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JIEKIINS 14

3agada AByX TeJl B KBAHTOBOI MexXxaHUWKe. /IBu>keHue B
IIEeHTPaJbHOM I10Jie. ATOM BOJOpPOJa

14.1. 3agaya o ABU>K€HUHN YaCTUIIbI B IIEHTPAJIbHOM IOTEHINAJIE

[HerTpaabHBII TOTEHIIUA CUMMETPUYEH OTHOCUTEIBHO IOBOPOTOB BOKPYT JII00O# ocH,
B 9aCTHOCTU — BOKDYT ocu z. Cie1oBaTeIbno, Mpu JABUKEHUN YACTUIBI B IEHTPATIHLHOM
IOTEHIMAIE JOJZKHBI COXPAHATHCS IPOEKIIHS Ha OCh 2 MOMEHTA KOJIMIeCTBA JIBIKEHHs L,
7 KBa/IpaT MOMEHTa KOJIMYECTBA JBUKEHUS 12,

Dueprus dactuiibl F Takke Oyse coxpaHaTbest. TakuM oOpa3oM, BeJIMIUHbI

A

L., L[* E

COCTABJIAIOT ITOJIHBIIH HAOOD PU3NIECKUX BEJUUNH, OIPEILIIIIONUX COCTOAHIE CUCTEMBI.
Pemenne ypasuenus Ilpenunarepa jiis ABUKeHUs B IEHTPAJIbHOM T10JI€ Oy/IeM UCKATh
B BUJIE

U = R(r)Yin(0, ) (14.1)

, oe R(r) — paauasibHas COCTaBJISIIONIAs BOJHOBOI (DYyHKIHH;
Yim (0, ) — cdhepudeckas 4acTh BOJHOBOI (DyHKIUH.

Ha mpomiioii steknuu 66110 10Ty 9eHo, 910 chepryaeckas GyHKIWA Yy, (0, @) saBisercs
cobcTBeHHOM (DYHKITHEN OITepaTopoB L, u L. Takum 00pa30oM, He3aBUCUMO OT IOTEHITHAJIA
yIJIOBas 9YaCcTh OyIeT yHUBepcaabHa. AHAIOTOM 9TOT0O B KJIACCHIECKON MEXaHUKE ABJISIETCS
TO, UTO JBHMKEHIE B IIEHTPAJILHOM II0JI€ BCETIA ILJIOCKOE.

Bynem nckatpb pemenne ypapuenusi [penuarepa

HVU = EU,

rie VU onpenensiercs BoipazkenneM (14.1).
[ToscraBiisist BbIpazKeHHYIO TaKuM 00pa3oM BoJiHOBYIO (byHKImo U B ypapHenue [Ipe-
JITHTEPA, TTOJTY TUM:

h2 10 9 0 AO@
_ 2l _ —* % RY,,, + VRY,,, = ERY),, 14.2
2 {7"2 o (r 87") + 2 } Im + I l ( )

Panee na jieknusgax ObLIO MOIYyYeHO, 4TO chepudeckue pyHKIUU ABJIAIOTCH COOCTBEH-
HBIME (DYHKIIUSAME YTJIOBO# WacTu oneparopa Jlamaca:

Do Yim =11+ 1Y, = AguYim=—-l(1+1)Y,

PackpbiB ckoOku B ypaBaenun (14.2), mosrydum:
R (1d/[ ,dR I(1+1)
—_ 0 —— — Y, — ——RY), VRY,, = ERY},,
2u{r2dr(r dr) : 72 : + ! :

U, TIOCKOJIbKY H& Y}, Telepb MOXKHO COKPATHTD, [OJIyYUM YPABHEHHE TOJIBKO JIJIS Pa/IH-
asbHOi YacTn BoaHOBOH dyHkmu (14.1):

B2 (1d[,dR\ I(l+1)
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Panaibnyio cocTaBagIonyo BOJITHOBOM (DYyHKIIUK yI00HO UCKATH B BUJIE

rae u(r) — HekoTopas QYHKIHSI 7.
B sTom ciyaae

Ld(,dR\ _1d (G52 _1df, (du 1 u\)_
rZdr dr ) r2dr dr | r2dr dr r 7?2 -
ey 1
dr2  dr dr)  rdr?

CnenoBarenbro, ypasuenue [lIpennarepa nmpuMer BT

)

", COKpallasd Ha 1/7" n O6”J:€,ZLI/IHHH B JIEBOI 4YaCTU YJICHBI, IIPOIIOPIHUOHAJIbHBIC U(T), 110JIYy-

HUM: h2 d2 h2 l(l 1)
U +

[TosryauBiiieecs ypaBHEHUE IIpeJCTaBIgeT CODO aHaJOr ypaBHEHUS JIjIs JIBUKEHUs
JaCTUIBI B OTHOMEPHOM CJIydae, OJIHAKO K morenimany V (r) nossisiercsa mobaBka

(1 + 1)

i (14.4)

Ha3blBaeMas IEeHTPOOE>KHBIM MOTEHIINAJIOM.
Taxum obpaszom, pelnieHne 3aJla9 O JBUXKEHUHM YACTHUILI B IEHTPAJIBLHOM I10JI€ HE00-
XOJITUMO UCKATh B BUJIE
u(r)

B s1oM ypaBHeHHe JBUKEHUS YACTUIBI CBEJIETCsl K OJHOMEPHOMY YDABHEHHIO JIs
dbyukiun u(r), ¢ 3PEKTUBHBIM TOTEHIIMAIOM, KOTOPbI PaBEH CyMMe HCXOJHOIO
norennuana V (r) u meHTpoOeKHOrO MOTEHIAATA:

R2(1 + 1)

U3d>€b = V(T’) + 2,[”‘2

Kak y:xe 0b1710 cKa3aHO paHee, HECMOTPsSI HA ITPOU3BOILHOCTD IIEHTPAJHHOTO TTOTEHIIH-
ajia, yrjaoBasi 3aBUCHMOCTD OIpeie/isercs cdepuiecKuMu (DYHKIusSMA Yy, (0, @) yHusep-
CaJIbHO /I BCEX TEHTPAJILHBIX MOTEHITHAIOB. AHATIOTUTHO 3TOMY B KJIACCUIECKON Mexa-
HUKe B JIIOOOM IEHTPAJIBHOM IT10JIe JIBUKeHIe BCer/Ia MPOUCXOINT B HEKOTOPO TIOCKOCTH.

Ha nporwioit jiekiun 66110 mostydeHo, aro chepuueckue GyHKImu Y, (0, ¢) Bbpaka-
IOTCS C TIOMOIIBIO IIPUCOETMHEHHBIX TTOJIMTHOMOB JIexkaHipa.

B knaccudeckoit MexaHuKe ypaBHEHHE JIBUKEHUsT UMEET BHU]T

—

pr = —VV.
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YMHOXKHUB 9TO ypaBHEHNE BEKTOPHO HA T, MOJIYIUM CJIEYIONee ypaBHEeHMeE:
7 x ] =0, (14.5)

[IOCKOJIbKY I'DQJINEHT IEHTPAIHHOIO TIOTEHINAIA COHAIIPABJIEH C BEKTOPOM T
Bekroproe npoussejienne B ypapHenun (14.5) MoKeT ObITh 3aIIICAHO CJIEYIOIIIM 00-
pa3oM:

- d .
ulr ] = —plr < prl,

MOCKOJIBKY
plr x pr) = 0.
C ,prl‘OfI CTOPOHBI, II0 OIIpE€AEJICHNIO MOMEHTa KOJIMYEeCTBa JIBU2KECHNA:

. d od - .
ulr x url=L = %[quﬂ:%L:0 = L = const.

CxaJjisipHOe TPOU3BE/IeHNe MOMEHTA KOJIMIECTBA JIBUKEHUS U PAJINYC-BEKTOPa 7 PABHO
HYJIIO:

L-7=0,
OCKOJIBKY
L=[rp LT
CireoBaTesibHO, IBUKeHIE OyIeT IPOUCXOIUTD B ILJIOC- 5
KOCTH, TIePIEH IUKYJISIPHON BEKTOPY MOMEHTa KOJIMIeCTBA A
nasmkenust L (em. puc. 14.1). M

[Iyctp BBIOpaHa HIWJINHJIPUYECKas CUCTEMa KOODP/IHU-

Hat K (r, ¢, z). B arom ciydae snepruto F MOXKHO 3amucarh T
CJIEJTYIOIIUM 0Opa30M: / Q. /

E =B 4 2¢bigr), (14.6)
2 Puc. 14.1.

rJie 1 — pajinaJbHas CKOPOCTh;
r¢ — TpaHCBepcaJbHAT CKOPOCTh.
C apyroit CTOPOHBI, TIOCKOJIBKY BeIUYIHHA L COXpaHIeTCs, TO

L=pr-rg=pur’p. (14.7)

Ypasuenus (14.6), (14.7) cocraBisior cucteMy ypaBHEHUIA JJIsi TUIOCKOT'O JIBUZKEHUS B
KJIACCUYE€CKOI MeXaHUuKe:

B =5 (417
L= pr’p
BripasuB u3 BTOporo ypaBHeHUs CHUCTEMBI (D

L

SOZW

1 IIoACTaBUB B IIEPBOE, IIOJIYIUM CJIEAYIOIIECE BbIpazKE€HUE JIJId SHEPIrUn

FE =

272 .2 2
po.o , proL pr L
— = V(r)=—+—= +V(r). 14.8
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B Beipaxkenun (14.4)
RP(1+1) = L2,

IIO3TOMY

RUL+1) L2

212 2ur?’
9TO B TOYHOCTU COOTBETCTBYET J00aBKe (BTOPOMY caraeMoMy ), BozHuKaomeMmy B (14.8)
13-3a HAJINYUS TPaHCBEPCAJIbHON CKOPOCTH.
Hamomuum meTost perienns 3a/1a4u O JIBUKEHIH YaCTHUITHI B TIEHTPAJILHOM I10JI€ B KJI1AC-
cuveckoil MexaHnke. Boipasu u3 BbIpazkeHust Juist Heprun (14.8) BeJudauny 7, mMOJIY IiM:

2 L? ar
=42 (E- - = 14.
: \/u ( Vi) 2ur2> dt (14.9)

DTO TI03BOJISET MOy YU Th YPaBHEHUE, OIIPEJIEISIONIee 3aBUCUMOCTD OT BPEMEHU Pa/InyC-
BEKTOpA:

dt 1
ar = |
r 2
\/5 (B-v() - )
HailTi (QYHKIIAIO
t="T(r),

1, 3anucas PYHKIIIO, 0OPATHYIO K Hell, MOTyIUTh 3aBUCHMOCTH
r=r(t).
Barem, Bbipasus u3 ypashenus (14.6) ¢, mosydnm:
dy L

L TERSIOR

(14.10)

9TO IIO3BOJILAECT IIOJIYIUTh (byHKU;I/IIO

v = (1)
[Momenus Boipazkerue (14.10) wa (14.9), momydnm ypaBHEHHE TPAEKTOPUN:

L
dp _ i

dr )
\/g (B-v() - )
U, paspellasi 9T0 ypaBHEHUE, MOy IUM (PyHKIIUIO

r = R(p).

Pacemorpum nonpobuee ypasaenue (14.3). Paccrosinue 7, 09€BUHO JIEKHUT B CJIELy-
IOIKX TIpe/Jiesiax:

= @ =0(r),

0<r<+oo.

Pacemorpum mosesierne perennst (14.3) #Ha 0o6oux KOHIaX 9TOro mHTepBasa. [lycrs
BHAYAJIC

r — 0.
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By):[eM CHUTATDh, 9TO IIPpU BBIIIOJITHEHUHN 3TOI'0 YCJIOBUSA

V(r) < const

o r— 0,

TO eCTh IOTEHIINAJIOM MOXKHO IpeHeOpedb [0 CPABHEHHUIO ¢ IeHTPOOEXKHOI SHeprueii
Torna ypasuenne (14.3) npuauMaer BUI:

B R+ 1)

+ ————u=0
2udr?  2u 12 ’
IIOCKOJIBKY IIPaBOil 4acThIO TaKxKe MOYKHO IIpeHeOpeyb PN MaJIbIX 7.
[Tonyunm nudpdepenimaabioe ypaBHEHIE BTOPOTO TOPSJIKA,
v U(1+1) 2

d
s u=0 = Po =i+

pelieHne KoToporo OyaeM UCKaTh B BUJIE:

u=cr’.

[Moncrasissa sto pemtenne B (14.11), mosymm:

v(v—Dr*er’ 2 =11+ e’ = vw—-1)=I11+1).

Nx sToro cooTHoIleHne, He pelias KBaJpaTHOE YpaBHEHUE OTHOCUTE/IHLHO V JIETKO BH-
JeTh, 9TO

Vlzl—l—l, VQZ_Z.

CrenosaresibHo, perenne ypapaenus (14.11) 6yger umers cieayromumii Bu:

1
u— eprttt 4+ C2—7, r — 0.
r
AV (r) AVoalT)
g+ 1)
E\ 2ur?
S y:d [~
,7" T r
Puc. 14.2. Puc. 14.3.

Bropoe citaraemoe B 3TOM BbIpazkKeHUHU He UMeeT (DPU3UIECKOTO CMbBIC/IA, IIOCKOJIbKY OHO
CUHI'YJIAPDHO B HYyJIE IIPU

[>20>—1,

IIOCKOJIBKY, COI'JIaCHO BBIIIOJIHEHHOI 3aM€EHE IIEpEMCHHDbIX,

. (14.12)
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Bceerna MoXKHO OJI0XKATH
Cy = 0,

1, BBIOpAB OJIHO M3 pelleHuii, n30eKaTh CUHTYJ/IIPHOCTH B Ha4YaJjie KOOP/IUHAT.
CuresroBaresnbio, BOJIM3N Hadaa KOOPINHAT

R(r) ~ .

ITycts cymectByer KopoTKozeiicTBytomuii norerrwman V (r) (em. puc. 14.2). Bux sd-
(bEeKTUBHOrO MOTEHIMAA B 9TOM CJIydae IpeJCTaBieH Ha pucyHke 14.3: npu

r—0

2

OH IIPOIIOPIIMOHAJICH 1" ©, a Ha 0OJIBIIIOM yYAaJiIeHn OT HadaJla KOOpAWHAT ITIOTCHIIUAJI CTPE-

MUTCA K HYJIIO:

Vago = 0.

IIycTh ecTh "acTuiia ¢ sHepruei
E; > 0.

B sTom ciiydae B HEKJ1acCcMIecKoit 001acTu
r<nrg

CYIIIECTBYET /IBa PENIeHNs — SKCIOHEHIINAJIBHO PACTYIIlee, COOTBETCTBYIOIee KpuBoii 1 Ha
pucynke 14.3, n 3KCIOHEHIIMAJIBHO I1aJIal0IIee, COOTBETCTBYIONIEEe KPUBO 2 Ha 9TOM Ke
pPHUCYHKE.

B pmanbneiimem GyjieT MOJIYYIEHO, YTO €CJIM CYIIECTBYET SKCIOHEHIUAIBLHO PACTYIIee
pellienre, TO OHO PACTET IO OTHOIIEHWIO K JIOTapUMMy BEJTMINHBI 7, TO €CTh 3aBUCUMOCTH
or r — crenennas. [lajaomiee perenne, coorsercryomee (14.12), 3aryxaer 1mo meH-
TPOOEKHBIN Hapbep.

J171s1 KOpoTKOJIeficTBYOITero morenimana V (r) meHTpoObeKHBIi TIOTEeHIInA BHOBD IIPO-
SIBUT ceOsA Ha OOJIBINUX PACCTOSHUAX, U, €CJIM SHEPIUusd JOCTATOYHO MaJjia, TO ITOT IO-
TEeHIMaJ He TO3BOJIUT MPUOIN3UTHCH Ha MaJible PACCTOsIHUs, HA KOTOPBIX JEHCTBYET I0-
rernuan V (r). Takum obpasom, /71 KOPOTKOJAECHCTBYIOINX TOTEHIINATIOB IIEHTPOOEKHBII
[IOTEHITUAJI OFPAHUYUBAET BO3MOYKHOCTH B3aUMOJIEHCTBUS C OOJILIIUME OPOUTAJIHLHBIMU
MOMEHTaMH.

IIpumep 14.1. PaccmoTpum cirydaii, Korja v
3bd

V(r)=0.

B stom ciyuae 3¢pdekTUBHBIN TTOTEHIINA PaBeH IEH-
Tpobexknomy (cMm. puc. 14.4). Ilyctsb ecth yacTuna ¢ #Heko- E
Topoit sueprueit /. B sTom ciyuae, ecam paccMaTpUBaTDh
JIBUZKEHUE YaCTUIbI KaK OJJHOMEPHOE, JacTUIla, Haberaro-

|
masi U3 30HBI OOJBIIMX PACCTOAHHUI Ha MOTEHIIMAJIbLHBII To r
Oapbep, Oy/IeT UCHBITHIBATH OTParKeHUEe B TOYKE OCTAHOB-
kn A Puc. 14.4.

[IycTh wacTuia JBMKeTCS MapaJsiieIbHO HEKOTOPOW OCU ¢ HEKOTOPBIM ITPUIE/THHBIM
paccrosiameMm b (eMm. puc. 14.5). Ecin moteHnumas orcyTeTByeT, TO YacTUIa JIBUKETCS CBO-
OOTHO U, CJIeJIOBATEIbHO, PACCTOSHME JO0 OCch He m3MmeHsieTcs. Paccrogame g0 Touku O,
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HAa0OOPOT, BHAYAIE YMEHBIAETCs, a 3aTeM, HA00OPOT, YBEIUINBAETCSA, TO eCTh Touka (O
COOTBETCTBYET TOYKE OCTAHOBKHU.

Jlerko mpoBepHUTh, YTO TaKOe paccCMOTpeHue BepHoe. Ecjim mpuiebHoe paccTosgHue
paBHO b, TO MOMEHT KOJIUYIECTBA JBUKEHUSI JACTHUIbI BbIparKaeTcs: pOpMYIoit

L = pbv,
U, CJIeJIOBATEILHO, EHTPAJIbHBIA U 3(DPEKTUBHBIN TOTEHIINAT OKAYKYTCA PABHBIMU:

L2 ,u2b2’l}2 _ /JJbQUQ _ /M)Q bQ

2ur?2  2ur?2 22 2 2’

Vagd =

B touke ocranoBku A Ha pucynke 14.4 sHeprust 9acTUIlbl paBHA IIEHTPOOEKHOMY TI0-
TEHIUAJTY, TTO3TOMY BBIIIOJIHSIETCS PABEHCTBO:

o pw? b b?
E = —_—— = — = —_— = ]_7
2 2 72 72
U, CJIeI0BATEILHO,
2 2
b* =r*,

TO €CTb PaBEHCTBO SHEPI'UN YaCTUIIbI 1 SCbeeKTI/IBHOFO IHoTreHnuaJia JOoCTUracTcd Ipnu HEKO-
TOpOM
To = b.

C TouKM 3peHUst KBAHTOBOI MEXaHUKH, B OJHOMEPHOM CJIydae 9TO YCJIOBHE O3HAYAET,
YTO YaCTHUIA, JOUA 10 HEKOTOPOM TOYKW OCTAHOBKHU C KOOPJWHATOW Ty, 3aTyXaeT IO/
Oapbep, 3aTeM OTparkaeTcsl U PacIpocTpaHdeTcs B oOpaTHOM HallpaBjieHnu. Pazjmdune c
KJIaCCUIecKO# 3a/1a9eil COCTOUT B TOM, UTO B KJIACCHYECKON MeXaHWKe JacTHUIla He MOYXKET
NIPOHUKHYTH TI0JT, Oapbep.

Uccnemyem remeps nosejienne gyukimn R(r) #a Gosbmux paccroguugx. [Ipu srom
IoTeHIa I IpuobpeTaeT 3HavdeHue Vj, He 00sg3aTe/IbHO paBHOE HYJIIO:

r — 00, V(r) — V.

[Tpenebperasi MEHTPAJIBLHBIM MTOTEHIMAJIOM, OJY4InM, coriacHo (14.3), obmwii B
ypaBHenus [IIpeauHrepa B 3TOM cirydae:

12 &2
= ﬂd—g + Vou = Bu. (14.13)

JIerko BUAETH, 9YTO CYHIECTBYET J/IBa Pa3/IMYHBLIX CJIy4dad, IIPU KOTOPLIX PEIICHUE 6yﬂeT
IPUHIUIINAJIBHO OTJINYaTbhCH. B IIEpBOM CJIy4dae, KOI'la

E >V,
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ypasHenue (14.13) npuHUMaeT cyeLyomuii BuI:

du o, 2 _ 2u(E - Vo)

Perrenne sToro YpaBHEHUA UMEET BUJI:
u= Alezkr + AQB_Z]W.

OueBHTHO, YTO ITO peIeHre MOYKHO BBIOPATH TaK, ITOOBI OHO OBLIO JEeHCTBUTETHHBIM.
B sTroMm ciiydyae HUKaKUX OrpaHUYeHUN ¢ (PU3UIECKON TOYKHU 3PEHUA HET, TO €CTh OyJIeT
CYIIECTBOBAaTh, KaK TOBOPUJIOCH paHee B mpuMepe 14.1, majaromasa BoHa

\Ijnaa ~ e—zkr

u OoTpazKeHnHagd BOJIHA
\I[OTp ~ ezkr.

CoBepImeHHO JIpyras CUTyaIus HAOII0IAeTCs, KOTIa
E < V.

B sTtoM cirydae cymiecTBYIOT JBa peIIeHUs, OJHO M3 KOTOPBIX — 3KCIIOHEHIINAJIbHO
pacryiiee, a JIpyroe — 9KCIOHEHIUAILHO Tajatoriee. Y pasaenue (14.13) B sToMm cirydae
IIPUMET BUJI;:

d? 2u(Vo — B

dr? h?

Pertenne 510ro ypaBHeHNsI MOZKET ObITH 3aIlUCAHO B CJIEJYIONIEM BHUJIE:
u= Aje " + Aye™. (14.14)

Pertenue, nponioprimonasibuoe e, HermpuemsieMo ¢ (pu3ntueckoil TOUK 3peHust, OJTHAKO
B 00IIeM citydae n30aBUTHCS OT HErO HeJIb3d, IOCKOJILKY TTPU

r—0

y2Ke ObLjia BhIOpaHa KOHCTAHTA
Cy = 0.

Kosdpdunmentor A1 n Ay npornoprimoHabHbl KoddpUImenTaMm ¢, 1 ¢. B gacTHOCTH,
AQ = 0421<E)Cl + OéQQ(E)CQ, (1415)

ITO9TOMY, TTOCKOJILKY

cy =0, 01750 = AQ?AO

B OOIIEM CJIydae.

DKCIOHEHINAIHLHO PACTYIIEE PEIIeHne HEITPUEMIIEMO XOTs ObI IIOTOMY, UTO €0 HeJIb3st
HOPMUPOBATH HA €IMHUILY.

CitetoBaTeIbHO, It TPOU3BOJILHON SHEPIUU CYIECTBYET MaTeMaTHIeCKU BEPHOE, HO
busnuecku menpuemsiemoe pemienne. Permenne (14.14) 6yer dbusnaeckn npuemieMo, eciiu
B BbIpazkenun (14.15)

91 (Ez) =0.


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 9us 14

Jlekus 14. 3aiaga JIByX TeJl B KBAaHTOBOH MexaHuke. /[BukeHue B IEHTPAJIHLHOM TI0JI€

B sTom cirydae mpu AUCKPETHBIX 3HAYCHUAX SHEPTUH
By, By, ... E;, ...

perierne (14.14) 6yner umers busnIecKuii CMbICII.

OTa cUTyalldsl MOJHOCTBIO COBIAJAET C PACCMOTPEHHOIN paHee Ha JIEKIUAX 3ajadeit
O JIBM2KEHHH YaCTHUIIBI B OJJHOMEPHOM CJjIydae, KOrja ObLIO BBIIABHHYTO TpeboBaHHe yObI-
BaHUd K HYJIIO0 (PYHKIIMU Ha OOOMX KOHIAX MHTEepBaja — TpeboBaHUEe <«3aKpEILICHUT»
BOJTHOBOI (pyHKIINKM Ha 000X KOHIIAX.

B pajgmanbHOM ciydae 3aKperyieHue MPOUCXOoUT B HyJle U Ha OecKoHedHOCTU. B aTOM
caydae TpHU CYIIECTBOBAHUU JIMCKPETHBIX SHEPIHil, OTBEYAIOMNX IaJatomieil Ha OeckKo-
HEYHOCTH BOJIHOBO# (DYHKIMH, — CBsI3AHHBIX COCTOsiHWi, ypasuenue (14.13) onucbiaer
KaK CBOOOJIHOE JIBUKEHUE, KOIjla SHepruu OOJIbIe MOTeHIna 8 Ha OECKOHEYHOCTH, TaK U
CBsI3aHHBIE COCTOSTHIS, BO3HUKAIOIINE, €CJTH YHEPrusi Ha OECKOHETHOCTH MEHbIIe TIOTEHIIN-
aua V.

14.2. 3agada AByX TeJl B KBAHTOBOI MeXaHUKe

PaccMoTpuM norenImas, 0OTBEYAIONINN B3aUMOIEHCTBUIO MEXK LY YACTUIIAMHU. «3aKpell-
JIEHHBI» B HyJIe TIOTEHIINAJ TIOSABJISAETCS B TOM CJIydae, eC/I OJIHA U3 YACTHUIILI, HAIPUMED,
obJ1as1aeT 6€CKOHETHO OOJIBINON MACCOi 110 CPABHEHUIO C JPYTOil 4acTUIeit.

[IycTs B cucteme, cocrodiieit u3 AByx dacTuil 1 u 2, BBe-

Fluul
JeHa CHCTeMa KOOp/JAnHaT C Ha4daJIOM B TOYKE O Pa;:u/lyc—

— F
BEKTODBI K JacTuraM 1 u 2 0003HAIUM COOTBETCTBEHHO 7 A )
= 29M2
u 7. Maccnl vacTury 1 u 2 cOOTBETCTBEHHO DABHBI fi1 U [
(cm. pue. 14.6). 7
FaMWIBTOHMAH CHCTEMbI OIPEJEJIAETC  CJIELY FOIIIM
obpaszoM:
N n?
H= —A1+—A2+V<‘7"2—T'1D, (1416) 0]
21 2419
rae V(|7 — 71 |) — morenImas, cOOTBETCTBYIOIMINIT B3aNMO- Puc. 14.6.

JEeRCTBUIO MEXK/Iy YaCTUIIAMU.
Famuabronman (14.16) MOXKHO pasOUTh Ha J[BE YACTH CJEAYIONIIM OOPa30M: BBEJIEM
repeMeHHbIe

F=Ty—T
B paT1 + por? (14.17)
p1+ p2

rje 7 COOTBETCTBYET PACCTOSHUIO MEXKY UACTUIAMHI,
R — pajimyc-BeKTOp IEHTPa TAKECTH CUCTEMBI.
Beipasum oneparopsr Jlammaca Ay u Ay B (14.16) ¢ TOMOITBIO BBEIEHHBIX MTEPEMEH-

vbIX 7 1 R. BonnoBas yHKIms
@(7’1, 7”2)

3aBHCHUT, Ha CAMOM Jiejie, OT INEeCTH IIePEMEHHBIX — TPeX KOOPJIMHAT BEKTOpa 7| M TPeX
KOODJIMHAT BEKTOPA T5.
[IpescraBuM 3Ty BOJIHOBYIO (DYHKITHIO B BU/IE:

(7, 7) = (7, R).
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s aTOrO HaiieM BHaYaJse YacTHBIE IIPOU3BOIHBIE:

9 9dr. 9 OR 0 o ( m
9 _ 9 90”0 .\, O . 14.1
o, " zom T oxom ox V7T ax (m n m) (14.18)
AHaJIOFI/I‘{HO MOZKHO IIOKa3aTb, 9YTO
o 9o, OOR O 0 [ m
- = — = 4 . 14.1
0rs 0w oz, | OX 0zy  Or | 0X ( g MQ) (14.19)

YacTHbIe TPOU3BOIHBIE BTOPOI'O IOPsJIKa, CJIEJ0BATE/NIBHO, OYIyT UMETh CJIe/IyIONnii
BU;

82 o? 82 I o? M%
= —9 ) 14.20
ox?  0x2 T 0x0X py+ po * 0X2 (1 + p2)? ( )
2 2 2 2 2
o _9 O e O 1 (14.21)

= 2 .
93 022 0r0X | OXE (mn + o)

Ananorndao MOXKHO ObLIO ObI 3ammcarh Bbipaxkenus (14.18)— (14.21) mas yi, Yo
u 21, 2. IloncTaBum Bece NOJIy4nBIINecd BbIPazKeHUA B KMHETUYECKYIO S9HEPIHUIO B ollepa-
tope ['ammibrona — jBa nepBbIX ciaaraeMbix B ypasuennu (14.16). Torga kunermaeckast
SHEPI'ud OKazKeTcs PaBHOIL:

2 . 1 = = H1 M%
HKHH -5 Ar - 2vrvR + AR—z +
201 1+ e (p1 + po)
2

1 5o e 3 }
+— A +2V,Vp—— + Ap————— .
2110 { T+ o (i + p12)?

PackpbIB cKOOKH B 9TOM BbIpaXKEHUU, YBUJIUM, 9TO CaraeMble, IPOIOPIMOHAIbLHBIE
IIPOU3BEICHUIO I'PAJIMEHTOB, coKpataoTcsd. CienoBaTe/ibHO, cOOUpas WIeHbl IIPU olepa-
topax Jlamaca, mojiydum ciie/ryioniee BbIpazKeHue Jijisi KHHeTHYECKON SHEPTUn:

A 1/1 1 1 1
HKHH:—(—+—>AT+— Arg,
2\ 1 o 2 py + o

HOCKOﬂbe
LM_?+LM_§:1( e ):1 L
2u1 (1 + p2)? o 2p0 (pa + p2)? 2 \ (1 +p2)? (1 + po)? 2y + po

Jlerko BBIPa3UTh KOODJMHATBHI YACTHI] U€Pe3 PACCTOSHIE MeXK/Iy YacTHIAMH U Da-
JULIyC BEKTOD IIeHTpa TsizkecTn. Jljist 9T0r0, HAIpUMep, MOXKHO DEIIUTh CHCTEMY ypaBHE-
uuit (14.17) oTHOCHTEIBHO 7] U 7.

Bocrionbayemced i1t 9Tux 1esieit 6oJiee TpoCcThIM MeTO- A
JIOM — DeOMEeTPUIECKUM paccMoTpeHreM (cM. puc. 14.7). B =
Cootrormenne jua orpe3koB AC u C'B obpaTHO mpomop- A C
[IMOHAIBHO COOTHOIIEHUIO MACC, IIO3TOMY
rn=R-— 7 r9 = R+ T ,
M1+ 2 M1+ 2 T2
[IpoBepum 311 coorHOmeHus. Pa3sHocTs 75 1 71
o S o M2 S 0
To —T1 = r— | — r)=r,
Ha ot p Ha Tt p Prc. 14.7.
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9TO COOTBETCTBYET MTOCTPOEHMUIO.
Kunernyeckast sneprust ramuibrornana (14.16) mepexoauT B 9TOM ciiydae B CyMMY
JBYX 4JIEHOB — KUHETUYECKOH SHEPIUU OTHOCUTEIbHOIO JIBUKEHNUSA U KHHETUYECKOI SHep-
UM IBUZKEHUS IEHTPa TAXKECTU CUCTEMBI.
Brejiem npuBejieHHyI0 Maccy YacTHIL CJIEIYIONIIM 00Pa30M:

1 1 1
ST oV I (14.22)

g p o p pa+ pa

a CYMMAapHYIO MacCy YacTHUIl, B CBOIO OYepe/ib, 0003HAUNM CJIEJYIONIIM 00pa30M:
M = py + po. (14.23)
Oneparop ramusbrona (14.16) B 9TOM Ciiydae npuMer BUI:

- h? h?
H=——A+——Az+4+V(r
20 2M R (r),
rJie BTOpPOE CJaraeMoe COOTBETCTBYET JIBUKCHUIO ICHTPA MHEPINH, & OCTAJIbHBIC JIBA —
OTHOCUTEJILHOMY JIBUZKEHUIO.
Bocrionbsyemesa MeTooM pas3jiesieHus MePEMEHHBIX, M3BECTHBIM U3 Kypca ypaBHEHUN

MaTeMaTudeckoil (pusuku. [Iycrs B 001IeM cilydae HEKOTOPBII raMUJILTOHUAH 3aBUCUT OT
JBYX II€EpEMEHHBIX:

H = Hy(8) + Ha(n).
B sTom cJIydae 9aCTHO€ pellleHrue YpaBHCHUA H_[pem/IHrepa
HU = EV (14.24)

MOXKHO IIP€JICTAaBUTh B BHU/JI€ IIPOU3BEICHNUA JBYX (DYHKITUIL:

V= o(&)e(n). (14.25)

JleiicTBUTEIbHO, TIOJICTAB/IAS BOJIHOBYIO (DYHKIMIO B TakoM BH/e B ypasuenue [Ilpe-
muarepa (14.24), momydanm:

o) Hy (€)p(€) + (&) Ha(n)d(n) = Ep(€)e(n).

[Monenus 910 Bhipazkenue Ha ¢ (€)P(n) u omyckasi 0603HAUCHUST 3ABUCUMOCTH (DY HKITHI
OT TIePEeMEHHbBIX, Oy IUM:

H H
1¢+—2¢:E.
© ¢

B sTOM BhIpazkenuu mepBoe cjaraeMoe 3aBUCHUT TOJIBKO OT MEPEMEHHON &, a BTOpoe —
TOJILKO OT mepeMennoit 7). CjiejloBaTe/IbHO, UX CyMMa Oy/eT paBHa KOHCTaHTE TOJIbLKO B
TOM CJydae, KOIJla KaxKJ0e U3 HUX ABJIAETCAd KOHCTAHTOM.

O0603HaYNB 5TH KOHCTAHTHI CJIELYIOIIM 00pa30M:

H190 - B H2§Z5 — B
= L, — = Lo,
® )
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IIOJIyYAM CHACTEMY yPABHCHUIA:

.
H R
ISOIEI = Hyp=FEp
2
H. R
Tf(/b:EQ = Hyp=Ey
\E:El‘i‘EQ.

Takum obpazom, B ciydae, Korja oneparop l'aMuibToHaA IIpejicTaB/isgeT coboit cyMmy
naByx oreparopoB Hi(§) u Hy(n), T0 yacTHOe pelieHre MOYKHO HCKaTh B Buje (14.25), a
SHEPIUsl paBHa CyMMe 9HepPruil KazkJ0ro n3 oneparopos laMusbToHa.

B namewm ciaygae

R K2 P> R K2 P2
Hi=—— Nt V() =2 2v(E), Hy=——As=—
! 2ur()2u (r) T oM TET oM
rje BesmauHbl (1 1 M onpeensiores cooTBeTCTBeHHO cooTHomennsmu (14.22) n (14.23).
Jist BTOporo raMuabToHMaHa perenve ypasaenns 1lpenunrepa

Hyp = Eng

MOZKET ObITh Cpa3y BBIIUCAHO, IIOCKOJIBKY OHO COOTBETCTBYET CBOOOHOMY JIBU2KEHUIO.
DTO pellleHne, HAIPUMEp, MOXKET UMETh BUJI;:

iP

b=e

g ramuibronnana H; pemenune ypasuenus IlIpeaunrepa

=T}

]:-’1902 Eip

€CTb penieHrue 3a/a491 O ABUXKEHUM YaCTHIIbI B IIEHTPaAJIbHOM IIOJIC.

Taxum obpazom, 3a1ada JIByX TeJT 3JIEMEHTAPHO pa3duBaeTcs Ha JiBe 3ajia4u. Pernenne
OJIHOI M3 HUX — pelIeHne 3a/a9i O CBOOOHO JABUKYINEMCs IIEHTPe TAXKECTH, a PelleHne
JIPYTOil — peleHue 3a/a9u O JIBUKEHNN JaCTHUIbI ¢ IIPUBEICHHON MacCOil B IIEHTPAIbHOM
10JI€ TI0 OTHOIIEHHUIO K PACCTOSTHHUIO MEK/IY UACTUIIAMIU.

Hasio monumars, 4To ecu, HAImpuMep

P2 2> H1 = 1 =,

TO €CTb, HallpuMep, [AJid CUCTEMBI, COCTO?IH.LefI u3 IIPpOTOHa 1 3JIEKTPOHa, B YPAaBHECHUN JIJIdA
IEHTPAJBLHOTO TIOJIsI OyJIeT (pUrypupoBaTh TOJIBKO Macca 3JeKTPOHA, B TO BpeMs Kak B
yPaBHEHWUH JIBUKEHUsT IIeHTPa TsI?KeCTH Macca Oy/ieT MpUMepHO paBHa Macce IPOTOHA.

Taxum obpazom, 3a1a4y JABYX TEJ yIAJI0Ch CBECTH K 3a/ia9e O JIBUKEHUN OJHOTO TeJa,
JABUKYIIErOCd B IIEHTPAJBHOM I10J1€, U JBUKEHUS IIEHTPA UHEPIUU.

Bajady Tpex TeJ, OJIHAKO, HeJIb3s CBECTH K 3aJlade JBYX TeJI, PABHO KaK W 33/1ady
O JIBUXKEHHUHU JII000T0 YncJia TeJ, OoJIbITero Tpex. B MexaHnke 3ajada Tpex Tesl pelreHa
TOJIBKO JIJIsT YACTHBIX CJIyYaeB. AHAJUTUIECKOrO pPEIleHns 9TOH 3a/a9i He CYIIECTBYET.

AHaJIMTUYIECKOTO pellenust JJjisd TPeX Tesl He CyIIeCTBYeT U B KBaHTOBOI Mexanuke. Ha-
npuMep, 3ajada 006 aToMe rejius, COCTOSAIIEr0 U3 MPOTOHA U JIBYX 3JIEKTPOHOB, HE PeIleHa
AHAJINTUIECKH, OJHAKO ee YHCJIEHHOE PeIlleHre M3BECTHO C BBICOKOI CTEIIeHBI0 TOYHOCTH
1 IIOATBEP2KIa€TCA IKCIIEPUMEHTAaMM.
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ITpumep 14.2. Kocvmudeckuit anmapar, ¢ IMOMOIILIO KOTOPOTO ObLIa OOHApPY2KeHa, yIJIo-
Bad aHU30TPOIUA PEJIMKTOBOIO U3JIyYEHUd U, CJICJ0BATEJIbHO, IOJYyYEHb! JaHHbIE O BO3-
pacre Bcenennoit u apyrue BaKHble KOCMOJIOTHYECKHE JTaHHBIE PACIoJiarajcs BO BTOPOIt
JIarPaHKeBOil TOUKe 3eMJIn.

Ipurascs Bokpyr CosHia Ha paccTognuu npuMepno 1,5 - 10¢ kumomerpos or Semin,
KOCMUYIECKHUI aImapar pacrojarajics TaKuM 00pa3oM, 9To 3eMJIsd Beerya 3aKpbIBajia ero
ot CoJIHIIA, TIOCKOJIBKY IIPU U3MEPEHUU TEMIIEPATYPbI PETUKTOBOIO U3JIyIeHUsS TOYHOCTD
noizKHa ObLIa tocturats 1073 K.

14.3. ATom Bomopoaa

Ncxons n3 npegplIyux cooOpaskeHnil, paccCMOTPUM MOJIeIb aTOM BOJIOPO/ia, B KO-
TOPOM IIPOTOH M IJIEKTPOH CBA3aHbI KYJIOHOBCKUMUA CHUJIaMHA B3aHMO,Z[eI>’ICTBI/IH. Ha CaMOM
Jiesie OyJieM paccMaTpPUBATh HE TOJILKO aTOM BOJOPO/Ia, HO BOJIOPOJIONIOI00HBII aTOM, S1PO
KOTOPOI'O MO2KET COCTOATDH U3 HECKOJIbKUX HYKJIOHOB.

FaMHJIbTOHI/IaH BO,ZLOpO,ZLOHO,ZLO6HOFO aTOMa HMMeeT BUI:

~2 2
g _Ze (14.26)

- 2m r

rjie [t — IpUBEJEeHHAad Macca.
Db deKTUBHBIN MTOTEHIINA, C/IEIOBATEIHHO, UMEET BHU/I:

Ze* R+ 1)
+ .

Vi, = —
i r 2412
) \ Ao
h E >0
i \ 7z
\ pd E <0
=~
Puc. 14.8. Puc. 14.9.

Bun scpdexkTuBnoro norennuaa npu

IIpeJicTaBjIeH Ha pucyHke 14.8.
[Ipu
[=1,2,...

BT 3P HEKTUBHONO MOTEHIMAJIA TPUHIMIAAILHO Apyroil (eM. puc. 14.9).
[Ipu MaJIbIX 7 TIEHTPOOEXKHBIH IMOTEHITUAJ PACTET ObICTPee, YeM M IaeT KYJIOHOBCKUIA,
IO3TOMY
V;Cb > 0.

C apyroii cTropoHbl, Ipu yBendeHun 1 3(pQGeKTUBHBIN TOTEHIAT PE3KO Hajaer (yda-
crok 1 Ha pucyske 14.9), a npu GOJBIINX 3HAYECHUSX " KYJOHOBCKHI ITOTEHIIHAJ aJIaeT
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MeJIJIeHHee, 9eM TEeHTPOOEKHBIN, 03TOMY 3(PDEKTUBHBIN TOTEHITHAJ CTPEMUTCH K HYJTIO
caeBa (ydacrok 2 Ha pucyske 14.9).

CoeIHIUB 5TH KpPUBbIE, IOy IuM o0mmit Buj sddexTuBHoro norennuaa. e snep-
I'med

E >0,

TO OY/yT CyIIECTBOBATH HECBA3ZAHHBIE PEIICHUS, ONUCHIBAIOIINE JIBUKEHUE HECBAZAHHOTO
3JIEKTPOHA, UCHBITHIBAIOIIETO PACCESTHUS Ha sIJIpe.
B obsracti oTpuiiaTeIbHbIX SHEPrUit

E <0,

KaK ObLIO ITOKa3aHO paHee, MOI'YT CYIIeCTBOBATH TOJILKO JUCKPETHbIE YPOBHH SHEPIUN.
Ha cireyromeit exium O6y/1yT 101y 9eHbI SHEPIUH STUX yposHeil. [Ipu pemenun yo6oi
331241 HeOOXO/IMMO BBIOpDATh €CTECTBEHHBIE JJId 9TOM 3a/1a41 [IepEeMEeHHbIEe, TO €CTh TaKHe
IepeMeHHbIe, KOTOPbIE ITO3BOJISIIOT BBECTH Oe3pasMepHble BEIMINHBI.
ATroMHBIE e JMHUIIBI MOT'YT ObITH BBEJIEHBI CJIeIyIOIINM 00Pa30M: PACCMOTPHM pa3Mep-
HOCTBH 060X cslaraeMbix oreparopa amuibrona (14.26). ITockobky

h
[p] - Z )
TO
h? | Z e?
pl?| | L
N3 sroro coorHOIEHNsT HECTIOXKHO ONPEIETUTH PA3MEPHOCTD JJTUHBL:
h2
[L] = 51 -
uze
BopoBckuMm pagmycom npu
Z =1
Ha3bIBAETCS BEJIMINHA 2
ap = — ~0,5- 1078 e
me

PasMepHOCTDb 3HEpruyu J0JKHA COBIAJIATEL C PA3MEPHOCTBIO JIIOOOH U3 YacTeil 1oTeH-
[UAJI&, TIO9TOMY
Ze? Ze? Ze?)?
Bl = || = |5 u 72| = w ,
L h? h?

IIpnu
Z =1

XapaKTepHas SHEPTUsT OKa3bIBAETCS PaBHOU

Ey ~ 27 5B
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