 3+i |\l —— w
l—— 3+i w
W w >+
_i 8in(3+i)"™
— Wn+1
OrtBerT: B KOJIBLIE, KOTOpMY MPUHALJIEKUT TOYKaA z=—-1-i (\/ﬁ < |Z +3+ 5i| < \/ﬁ )

i (z+3+5i) i 8in(3+i)"™

= (345 = (z+3+51)™
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zdz
HpI/IMeHH}I Teopmo BbBIYCTOB BBIYHUCIIUTH I/IHTQFpa.H 1

2111 (r—4z)1-sin2z)

&« 1llabynun, Cumopos ctp. 134 — 138 (npumepsr 11 - 15 crp. 134 — 137), [TomoBuakuH cTp. 95 — 102 (npumep 1 crp. 101 — 102)

® Haxozum ocobbre Toukn (Z) = ( 42)(12 - 22) .
T — —Ssin

OcoOBIMHU TOYKAMU SIBJISIFOTCS: 0COOBIE TOUKH YHUCTHTENS: J,

T
HYJIM 3HAMCHATECJIA: Z=— 5

(sin22=1<:>2zk =%+27zk<:>j z, =%+7zk, K=+1,+2,.. - I

(II0ITOCHI 2-T0 TopsiaKa)”
0CcoObIe TOUKH 3HaMeHatTels: .
Z = - HOT.

T
BHyTpH KOHTypa ¥ = {Z : |Z - 1| = I}Haxonmca: 7= e IT° (moumoc 3-ro HopsiKa).

@ Wnrerpan | =

zdz . .

i) - , MOYKHO BbIUHCIHTS TI0 popmyne | = 271 res f (Z) .
21 (7[—42)(1—sm 22) 7
= 4

5 T 6
©) JI1s1 HaX0XKICHUS BhIUETa q)yHKuHI/I f(Z) B TOYKE Z = Z pa3noxkuM 3Ty q)yHKI_[I/IIO B pax Jlopana B KoJbIe

V3
7 ——

0< <& (g << l). Iomyuaem:

' Tlo ymonmuanmio HanpassieHue 06X0/1a CUMTAETCS MOIOKHTETBHBIM — IPOTHB YaCOBOM CTPEIIKH.

J— o
2 Omnpenenenune. M3ommpoanHas ocobast Touka a € C GbyHKIHN f:B P (a) — C uazbiBaercs ROJII0OCOM, €CIIU CYLIECTBYET IPEAET
lim f(z)=oo.

Z—a

=0,m :(—20052Z)|

2 .
i :O,ad (1—s1n2z)
4 dz

3 (]—sinZZ)Z Z:% dz2

4 Teopema (Kommu o Bbiverax). Iycts gana o6macts G € Cec KYCOYHO-TJIAJIKOH MOJIOKUTENLHO OPUEHTUPOBAHHOM rpanuueil I .

HYCTL (I)yHKIII/IH f OIpCAC/ICHAa W pPCryJIsipHa Ha G BCIOAY, 3a MCKIIFOUCHHUCM KOHCYHOI'O0 4YHCJia HU30JIUPOBAHHBIX 0COOBIX TOYEK

a,,a,,...,4, € G (npu sTOoM mMeercs B Buay, uTo, eciu 0 € G, To © = @,) ¥ IycTb K TOMY e (QyHKLHS f HENPEPBIBHO

n
MPOJIOJDKMMA Ha MPaHUIly 00J1acTh G . Torma cnpaBeiuBa popmylia J-r f (Z)dZ = 2721'Zres f.
k=1

— o A
> Onpenesenne. Ilycts usonupoannas ocobas Touka d € C dynxuun f : Bp(a) —C, p>0.Iycem p, Z{Z : |Z —a| = r} -

TIOJIOKUTENBHO OPUEHTHPOBAHHAS OKPY*kHOCTh, TpruueM 0 < I < p. Torgma Bbruerom Gymkuuu f B Touke @ HaspiBaeTcs wmciO

res f = L f(z)dz.
a 27 7
1

6 rgs f= C_,,rae C_, - kosdpduument paznokenns Gyukuun f B psn Jopana ¢ HeHTPOM B KOHEYHOH TOUKe 8 TpH — .



Brrunciaenue KOHTYPHOI'O MHTCTpaJia € IOMOLIBIO BHIYCTOB

T T
, I=—+W - tW
i) - L -4 - :
(7 —4z)(1-sin2z) 47 _7|1-sin2z) w=z-2 4(-w) 1-sin2| Z+w
4 4 4
T W _7 1 o7 1 oz 1
16 4 _ 16w 4 _ 16w 4 _ 16w 4
_ 2 4
—W(l—sin[+2W)J (1-cos2w) [1 [1 (2\;\:)2+(22:)4+0(W5)B (4\3’ _162\?4\/ (WS)J
b 1 T 1

T T
Ortkyna nomydaem, uto ko3ddunuent C_, nmpu — paseH C_, = ——, cne/loBaTenpHO 1€S f (Z) =C,=——
z

T 96

4
@ 110 teopeme Ko o Beraerax

5.
| =2xres f(z) = 27&[—1} .
T 96

4

zdz i
OrtBerT: = —

1201 (7 —4z)1-sin2z) 48
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I Xsin(2 — X)

dx.
X2 +2

HpI/IMCHHH TCOPUIO BBIYECTOB BBIYUCINUTL UHTEIPaAJl J.

&« 1llabynun, Cumopos ctp. 140 — 145 (npumepsi 6 ctp. 144), TTomosunkua ctp. 103 — 108 (npumep 3 crp. 107 — 108)

TXsin(2—x)dX _ TXSin(X_2)dX

® 3ameuas, uto | =

Xt 42 Xt 42
© Xei(x—z)
JIIsL peH.[eHI/Iﬂ 3aa41 JO0CTAaTOYHO BBIYUCINUTH HeCO6CTBCHHBII>i I/IHTeraH 2—2 dX
X +

1 BOCIIOJIB30BaThCs (hOpMYIIoit

% xsin(2 — x 2 xe! 2
O S

X' +2 XTI +2

iz
e
@ I[J'IH TOro ‘ITO6BI MNPUMECHUTL TCOPEMY I(OHII/Il (6] BLI‘IeTaXZ, BBOJUM (byHKIII/IIO KOMILJIEKCHOI HepeMGHHOﬁ f (Z) = 2 2 n
iZ + E

M CTPOMM KOHTYp, COCTOSIIM M3 OTpe3Ka BEIIeCTBEHHOH OCH [— R,R] u nomyokpyxknoctu Cp = {Z :|Z| =R,Imz > 0},

BoiOpaB R Tak, 4ToGbI Bce 0coOble TOUKH Z) (k =12,..., n) dysxmmn f (Z), JIeKaIIe B BEPXHEU MMOIYIIOCKOCTH, OKA3aIHCh

BHYTpPH KOHTypa Tor,ua no Teopeme Komm o BerueTax
ff dZ = I(—Fdx+ I dZ = 27z12res f )
® Mepexomum  npeneny mpu R —> 00. Tax kak B Hawem ciydae q) (—FGCTB NpaBUIIbHAS PALMOHANBHAS IPOOb U
=1> 0, To ycnous memmbi JKopaaua® BEIMONHEHBI 1, ClIE0BATENHHO, 1 im J. dZ 0.
Hocxoany npasas 4acTk B (2) He 3aBucHT 0T R, umeem
dx =27z ) res f 3)
j ix + ZE ZZ %

Zeiz
rae Z, - ocoOble Toukn QYHKIMH f (Z) = IZ_ZP , JIeXKalue B BEpXHEHN NOIYIIIOCKOCTH.
"+

' Teopema (Komm o Bbruerax). [Tycts nana o6nacts G € C ¢ kycouno-riaxoii monoXHTENbHO OPHEHTHPOBAHHOM rpanuueii 1 .
Tb (pyHKIUSA IIPeZeIeHa U peryJsipHa H BCIOZY, 33 HCKJTFOUCHHEM KOHEYHOT'O YHCIIa H30JIMPOBAHHBIX BIX TOYEK
ITyc f onpenenena u pe ana G Bcrosly, 3a MCKITIOYEHHEM KOHEYHOTO YMCIIa H30JMPOBa 0co0 oue

a,,a,,...,4, € G (mpu >ToM umeetcs B BUAYy, uTO, eciu 0 € G, 0 00 = a,,) ¥ mycThb K TOMY e (DyHKIHs f menpepsiBHO

n
nponorskuMa Ha rpanmiy obmactn G . Toraa cipaseuiBa popmya L f (Z)dZ = 27ziz res f .
k=1 %

— 0 A
: Onpenenenne. [Tycts nzomiposannas ocobas Touka & € C ¢pynxmmm  : B p(a) —C, £ > 0. Iycts Ve Z{Z : |Z - a| = I’} -
TIOJIOKUTENEHO OPUEHTHPOBAHHAs OKPYKHOCTE, pruem ) < I' < p . Torza BbiueToM QyHKIMH f BrTouke @ HaswBaeTcs uncio

1
f=—r2¢ fl(z)dz.
resf=——§ (z)dz

3 Jlemma (Kopaan). ITycts (D(Z) - HempepbIBHAs (YHKIMS HA 3aMKHYTOM MHOXECTBE {Z R Z| = Ro > 0}. Ilycth uncio

A
a>0 n Cy ={Z| |Z| =R,Imz > 0}, R >R, - cemeiictBo momyokpyxknocteil B BepxHeil mnomymiockoctd. OGo3Ha4MM

g(R)imaxﬂQD(z)” Ze CR} mpu R > R, . Ecm lim E(R) =0,r0 %im jeiaZCD(Z)dZ =0

R—o0



Brrunciaenue HHTCIrpajia 1mo BCH.IGCTBGHHOIZ OCH C IOMOIIIBIO BBIYCTOB 2

iz

ze ze”
— = - —~—— Kak Hylu (1-ro mopsanka) ee 3HaMEHATEN:
2 +2f" (2202 ++2ip"

Z= \/Ei uz= —\/Ei . Takum obpaszom, Touku Z = \/Ei uil= —\/Ei - nomoca® 1-ro nopsxa (ITI1 — npocThie momoca).
® Bouncnsem Buwer B mpoctom  momoce  Z = V2i o dopmyme refs f (Z) = lin\} (Z - \/Ei)f (Z) omydaem
z=+/2i Z—+/2i

ze” 2ie™? g2

T f(Z)—m 2i: (Zﬁi)eiz T

® Boiuncnsiem HecoGeTBEHHDI uHTerpain mo gopmyne (3):

ez 4

Imdx =27 Tes f(z) = 27 S 7 e = ﬂf(cos( 2)+isin(-2)) = %(cos2—lsm2)

@ Haxonum ocoObie Touku (GyHKIHA f(Z) = (

@ Hcnone3ys dpopmyny (1), HAXOIUM UCKOMBIIT HHTETrpa:

0 XSln(2 — X) © XSln(X _ 2) 0 Xei(x_z) ﬂ.i N ﬂ-cosz
| :Lﬁdx :—Lﬁdxz—lm[}mdx :—In'le—x/z(COSz—lSlI'lZ):—e—x/E
7 xsin(2-x) 7c0os?2
O /= "Zdx = —
TBEeT J. X2 ) X eﬁ

J— o
* Onpeneaenne. Mzomuposannas ocobas touxka a € C dyuxmm f : B, (a) —> C uasbiBaetcs noocom, eciu CyecTByeT npeel

lim f(z)=oo.

Z—>a
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7 X—1

S (x+2)(x+1)

é#” labynunn, Cunopos ctp. 151 — 158 (upumep 11 crp. 151-152, mpumep 12 crp. 153-154, mpumep 13 crp. 154-156), [TonoBunkum, ctp. 108 —
115 (upumep 3 ctp. 111 — 114)

HpI/IMeHHH TCOPUIO BBIYETOB BBIYUCIUTL UHTEIPAJL

ldx
X

® YT0ObI BEIYHCINUTE ITOT HUHTETpaJl J C NMMOMOIIBbIO TEOPUH BBIUCTOB, MPOAOJLKAA IMOABIHTCTPAJIBHYIO (l)yHKLII/IIO B KOMIIJICKCHYIO

N . 4
TUTOCKOCTB, MBI BBIHYXKJICHBI HMETh JIEJI0 C MHOTO3HAYHOM (yHKIIHEH (Z + 2) (Z + 1) '. Dra pyHKIMA JOMyCKAeT BhIAEICHHE
perymspHsIX BetBeii B o6macti G=C\[-2,-1], uto nposepsieTcs’.

@ 3ameuas, uro mpu X € [— 2,—1] II0J 3HAKOM KOPHS CTOMT OTpHIATeIbHOE BBIpaKeHHe , a mpu X > —1 - monoxuTensHoe,

BHIOEPEM Telleph PEryIIpHYIO BETBb KOPHs, KOTopas B mpesene Ha Bepxuem Oepery | paspesa mo otpesky [-2, -1] nppunumaer

4 o
3HAUYEHHUA apU(YMETHIECKOTO KOPHS 5\/ (X+2) (—X—l) >0, r.e. ob6o3Haunm uyepe3 ( peryNsApHYH BETBb MHOTO3HAYHON

(GyHKUMK (Z + 2)4 (Z + 1)} B o6aactu C\[-2,-1] Takyro, 4TO ee mpejies U3 U3 BEPXHEi MOJIyIIIOCKOCTH B TouKax X € (— 2,—1),
T.e. Ha BepxHeM Oepery | * paspesa o oTpe3ky [-2, -1] paBen
g(x+i0) = —3/(x+2)* (= x=1) < 0%, (1)

iz (4A, arg(z+2)+A, (2+1)

9(z) =1 ‘(z+2)4(z+1)(e ; 5 2)

peryIisipHas BETBb, COOTBETCTBYIOIIAs BBIICIPUBEACHHOMY YCIIOBHIO (1).

OTMeTHnM, 4TO TIpenesibHOe 3HaueHne QYHKIMM ( W3 HWKHEH MOJYIUIOCKOCTH B TOYKax X € (— 2,—1), T.€. Ha HIDKHEM Oepery

| = paspesa no orpesky [-2, -1], npunnumaert 1o popmyne (2) 3HaUEHHE
L (427410) 87

g(x—i0) = 3 = g(x+i0)es o~ g(x+i0) 5 3)

B ¢opmyne (3) koHTYp ) HauMHaeTcs B TOUKE HA BEpXHEM Oepery paspe3a U OKaHUMBACTCS B TOH jke TOUKE Ha HIDKHEM Oepery

i/r+é(4-27z+1~0)

(x+2) (x+ 1)(e

paspesa.

©) ITycts € € (0, Ej . Paccmotpum B obnactu G KOHTYp /., MMEIOIIUI BUJI «TAHTEIN», T.€. COCTABJICHHBIA H3 OKPYKHOCTEH C_zg
u C_,
[—2+€,—1—6‘].

OpHeHTpreM HOHy‘ICHHLIﬁ KOHTYP 7/5 TIOJIOKUTEIIbHO 11O OTHOIICHHUIO K OI‘paHH‘{eHHOﬁ MM BHEIIHEH YaCTH INIOCKOCTH.

+ -
pagMyca £ M LEHTPaMH B TOUKax -2 U -1 COOTBETCTBEHHO, a Takxe AByx OeperoB |, u |_ paspesa nmo orpesky

e D )= gfler 2 e e )

* Teopema 2(§ 1611) ITycts dynkims f B o6mactu G perynspra, npuem | (Z) # 0, VZ € G . Yro6s! B 06mactu G cyliecTBOBAIM BETBH

o

PeTyISIPHON (PYHKITHH {\”/ f ‘ YA )}, HEOOXO/MMO H JI0CTATOYHO, YTOOBI LTS JIF0G0T0 3aMKHYTOTO KyCOYHO-Taakoro koutypa ¥ € G

Hanwtock nesoe gucno K. takoe, uro A. arg f(Z) = (27ZI1)|(° :
y y y

=152 (- 15+1) = (- 0.5) (< 0.5) = (0.5 =0.59-1

X=—"

g(x+i0)= —3/(x+2)' (= x-1) = —5\/‘(x+2)4(—x—1)( - _sﬂ(m)‘*(m)( . \/‘(x+2)4(x+1)(ei”

Sg(x+i0) = g/[(x+2)* (x + 1)(e5(4%1++%2+2ﬂk) = 5\/(x +2) (x + qei” = 5\/
(4(001 + @y t 27Zk)

’ Hanpumep, 3 (X + 2)4 (X + 1)

(x+2)*(x+ qei”e””' ,Te.

=27

%(O~27z+1~(—27r))

8 g(x+ iO)e



Brruucnenue HHTCrpajia 1no BeIHeCTBCHHOﬁ OCH C IOMOIIIBIO BBIYCTOB 2

A A 7 — 1
PaccMoTp erpan J, = | f(z)dz, rne f
MOTPHM MHTErpaj J ( ) ot ( ) zg(z)

TTo Teopeme 0 BEIYETAX , C OHOI CTOPOHBI, U M3 (HOPMBI KOHTYpa ¥ , CJIDYTOH, IIOJIy4aeM PaBEHCTBA

Jg=27ziresf(z)+ggo§f(z)J8= _[ +I +j +I )

& &

o 9 Y
@ Touka z = 0 I (IT") — pocToii momoc (MOMIOC IIEPBOTO MOPSIIKA), TOITOMY BBIYET B 3TOI TOUKE PAaBEH

res £ (2) = lim(z ~0)f(2) = — - - LI 2 e

g(O) S ‘(O+2)4(0+1X I7r+5(40+l( 7))

Jlnst Borumciuenns Bbiyera dyHkumm f(z)B Touke Z =00 ( - YOT'?) pasnoxum” sty dyskimmio B psix Jlopana B Koible

X -1
R < |Z| < (R >> 1). Jl1st 9TOr0 BoCHONMB3yeMcs pasnoxenueM f(z) B Touke BemectenHoi ocu R < X ¢ f (X ) = X—(X)

) ) (-1
X ) X
iT+— (4 0-+1- (—ﬂ')) 4 iﬂ—i—” |7Z
(X+2)4(X+1)( ’ Xosf[1+ 2] [1+ L] 1+ 51/1+—e s
X X
11 ‘ B

{

7 Teopema (Komu o Bbr4erax). ITycts nana o6macts G € C ¢ kycouno-riaakoii momoKuTeI-HO OpHEHTHPOBAHHOM rpanumei I .
ycts dynxmus T onpenenena u perynapua na G Berojy, 3a HCKITIOUEHHEM KOHEYHOTO YHCIIA H30TMPOBAHHBIX OCOOBIX TOUEK

a,a,,...,4, € G (mpu 5TOM umMeeTcs B BUAY, uTO, ecin 0 € G, 0 00 = a,,) ¥ mMycTh K TOMY K€ (yHKIHs f menpepsiBHO
n
MPOAOJDKMUMA Ha TPAHUILY OOIAaCTH G . Torza cnpasemBa dopmyna J.r f (Z)dZ = 27212 res f .

¥ Oco6bivMu Toukamu Gyrximn f spusrores: Z = 00, mymun 3uamenaress: Z = 0, 0cobble Toukn anciuTess: &, 0coOble TOUKH
sHameHaresst: I (B G))

— o
’ Onpenenenne. Mzonupopannas ocobas touka a € C dyuxmmm f 1 B, (a) — C nasbiBaercs nonocom, eciu cymecTByeT npeen

lim f(z)=oco.

Z—>a

— 0 A
' Onpenenenne. IycTs m3omuposannas ocobas Touka a € C dysxmm f : B p(a.) - C, p >0 .Iycrs y, ={Z : |Z - a| = I’} -
TIOJIOUTENBHO OPUEHTUPOBAHHAS OKPYXKHOCTh, iprueM 0 < I' < p . Torna Beruerom bynkuun f B Touke A HaspiBaeTcs umcio

res f = L f(z)dz.
a 27 7

o g
' Tinst BeranCICHMS g(O) GepeM KOHTYp }/ C HAuajloM B TOUKE, Jiexkanleil Ha BepxHeM Gepery paspesa | . » 1 KoHIIOM B Touke Z =0

— o
12 Onpenenenne. Mzomposannas ocobas Touka d € C ¢ynximm T : B, (a) —> C naseiBaercst ycmpanumoii 0co60ii mouKoii, ecim

cymecTByeT KoHeunblit npeaen lim f (Z) eC.
Z—a

1
} rcaes f = C_,,rae C_; - kKo3(pdUHEHT pasnoKeHus QyHKIHUH f B psan Jlopana ¢ neHTpPOM B KOHEUHOI Touke @ TIPH — .
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iz

1 1)) % 1z 1
[_ Y - 0(_jJe > . Tlo Teopeme C,HI/IHCTBGHHOCTI/IM umeem: f (Z) =——e’ +0|—|. OTkyza nomydaeM, 4To K03 GHIUEeHT
Z z
L;r iz

1
C_, mpu — pasen C_, = —€° , cie/I0BaTeNbHO €S f(Z) =—C, =
YA

Z=00

i 4 i

Taxum 0Gpasom, 8—27z1[resf )+res (2 (2)|= 24| Y27e* Saet |- 2q 25 41fes

® Ouennm unrerpame no okpyxnoctsm C_, . = {Z :|Z + 2| = 8} uC = {Z :|Z + 1| = 8}:

o 24e-1 -
f(Z)dZ < 6d¢£ A'SST)O,
UC“ J‘(—2—5}2154(—1—5) ’
i —l+e-1 2

6d(0£ B-ESWO

le

J.C, f(Z)dZ‘S !(_1_85(2—1—8)48

® B cury popmyi (1) u (3) momyyaem BbIpaKEeHUS:

~l-¢ -l-¢
If(z)dz = J' RSl N PV I x~1 — Lax,
I; 2 9(x+10) x ‘2*55/‘(x+2)4(x+1)<e? X
2+¢ 1 -l-¢ i87 -l-¢ x—1 1 _i8xz
f(z)dz - R Sl S N — Lk ——e s ————dx=—-e 5 [f(z)dz.
|.[ —1.[5 g( _IO X 2.[5 (X+|0)e 85 X —ZJ‘-'"? g(X+ IO) X f[r

@ [epexons B Gopmyne (4) k mpeneny npu & —> 0, nonyuaem paencTso:

_ﬂ ir |87r
27&{2 5Jrl}e5 (1 g 3 jJ,
iz i4m 4
i4x P ir [e5—e 5] 7{25+1}
J,J= =

re.e’>m2°+1g? =——2J, J=— -
21 . 4r . T
sin — sin —
5
_4
1 72 5 +1
K X—1
OTBeT: '_dX -
2 (x+2) (x+1) X sin
5

' Teopema (exmucreennoctn). [Tycrs dyuxmms f : G — C perymspua B o6mactn G < C. TycTs cymiecTByeT MOCIEI0BATENFHOCTD
Pa3IMYHBIX TOYEK {Zn } < G, cxonamasics k HekoTopoii Touke & € G u raxas, uro f (Zn) =0 VYne N . Torma f (Z) =0 na

06nacm G.
reS f = _1»Tae C_; - ko3 puimenT pasnoxeHns GpyHKIIn f B psanx Jlopana c HeHTpOM B GECKOHEUHOCTH.
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1 B IUIOCKOCTH C Dpa3pe3omM 110 KpHBOﬁ
Z_

ITycrs h(Z) - perynspHas BETBb MHOTO3HA4YHOW (YHKIMH {Ln

y = {Z :|Z| =1],0<argz< 3772} U [— 2i,—i] Takas, 4ro Im h(OO) = 377[ Haiitu h(O) ¥ BBIYMCIMTh HMHTETPA

h(z)

J= ¢ —=d

‘ §1 sin’ z :
2

ey 4 HlaﬁyHI/lH, Cl/I}lopOB CTp. 81 — 119 (upumep 8 ctp. 108-110, mpumep 10 ctp. 111-113, npumep 11 crp. 113-116), [1oIOBUHKHH,, CTp. 108 —
115, npumep 3 ctp. 104-105

® [Ipexne Bcero ciiemyer NPOBEPHUTb, YTO B 33JaHHOM 00JAacTH IEHCTBUTENHFHO CYLIECTBYIOT PpEryJISIpHBIE BETBH (YHKIHMH

2—1z
{Ln ' Jra (yHKLUS TOITyCKaeT BblIEIeHUE PEryIpHbIX BeTBell B 001actu G=C\ ), uTo 1erko HpOBepHeTCHz.

kY4
( BriGepeM Tenepb perysApHYIo BETBL KOPHS, KOTOPas YAOBIETBOPSeT yciiouio Im h(oo) =—
h(z) = 22 4 i A arg(2—iz)- A, arg(z ~1)+24) > Imh(e) = 24 =37
z)=In - +il@y, — @y, + A, arg(2-iz)- A arg(z—1)+ — Imh(o) =@, — @, + ==
2—iz| (37 i
h(z):ln‘ . +|(7+A7 arg(Z—IZ)—Ay arg(z—l)j - (1)
kY4
PEryJspHas BETBb, COOTBETCTBYIONIAs BHIIEIPHBEIEHHOMY ycaoBuio Im h(OO) =—
3 [h0) _ 142719 ; 3_7r+£_(_”) _ In2+i37]
0-1 2 2
@ Haxomum ocoGbie Touku f (Z) = h(i) .
Sm- Z
Oco0bIMHU TOYKaMU ABIsIOTCA: Z = o0 - HOT,
0co0ble TOUKH YncauTens: &,
uyu suamenarens: Z = 7K, K = 0,21, 2, ... - [T’ (momoce! 3-ro mopsiaxa)’

!

sin37zk:0,(sin3 Z) :3sinZZcosZ‘ =0,
7=

z=7K
(sin3 Z)N = (33in2 ZcoSs Z)' = (6sianos2 z —3sin’ zlmk =0,
z=7K 727k =
' Ln 22__'12 = Ln(2—iz)-Ln(z 1) = n2 —iz| +i(py, + A, arg(2—iz)+ 27, )~ In|z — 1| =i(py, + A, arg(z 1)+ 27k, )
2—-iz

= In

] +i((p01 —pp tA4, arg(2—iz)—Ay arg(z —1)+ 27z|)

2 Teopema 2(§ 1611) ITycts dynkims f B o6mactu G perymspra, npaem | (Z) # 0, VZ € G . Yro6sl B 06mactu G cymecTBOBaIM BETBU

o

peryﬂﬂpﬂoﬁ (I)yHKIII/II/I {«\n[ f ‘ Z i}, H€06X0,HI/IMO Hu 10CTAaTO4YHO, YTOOBI JUJIsL JIF000r0 3dMKHYTOI'O KYCOYHO-TJIaIKOT'O KOHTYpa ]/ (S G

HamIock resioe uncio K. takoe, uto A. arg f(Z) = (27Zﬂ)ko :
y y y

JR— o
? Onpeneaenne. Mzomuposannas ocobas touka a € C dyuxmm f : B, (a) —> C HasbIBaeTCs MOI0COM, ECTTH CYIIECTBYET MpeeN

lim f(z)=oo0.

Z—>a
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1
(sin3 Z)”‘ = (6sianos2 z —3sin’ Z)
7=

z2=7K
) . k
(6cos3 z—12sin” zcosz —9sin’ zcos Z} = (-1)6 %0
7=
0CcOo0BIe TOUKH 3HaMeHaTens: .

BuyTpu koutypa ¥ = {Z :|Z| =],0<argz< 377[} ) [— 2i,—i] naxomures: Z =0 - I,

® Hurerpan J = § h(f) dz , moxHO BeUmCTHTH MO popmye J = ZM(reS—h(Z) )4.

Hlsmz =0 sin” 7

\ ; h(z) .. 1 d*(_;5 h(z)
® Touka 2 =0 -1 (mosro¢ 3-ro MoOpsiaKa), MO3TOMY BBIYET B 9TOH TOUKE PaBeH I'€S ———— = lim 1 27— .®
=0sin®z =0 (3-1)dz sin” z

@) _ h(z)

=C_,", rme C_; - ko3pduuuent pasznoxeHus QyHKLUH

Kpome Toro, res B psan JlopaHa ¢ LEHTPOM B KOHEYHOM

2=0 sin” 7 sin” z
Touke Z =0 HpI/Il.
2-iz iz 2 (-1)(iz) &)y
h(z) = Ln = Ln(-2)+Ln|1-—= —Ln(l—z)7:Ln(—2)+Z— — —Z—(Z) +i27Kk °.
7-1 2 ~ \l2) “«k

Tx. h(0) = In2+i37,10 h(z) = In2+i37+ g%gjk—i(_l)(z)k =
=ln2+i37z—i52—%(%zj —%(%)3+z+§+23—30(z3)=

“mn2+i3z+|1-2 z+l 1+l zz+l 1+ z3+0(z3).
2 2 4 3 8

* Teopema (Komm o Bbiderax). [Tycts nana o6nacts G € C ¢ KycOUHO-IIIafKoil MOIOKHTEIBHO OPHEHTHPOBAHHOM rpanuueit I .
[ycts QyHKIMS f oIpelielieHa W peryispHa Ha G BCIO/ly, 38 MCKJIIOYEHHUEM KOHEYHOrO YKCJa HM30JMPOBAHHBIX OCOOBIX TOYEK

a,,a,,...,a, €G (upu srom nmeercs B Buay, uro, ecin 0 € G, to 00=a,) u mycts K ToMy *e (QyHKIHUA f menpeprBHO

n
MPOAOJDKHUMA Ha TPAHUITY OOIACTH G . Torma cripaBeuiuBa hopmyiia L f (Z)dZ = 27zi2res f.
A

— o A
> Onpenenenne. [Tycts u3omuposanHas ocobas Touka d € C ¢ynxuwmn f : B p(a) —C, p>0.0ycms y, ={Z : |Z - a| = I‘} -

TIOJIOUTENBHO OPUEHTUPOBAHHAS OKPYXKHOCTB, iprueM 0 < I' < p . Torna Beruerom bynkuun f B Touke A HaspiBaeTcs ymCIO

res f = L f(z)dz.
a 27 7

res f = C_,,rae C_; - koahduImenT pas3noxenus GyHKIUKN f B psan Jlopana ¢ eHTpOM B KOHEUHOM TouKe & TPH — .
a VA

iz
" MHoro3HauHbIe QyHKIMH Ln(— 2) , Ln(l - Ej u Ln(l - Z) TAaKKE UMEIOT PETYIAPHBIE BETBH.

* Tlonosunkuu §9 npumep 4: h, (Z) = ln|Z| +iarg z,arg e (— 72',7[).

h(1+2)=3 (1" 2. 2 B,(0).

n=1 n
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-13 - ! 3 ! 3 63 :_3+L+0(1)
sin” Z 73 ( 4) , 72 ( 3) z 77 2z
z——+olz Z’|1-—+olz
3! 6

1 5 1 . h(z)

Orkyna mnomydaeM, 4to kodpduiment C_, npu — pased C_ = —+—(ln2 +137 ), Cle/ioBaTeNbHO  T€S—— =
Z 8 2 2=0 §in” Z

5 In2+i3z

8 2 '

I i P )
® Oxonuarensho E27zi(res h(i) j = 2m(§+wj =-37"+ Iﬂ(z+ln2j

2=0 gjn° 7 8 2
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