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JIEKIINS 12

MowmeHT nMmiryjibca. CobcTBeHHBIE 3HAYEHNSI 1 COOCTBEHHBIE
dYyHKIII MOMEHTa MMITYJIbCa

Ha mpomuioit JIeKIuu 6bLI0 YCTAHOBJIEHO, UTO ollepaTop L? KOMMYTHPYeT CO BCeMH
ITPOEKITUSIMU OTIEPATOPa MOMEHTA KOJIMIECTBA JIBUKEHUS:

CiieioBaresbHo, y onepatopoB L? u L, NOJKHBI CyHIECTBOBATH OOIMIME COOCTBEHHBIE
COCTOSIHUA |\, 1)

LA, ) = pl A, p)
o
L |)‘7VJ> = )‘|>‘7N>v
e )\ — CO6CTB€HHO€ 3Ha4YeHUe KBaﬂpaTa MOMEHTa KOJInYeCTBa ABU2KEHMI,

[t — cOOCTBEHHOE 3HAYEHHE OIePATOpa IMPOEKIINH MOMEHTa KOJINIeCTBA JIBUKEHUS Ha,
KOOP/IMHATHYIO OCh 2.

(12.1)

Pa3MepHOCTB MOMEHTa UMIIYJIbCa COBIIa/Ja€T C Pa3MEPHOCTBLIO ,ZL€I>’ICTBI/IHI

[IO3TOMY YJI00HO BBECTH O€3pasMepHBIil ollepaTop MOMEHTa KOJINYIECTBA JIBUZKEHUS:

L—

St

B nanbreitiem oyt L 6y1eM mmoapasyMeBaTh UMEHHO Oe3pasMepHyI0 BEJTUIUHY. YCJI0-
BHUE KOMMYTAITUH JIJIsT PA3JINIHBIX KOMIIOHEHT OllepaTopa MOMEHTa KOJIMYECTBa, JIBUKEHUS
OBILIO TOJIYIEHO Ha MPEIbIIYINEH JIEKIIIH:

A A

[Li, L) = i€ Ly

Haiijiem cpejiee 3Hauenue oneparopa L2:

~

~

L2 = O pl D2 ) = L2 + 12+ L2 = D2+ L2 + 422,

COIJIACHO BTOPOMY ypasHeHwuio B (12.1).
ITockoneky L, 1L, — 3pMUTOBBLI OLIEPATOPLI, TO

L =\ (12.2)
CrenoBaresibHO, coryacHo (12.2) M0JIKHO BBITOJHATHCS CJIEYOIIee COOTHOIIEHNE:

<A = —VA<u<Va (12.3)
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Jleknus 12. MoMenT nMmirysibca, ero cobcTBeHHbIE 3HAUEHUS U COOCTBEHHBbIE (DYHKITUN

Bsenem oneparop Lr CJIEIYIOIIUM 0OPa30M:
Py —itil,

1 SPMUTOBO COIPAKEHHBIIT K HEMY:

[MozeiicTByem omepatopoM L, Ha cobcTBeHHOE coctosinue |\, p). B pesysnbrare mosry-
UM BEKTOD, KOTOPDIil OyIeT aBIAThCS COOCTBEHHBIM BEKTOPOM ollepaTopos L2 u L,:

LA(Ly A 1) = Ly LPIA i) = AL A, o),

OCKONIBKY L? KommyTupyer u ¢ L, u ¢ Ly, TO ecTbh BO3MOXKHBI [I€DECTAHOBKH.
[ToneiicrByem onepatopoMm L, Ha TOT Ke CAMBIil BEKTOD:

La(Ly|A, ). (12.4)

Corsacuo YCJIOBUAM KOMMYTallUN:

.iz.i/y = f/yfzz + i@gglfzm
CrenosaresibHO, Boipaxkenue (12.4) mpumer Bu:

ﬁ2(£+|)\7 ,u>) = {f/mf/z + i€312£y + Z(ﬁyﬁz + ’i€321£x)} =
(Lot L)L+ (Lo + L) YA = (14 DL A )

Taxkum obpazoM, BeKTOp Ly |\, ) siBJIsieTcst COGCTBEHHBIM BEKTOPOM oreparopa L.,
NIPUHAIEZKAITUM Ha €JIMHUILY OOJIbIIIEMY COOCTBEHHOMY 3HAYEHMUIO.
Taxum obpazom, omneparop L, MOXKHO Ha3BaTh MOBBIIIAIOIIAM OIEPATOPOM:

AHaJ‘IOFI/I‘{HO MO2KHO IIOKa3aTb, 9YTO OII€epaTop [:_ — HOHI/I}KaIOIJ_II/Iﬁ orreparTrop:
Lo\ ) = DA, p— 1). (12.6)

BosbMeM HEKOTODbIHi cOOCTBEHHBIN BeKTOD |\, 11). TlomelicTBOBaB Ha HEro OJMH pas
orepaTopom fz+, noJtyauM coberBerHoe cocrosiame |A, i+ 1). TogeiicrBoBas Ha oIy InB-
muiicd COOCTBEHHDBIN BEKTOP ONEPATOPOM f/+ erre pas, MOJIYIUM COCTOSIHUE |\, it + 2), u
TaK JlaJjiee:

o) =5 A 1) =5 (A p+2) =

Cormacuo (12.3), HEBO3BMOXKHO MEPEHTH COCTOSHUE:
1> VA,

u, cjaeaoBaTe/IbHO, JJOJIZKHO CyHIeCTBOBATH 3HAYCHUE

Mmaz g \/X,
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TaKoOe€, 9TO BbIIIOJIHAETCA CcJIeayroniee COOTHOIIEHUE:

I\ fimaz) # 0, LA, fhimaz) = 0. (12.7)

Ciie1oBaTe/IbHO, COCTOSHUS |\, flmgz + 1), OTJIMIHOrO OT HyJisi, HE cymiecTByer. [Ipu-
MeHNM K (12.7) moHmzKkaromuii ornepaTop:

A

Lo LN, ptmas) = (Lo = iLy) (Lo + Ly )IN, ptmac) = (L2 + L2 = i[Ly, Lo]) N, fimas)- (12.8)
[TockombKy R R R ) ) R ) R
P2+ 12=12 = [2+1%=1>-1
Ly, L.] = iea3L, = —iL,,
To BeIpakenue (12.8) mpumer cieyommuii Bu;
L Ly |\ pimas) = (L2 = L2 = L)X, timas) = (A = i = fmaz) [ A, imaz) = 0 (12.9)

CrieioBaTeNIbHO, TIOCKOJIBKY COOCTBEHHBINH BEKTOD |\, flmas) HEHYIEBOI, TO

A — 2 — tmaz = 0. (12.10)

OO6O3HAYNM BEJTMYUUHY [lyne; (MAKCHMAJBHOE 3HAYEHUE MPOEKINN) CJIeYIOMUM 0Opa-
30M:

Mmaz = 0,
Torjia u3 Beipaxkenus (12.10) ciemyer, 1ro

A= +1=1(1+1).

JleficTBys aHaJJOTMIHBIM 00Pa30M JIOCTATOTHO OOJIBITIOE TUCTIO Pa3 onepaTopoMm L Ha
cocrosmue |\, ), cormacho (12.3), Hesbas nepeiitn 3natenue —v/\:

M) == op—1) 5 A p—2)

CrenoBaTesbHO, JIJIg TOTO, YTOOBI 3HAUEHUH TPOEKIINH, MEHBIITIX HEKOTOPOTO [hymin, HE
CYIIECTBOBAJIO, JTOJI?KHO BBITIOJTHATHCH YCJIOBHE:

L_|\, fimin) = 0.
yMHO}KI/IB 066 JaCTU 3TOI'O BhIpazKE€HMHA CJIEBa Ha j—z+, IIOJITyYUM:
E+[A/—|)\7Mmm> = @2 - [E + [A/z)|)\,ﬁbmm> =0,
u, cijieaoBaTe/IbHO,
A= i+ fmin =0 = A= g2 — [hmin-

Cpasnusast 510 Beipaxkenne ¢ (12.10) yBuanm, 9T0, MOCKOJIBKY 3HAYCHHAE A HE MEH:-
eTcd:
Hmin = —MHmaz = —l.
Taxkum 06pazoM, MUHUMAJIbHOE 3HadeHne nmpoekmuu pasao —( (cm. puc. 12.1). Iozeii-
CTBOBaB IIOBBIMIAIONINM OllepaTopoM L Ha HHKHee 3HaveHHe, OBBICUM €ro Ha eJIMHHILY.
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[ozeficTBOBAB CHOBA MOBBIIIAIOIIIM OTIEPATOPOM 1l
Ha HUJKHee 3Ha'UeHNe, [IOBBICUM €r'o ellle Ha eJIUHUILY, L.
n Tak jgajee. Ilycts 3a n maros OyJzieT JOCTUTHYTA
BeJIMYNHA [, TOr/Ia: L,

n "
l=-l+n = I=-. Ly
2 -1
CreoBaTeIbHO, €CJIN N — YeTHOEe, TO BCe TPOEeK- -1
[N TIeJIble, & eCJIM HedeTHOe, TO BCe MPOEKINU I0-
JIyTiesible BeJTMIuHbl. Bee cocrognus Ha pucynke 12.1 Puc. 12.1

IIpUHA/JIE2KAT CO6CTB€HHOMy SHaA4YE€HHNIO

A=1(1+1),
npudeM 91CJIO 9TUX COCTOAHUNA PaBHO:
r=n+1=20+1

Taxum obpazom, KaxkJI0oMy COOCTBEHHOMY 3HAYEHUIO KBaJpaTa MOMEHTa KOJIMYECTBA
JIBIZKEHUSA A OyJIyT COOTBETCTBOBATHL 2n + 1 cocrodnuit ¢ pa3audaabiMu rnpoekiusamu. Core-
JIOBaTETbHO, He pelllas HUKAKNX YpPaBHEHWIl, YJaJ0Ch MOJTYyYUTh BIOJHE OINpeJe/leHHbIe
BBIBOJIbI. Ha camowm jieste, motyunTh COOCTBEHHBIE 3HAYEHUS Y/IAJI0CHh B MPEJIIOJIOXKEHUN,
YTO HOPMa BEKTOPOB JIOJIZKHA OBITH KOHEYHOM.

Ompegennm 3naderns kodddurmenros C' u D B coornomenusx (12.5) u (12.6). s
9TOTO Hafi/leM CKaJspHOEe IIPOM3BeJIeHNe BEKTOPOB B JIeBOW U mpaBoil gactu (12.5) ¢ ca-
MuMH coboit. Byjaem camrarh mpu 9TOM, YTO BEKTOP COCTOSHUS |\, (1) HODMHUDOBAH Ha

€JTUHAILY.
[lepeitaem mpeaBapuTe/IbHO K HOBBIM O0O3HAYEHUSIM, TIPOU3BE/IS C/IEIYIONLYIO 3aMEHY:

A— 1

B BEKTODE COCTOSTHUS |\, f1):
(A1) = {1 ).

B stom ciryuae:
(Lo L | Ly |l py = (L p L L[l py = (1, | C°|1, ) = |C.
Cormnacuo (12.9):
(ol DLyl ) = (Ll L2 = L2 = Lafl, ) = (10 + 1) = 1 — ) (1, g1, ).
CHoBa cunTasi HOpMY PaBHOW €JINHUATIC
(€, pll, p) =1,
1IOJIyYUM
+1) = —p=|CP=C-p*+l-m=(1—p)+p+1).
CDaBy Bcerga MO2KHO BbI6paTb TakK, ‘{TO6bI BeJIMYNHa C 6I)IJIa ﬂeﬁCTBHTeﬂbHa, IIO9TOMY:

C=+1—pd+p+1).
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JleficTBysT aHAJIOTHYHBIM 00OPa30M, MOXKHO IOJIyYUTh 3HadYeHus Kodddurnuenta D
B (12.6), omHako B 9TOM HET HEOOXOAUMOCTH. [10JIb3ysiCh BhIpazKeHHeM i KO3 duneH-
Ta C', MOXKHO OIIpeJIe/INTh MaTPUIHBIE 3JIEMEHTHI o1epaTopos L, u L,

(Lo + il )|l p) = CJl, o+ 1),
CJIEJTIOBATEILHO, OTJIUYEH OT HYJIsd OyJIeT TOJBKO CJIEIYIONIMI MATPUIHbBINA JIEMEHT:

(o ULy + Lyl ) = /(= )+ + 1), (12.11)

JLnst orteparopa L OTJIMYHBIM OT HYJIs OyJIeT TOJBKO MaTPUIHBIN 91€MEHT:

(1w = 1(Ly = iLy)(1, pl,

IIOCKOJIBKY X R
(L, — i)l ) = DIl — 1),

CJIe,ILOBaTeJIbHO, ManI/I‘IHbIﬁ QJIEMEHT
(I, + 1| (hatL, — iL,)|l, ) = 0. (12.12)

CkmapiBast Beipazkenus (12.11) u (12.12), moxyduMm BbIparkKeHHe sl MATPUTHOTO
3JIeMeHTa oreparopa L,:

L1200l p) = VI =) +p+1) =
= (ot ULl = T @) (1213)

Marpuanslii s;1eMeHT, B KOTOpoM Opa-BekTop paseH (I, ui], a ker-Bektop — |l, u + 1),
JIOJIZKEH OBITH KOMIIJIEKCHO compsizked ¢ (12.13), To ecTb He M3MEHUTCS:

(L plEelt, 4 1) = 53/ T Tt 1)

Boipazkenue /s MATpUIHOTO djeMentTa hatL, MOXKHO mOIydnTb, BeraTa u3 (12.11)
Boipazkenue (12.12):

(Lo +L2iLy ) = V(I =) +p+1) = |
= L+ UL = =5/ = p) I+ i+ 1)

Tak Kak 3Ta BeJMYMHA YUCTO MHHMAas, TO MATPUIHBINA 3J€MEHT, B KOTOPOM Opa u
KET-BEKTOPa IIOMEHAHBI MECTAMU, IPUMET BUJ;

?

SV =)+ p+ 1) = {0l p+ 1Ly |l ).

( Lyl p+ 1) =
Haiitem MaTpuvHbIil 97IEMEHT OmepaTopa L,. [TockosibKy

L\l ) = pll, ),

TO oIepaTop Lz nMeeT TOJILKO JuaroHaJibHbIC MaTpUYHbIC 3JIEMCHTDLI:

(L, pl L]l ) = po.
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PaccmoTpnM HEKOTODBIH acTHBIN caydail. [IycTs

1 = 1 1
n = = -
2

B sTom cirydae matpuria oneparopa f/z IIPUMET BUJI:
A 1/1 0
L,=-
2\0 -1
Marpuiibl orepaTopon L, n fly B 9TOM YaCTHOM CJIydae OMPEIEITIOTCI CAe Ty IOTTIMA

COOTHOIICHUAMM: 1 1
. 0 1 . 0 —i
L””‘§<1 0) Ly“ﬁ(z o)

Kparnoctb BeIpOXK/IeHUsA B 9TOM ciiydae paBHa 2. Kcian
n=2 = I[=1

B sTom ciryuaae

) 10 0
L,=10 0 0
00 —1
Kazamoch 0bI, TOCKOTBKY .
N
Hmaz = [
10 oneparopy L coorsercrByer MoMent [, a oneparopy L2 I
JIOJIZKEH COOTBETCTBOBATH MoMeHT [2 (cm. puc. 12.2).
Onnako, paxee OLLIO HOIYYIEHO, ITO
L* > 12+1. (12.14)
Hamomuum, uto
z Y
F2_ 24 f2 2
LP=Li+Ly+1% Puc. 12.2.

Ha mpomwioit ek 6bL710 MOIyIeHO, ITO

~

L,=L,=0.
CHeﬂOBaTeHBHO, JUCIIEPCUA 3TUX BEJINYIUH UMEeT BU/I:
2 _ 72 2 _ T2
oL =12,  SL2=12

C ojiHoit cTOPOHBI,
m-ip
4% 4
C apyroit cTopoHbl, cpejinee apudMeTHIeCcKoe BCerjia He MEHbIIe CPETHEr0 reOMeTPH-
YEeCKOro:

6L% - 0L >

~ ~

STz ze ol - D2elzz
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Nmenno »sto 100aBOYHOE 3HaUeHWe [ IOABJIAETCS P
B (12.14). CrenoBarenbho, Ha pucyake 12.2 L., n306pa-
JKEHO HEBEPHO: CYIIECTBYET Y3KWil KOHYC, IpUIeM Lj,q. —
ero obpasyiomias (cMm. puc. 12.3).
Taxkum o0Opa3oM, BbIpaXKeHUS g BO3MOXKHBIX COO- L.
CTBEHHBIX 3HAYEHWIl MPOEKIil MOMEHTa M KBaJpaTa MO-
MeHTa OBLIN MOJIyYeHbl 0e3 UCIOJb30BaHUS SBHBIX BBIpa-
JKEHUH, MOJIyJarouXcs P PaCCMOTPEHNN MOMEHTa, Kak
sJeMeHTa orepaTopa Bpatenus. [lociie moBopora

~ xr
V() = Rsp¥(7), Y
. Puc. 12.3.
rjie olepaTop HOBOPOTa Ha OECKOHEUHO MaJblil yroua Rz
nmMeerT BUJI: )
~ 2 AN
fis =1+ 305L. (12.15)

[Ipu BBeseHUN omepaTopa BpAIEHUS MaTeMaTHIECKHUil ammapaT MOMOraeT HaM JIaxKe
B TeX CJIydasiX, KOTOpbIe He ObLIN paccMOTpeHbl B (husnaeckoii Mojesu. Popmysa (12.15)
MOXKET OINMCATh He TOJILKO OpOUTATbHBIT MOMEHT:

~

L=[rp (12.16)

HO U COOCTBEHHBIN MOMEHT (CIIUH) YACTHIIBL.

~
=

[Tpu mebosbiom u3menenun dopmyisr (12.15), korga moj oneparopoM L mogpasy-
MEBaeTCs He TOJBKO OPOUTAJIBHBIH MOMEHT YaCTHUIIBI, HO CYMMY OpPOUTAJIBLHOIO U COO-
CTBEHHOTO MOMEHTa KOJIMYECTBA JABUKEHUS YACTUIIBI, 9Ta (POPMYJIa MO3BOJSIET HOJIYIUTh
KBaHTOBOMEXaHNYECCKOEC OITMCaHuEe CIIMHA.

EC.HI/I MaKCUMaJIbHON 3HaUYeHUE IIPOEKIN PaBHO 1/2, TO B 9TOM CJIy4da€ CIIMH YaCTHUIbI
pasen h / 9. Iomyaum u3 siBHOrO BBIpazKeHUsi JJIs orneparopa MomenTa (12.16) coberpen-
Hble (DYHKIMH B KOOPJMHATHOM IIPEJICTABJIEHUH, OTBEYAOIIHEe COOCTBEHHBIM 3HAYCHUIM
IIPOEKIINA MOMEHTa Ha OCh 2 U KBaJipaTa MOMEHTa KOJIMYEeCTBa, JIBUKEHU.

Bynem mnosib3oBaThbest chepudeckoil CHCTEMON KOOP/IU-
matr (cMm. puc. 12.4): 4

g

x = rsinfcosy
y =rsinfsiny

z=1rcosf

[Tockosbky

L, = xﬁy — YD
TO BBIpasKeHHe OlIePaTOPOB Py U P, B cchepuyeckoii cucrteme T
KOOpJIMHAT TOTPeOOBasIO OBl 3JIeMEHTAPHBIX, HO TPYI0EM-
KAX MaTeMaTHIECKUX IIPeodpasoBaHuUii.
MOoKHO TOCTYIUTH JIPYTUM CIIOCOOOM — paccMOTpeThb (pyHKIMIO W, 3aBUCAILYIO OT
cepruieckux KOOpInHAT:

Puc. 12.4.

U =U(r6,p).
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[Ipu moBopoTe cucTemMbr HA YTOJI dp:

ov 0
T(r. 0 50) = U(r. 0 bo— = (14 60— | T
(1,6, ¢+ dp) (r,0,0) + ° o, + &

C ﬂperﬁ CTOPOHBI, II0 OIIpE€AEJICHHNIO Oll€epaTOpa IIOBOPOTA:
U(r, 0,0+ dp) = (1 + %&pﬁz) .

CpaBHI/IBaH JABa IIOCJIEJHUX BbIpazK€HUA, JIEI'KO IIOJIYYUTHb BbIpazKe€HHe JIJid OIlepaTo-
pa L.:

L. = —mi.
Oy
HafmeM CO6CTB€HHI)I€ SHa4YCHU A onepaTopa IA/ZI
ov ov
i =¥ = — =
ihgg = T = phoe

H, CJIeJIOBATEIIBHO:
i
U = &(r,0)ent?.

Oyukins ¥, BbIpaXKeHHasi TAKIM 00pa30M, siBJIsSIeTCs COOCTBEHHON (bYHKITUEH TTPOEK-
M1 MOMEHTa. 3aBUCUMOCTD OT yIia ¢ B cheprIecKoii cucTeMe KOOPJUHAT, TJIe

0 < ¢ < 2m, 0<0<m,

BbIpazKaeTcs SKCIOHEHTONH ¢ MHUMBIM ITOKa3aTesIeM.
[Ipu moBopoTe Ha 27 3HAYEHHE HE JTOJKHO U3MEHUTBHCH, ITOCKOJILKY, coryiacHo [ mocry-
JIaTy, BEKTOP COCTOAHUSA JIOJIZKEH OBbITH OJIHO3HATHBII:

i i i
erhlpT2m) — oo o ppe2m

910 ycioBue 6y,ZL€T BBIIIOJIHATHCA TOJIBKO B TOM CJIy4ae, KOI'/la BeJIMYrHa [t COCTaBJIACT
IIeJj10€ 9McCJI0 IIOCTOAHHDBIX ILnanka:

= mh, m € Z.

CrieoBaTeIbHO, TPOEKIHsi OPOUTAILHOTO MOMEHTA KOJIMYeCTBa JBUXKEHUsl (CBA3aH-
HOI'O C JIBUYKEHHEM YaCTUIIbI 110 HEKOTOPOW opbuTe) 06s3aTeIbHO JIOJIZKHA OBITH IIETBIM
qucJIOM. B BBIBOJIE, TIOJIYY€HHOM paHee, OJTHAKO, IIPOEKIINA MOTJIa IPUHUMATH KaK IeJIbIe,
TaK ¥ IOJIyIeJible 3HAYEHUS.

PaccmoTpuM Teneph omepaTtop KBajpaTa MOMEHTa MUMITYJIbCa. BBIBOJ BHEITHETO BUIA
9TOr0 OIllepaTopa JOBOJILHO JINTebHAsd paboTa, He OyleM HTPUBOJUTH €ro Ha JIEKIUU.
Omnepatop Jlamnaca B cpeputeckoil cucreme KOOPAUHAT UMEET BU/I:

10,0 1
A= () e

riae Ay, — yriosag JacThb oneparopa Jlammaca.
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YrioBasg dacTh oreparopa Jlammaca 3amuchbiBaeTCs CJIEYIONIM 00Pa30M:

) B 1
A _
0 = Ssm0 o0 (Slneae)) * sn? 02

Oneparop L? (ne GespasMmepHblii) 3allUCBIBACTCS ¢ HCHOJL30BAHUEM YIJIOBOH YacTh
onepatopa Jlammaca ciaemayrommmM oOpa3oM:

2= —h*Ag,, (12.17)

TO eCcTh BesImInHa Ag ,, B3ATad ¢ 0OPATHBIM 3HAKOM — 3HaueHHe 00e3pa3MepeHHOro olle-
paTopa MOMEHTA KOJIMICCTBA JIBUKCHUS.
Omnepatop L2 KOMMYTHPYET C LZ7 MTO9TOMY

— 120, ,0(0)e™ = AO(0)e™?, (12.18)

TO €CTh JeficTBUE YIJI0BO#l YacTu oneparopa Jlamraca na ™% Bo3BpalllaeT Ty ke (PyHK-
nuo €% ¢ HeKOTOPBHIM KO MUITMEHTOM, TTO9TOMY Ha, HEe MOYKHO COKPATHUTD.
Tora momyunm ciejryroniee ypaBHeHHE:
d2@ d@ m? A

KommyTupyemocThb oniepaTopos L2ul, BBIPAsKAaeTCs B TOM, UTO IIPU MOJICTAHOBKe ¢
B (12.17) yIOBIETBOPSAIOTCS OJIHOBPEMEHHO COOTHOIIEHUS W JIJIs f/z, u g O.
PaccMorpum acuMIroTundeckoe pelnieHne ypaBHEHHS . .
(12.19). Bemmuuna yriaa 6 msmensierca or 0 jgo 7 (em. T
puc. 12.5). Cunrynsprocts B ypasHeHun (12.19) mposis-
Jdercd UMeHHO Ha KOHIAX OTpPe3Ka. Puc. 12.5.
[Ipu

d—0

ypasuenue (12.19) npuHuMaeT cJieryronui B

d’0  1de m?

., 2
ITOCKOJIbKY IPaBOil 4acThI0 MOXKHO IIpeHeOpedb 110 CpaBHEHHIO ¢ MM / 2.
Pemmenne quddepentmanbaoro ypasaerust (12.20) MOKHO HCKATH B CJIEJLYIOIIEM BUJIE:

O = cb".
VMuO0KUB peiBapuTebo ypasuenue (12.20) na 62 ciesa u cupapa, MOy IHM:

d’e do y
62d6’2 6%— m*0=0 = (vv—1)+v—m?)ch’ =0

CJIG,ILOB&TGJH)HO, 9TO yCJIOBUE IIPpUMET CJIG,ILYIOH]‘I/II‘/JI BUI:
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Jleknus 12. MoMenT nMmirysibca, ero cobcTBeHHbIE 3HAUEHUS U COOCTBEHHBbIE (DYHKITUN

TO €CTb CYIIECTBYET JiBa peHIeHUsd C IIOJIO2KUTEJIbHBIM U OTPpUITATE/IbHBIM 71 COOTBETCTBEH-

HO:
1

_ gl oyt
O = 0" + o

6 — 0. (12.21)

Ot BrOporo uiena B Beipazkenun (12.21) MOKHO n36aBUTHCH, OJIOKIB
02 - O
Ha mpasom komnre, rie 6 = m, cHOBa OyeT HaOJIIOAATHCA CUHIYJIAPHOCTD, IOCKOIBKY
sinm = (.

Ha npaBom kKomrie perienue Oy/ieT IMETh BU/I:

1

O = Bi(r —0)" + B2m>

U, CJIeJIOBATEILHO, TOCKOJbKY Ha JieBoM KoHIe (o = (), MOXKET MOJy9IUTbCsT TakK, UTO
BeJIMYMHA!

By #0.

[Torpe6oBaB OTCYTCTBHE CHHIYJISIPHOCTH Ha ODOMX KOHIAX («3aKpenus oba KOHIA» ),
CMOYKEM OIIPE/ICJIUTh BeIMYNHy A B BhIpazkennu (12.18).
Perynsiproe perierne Ha 00oux KOHIAX Oy/eT CyNIeCTBOBATDH, €CJIH

A
S=11+1),  |ml<t

B oryiname oT MaTpUYHOrO pacCMOTPEHU, IJIe BEJIUYUHBI [ U 1M MOIVIA OBITH IOJIY-
IeJBIMU, B JIAHHOM cJydae [ U m — Iejible Yucjia. B Kypce MareMaTHdecKoro aHaan3a
n3yvajnch noanHomsbl Jlexxanapa

1 d

Pemenne ypasaenns (12.19) MOXKHO 3ammcaTh ¢ TOMOIIBIO MPHCOETMHEHHBIX TTOJINHO-
MoB Jlexxampa:

PM(z)=(1—-2%)2 P/(x), xr = cos .

B sTom cirygae
Im| . Im] .
(1—2%)7 = (sin®h) 2 = (sinh)™ ~ g™
[pU MaJIbIX yriax 6.
PacemoTpuM, 9T0 IpoU30iiger npu nepexojie K KJIacCuIecKoii Mexanuke. MoMeHT

A

[IpencraBuM, 9T0 L, — MaKpPOCKONMYECKas BEJIMINHA: IYCTh YaCTUIA JBUXKETCS II0
Kpyry pasimycom 1 cMm co ckopocThio 1 CM / ¢- B aTom ciydae

L, 1

_ ~ _ 27
=% 1w 10
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Jleknus 12. MoMenT nMmirysibca, ero cobcTBeHHbIE 3HAUEHUS U COOCTBEHHBbIE (DYHKITUN

TO €CThb BCJINYIUHA

(sin §)™
Oy/IeT OTJIMIHA OT HYJIsI TOJIBKO B TOM CJIydae, Korja
: ™
sinf=1 = 0= Ex

9TO COOTBeTCTByeT HJIOCKOMy JABU2KEHUIO.
[Ipu mepexojie K KOPITYCKYyJIaM:
m~10"% rp., r=10"% cu, v=10%M/ .
CJIG,HOBaTeJIbHO IIOKa3aTeJIb 9KCIIOHCHTLI IIPOIIOPIMOHAJICH e,ZLI/IHI/ILLe TO €CTb pelle-

Hie — He 00s13aTe/ bHO 110cKoe. CobcTBEeHHbBIE (DYHKITHH OIIEpaToOpa L?ul, (cbepuyeckue

q)yHKHHH) nMEI0T BHUI: '
Y27m(07 90) = Nle(COSQ)SZmW’

e N — HOpMI/IpOBO‘{Hbel MHO2KHUTEJIb, OHpG,ZLGJIHGMbeI CJIEAYIOIMM COOTHOIIECHUEM:

v \/zz+1<z— )ty

4 (14 |m|)!

Taxum obpazom, ecin

m<0 = N>O0,
m>0m=2k+1,keZ = N<O0

CdopmymupyeMm BazKHOE CBOHCTBO cepudecKux (DyHKIIMIA:

/ /}/l:kmy’,m’ sin 6 df ng = 5”/5mm/.

Yucso cepuaecknx yHKIU I KaxKI0I0 JIJIs1 KaxKJI0T0 3HaYeHusd [

N =2l+1.
Broimumewm cdepudeckue dynknun i [ = 0,1, 2:
1
I=0,m=0 Yoo =
0,0 = i
, 3
I=1,m=1 Y11 = —sinfe¥y/ —
’ 8
3
l=1,m=0 Yio=cosOy/—
' 41
. i 3
l=1,m=-1 Yi_1 =sinfe P/ —
8
l=2,m=2 YVQ’QNSin2062i<p
[l=2m=1 YQJNSiHHCOSHGW
1
[=2,m=0 Y270N(00520—§)
l=2,m=-1 Yo 1~ sinf cos @ e
l=2,m=-2 Yo o~ sin? 0 e 2%
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