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JIEKIINS 15

AToMm Bomopoaa

B kBaHTOBO#l MEXaHUKE CYIIECTBYIOT JIBE BasKHbIE MOJIE/IH, C IOMOIIBIO KOTOPBIX Y/Ia-
eTcd PelIuTb MHOI'ME IIPAKTUYCCKUEe 33/ 1a9U:

— Ocruigrop;

— Arom BomopoA.

Oryinane B pacCMOTPEHUH 9TUX MOJIEJIeil COCTOUT B TOM, UTO JIBUYKEHHUE OCIIUAJLISITOPA
BHaJaJle PacCMaTpUBaCTCAd B OJHOMEPHOM CJydae, a 3aTeM pPelICHUE PaCIpPOCTPaAHACTCH
Ha MHOT'OMEpPHOE IIPOCTPaHCTBO, B TO BpeMd KaK MOJE/Ib aToOMa BOJIOPOia — U3HAYaJIBLHO
TpexMepHad 3a/1a4a, BOZHUKAIONAsl KaK Pe3yIbTaT PACCMOTPEHUd 331849 JIBYX TeJl.

Ha npomwuioit Jjiekiun Oblia MOKa3aHa CBsA3b KJIACCUYIECKOI'O M KBAHTOBOT'O OIMCAHUS
CHCTEMBI JIBYX TeJI: METO/J pa3Je/eHus IIepeMeHHbIX U JaJibHeillllee pelleHue COBIa/IaloT,
O/IHAKO CBOHCTBa KBAHTOBOW CHUCTEMBI OIPEHCJIAIOT Pa3/IM4ud MEXKJIy KJIaCCU4YeCKON u
KBAHTOBOM MexXaHUKOA.

bBri0 MoKa3zaHo, 4TO OTHOCUTEIbHOE JIBUZKEHUE OIpPEJIesiseT CIEKTP CUCTEMbI, Ha3bl-
BaeMOil aToMm Bojiopojia. llpu paccMoTpennn 3ajiaum JIByX Tesl JijId aToMa BOJOPO/A He
Oy/IeM TTOTb30BATHCs MOHATHEM IIPUBEJIEHHON MACCHI (4, BBEJICHHOW Ha ITPOILION JEKITUN:

1 1 1
L S Y (1

i
I R 1) M1+ 2

HO,ILGJII/IB YUCJIUTE/Ib U 3HaMeHaTeJIb Ha g U CHUTad, 9TO AAPO OECKOHEYIHO TAZKeJ10€e,
IIOJIy YU M:

<y = = Hitz Mlmzﬂl M ~ 1,

patpe 140 2

TO €CThb IIpuBeJeHHad MacCCa CUCTEMDBI ITPaKTUYICCKNU COBIIa/JacT C MacCcon QJIEKTPpOHa..
Ha HpOHIJIOfI JICKITU I OBLIIO IIOKa3aHO, 9TO B HEHTPAJIbHOM II0JIE€ BCET/la MO2KHO pPa3/ie-
JIMTh PpaJuaJIbHYIO U YIJIOBbIE II€pEMECHHBIC!

U(r) = R(r)Y (0, ), (15.1)

IprdeM JIBUKEHHE PACCMAaTPUBAETCs B CHEePUIECKON CUCTeMe KOOPIUHAT.

Takum obpazomM, 9TOOBI ONPEIESTUTH COCTOsIHHE KBAHTOBOIM CHCTEMbI, HEODXOINMO
OPEJIETINTh TOJHBI HAGOP (DU3MIECKUH BeJUIUH (MM COOTBETCTBYIOIIUX UM KBAHTO-
BBIX 9HCeJT). DTU BeJIMIUHBI U OYJIYT ONPEJIEIATh COCTOSHIE 9TOH CHCTEMBI.

[TockosibKy paccMaTpuBaeTcs CTallMOHapHas 3aJjada, TO OJIHA 3 OCHOBHBIX (husmde-
CKUX BEJIMYUH — JHEPIHs, sIBJISIETCsS COOCTBEHHBIM 3HaUYeHHEM oleparopa laMuIbToHa
cucreMbl. B neHTpasbHOM 10JIe ObLIN ONpeie/ieHbl HHTEIPAJIbl IBUKEHIS, OJITHOBPEMEHHO
U3MEpPUMBIE C YHEPTHE, TO eCTh KOMMYTHUPYIOIIHE ¢ TAMUJIBTOHUAHOM.

Panee nHa Jekiusx ObLIO IOKa3aHO, YTO C OIepaTopoM [aMuIbTOHA KOMMYTHUDPYET

KBaJpaT OpOUTAILHOIO MOMEHTa, L2 u mobas ero HPOEKIUS, HAIIpUMEP ﬁzz
[H, L% =0, [H, L] =0,

rae k — MHJIEKC IPOU3BOJIbHON KOMIIOHEHTHI.
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Brito Tak:ke IIOJIY49€HO 3Had€HHEC KOMMYTaTOpPa Pa3/IMYHBIX KOMIIOHCHT OIllepaTopa
MOMEHTa KOJINYeCTBa JABUKCHMA:

A

[Li, Lin] = i€xmnLn. (15.2)

Bouto Takxke mokasaHO, YTO BCEro [Ba KBAHTOBBIX YHUCJIA OIPENEIAIOT COCTOSHUE
C HEKOTOPBIM OPOUTAJLHBIM MOMEHTOM M, COOTBETCTBEHHO, yTJIOBoe JBmzKenue Y (6, )
olpeIesisieTcss COOCTBEHHBIME COCTOSTHUSIMU OIIEPATOPa MOMEHTa KOJUIECTBA, JIBUKEHHUS.

Ha mpomuiofi JIeKuy GbLIH TaKsKe I0JIyIeHbl COOCTBEHHDIC 3HAMCHHS OLEpPaTOpOB L2
u L., pasuste, coorsercrsenno, (I + 1) u m, rje

1=0,1,2,... m=—l~14+1,...1—1,1

CrenoBaresbHo, GyHKIMIO Y (0, ) MOXKHO 3aIHCATH C UCIOJIH30BAHUEM OIIPEIEeIISTIO-
IMUX ee KBAHTOBBIX YUCE:

Y9, 0) = Yin(0,0).

DHepreTUYecKnii CIIeKTP ONpeeIsdeTcs SHeprueil B3anMoIelicTBUs, KOTOpast, OYeBU/I-
HO, He 3aBUCUT OT YIJVIOB #, , IO9TOMY HPHUCYTCTBYET TOJbKO B PAUAJBLHON YACTH BOJI-
HOBOH (pyHKIMN:

R(’I“) — RE,1<7“).

Bosrosast dyskuums (15.1), Takum o6pa3oM, IpUHAMAET CJIe/ YOI BIT;:

Vg im(7) = Re(r)Yim(0, ¢). (15.3)

13 koMMyTanmoHHOrO cooTHOMIe s (15.2) MeXK 1y pasaudHbIMU TTPOEKIHIME OTlepa-
TOpa MOMEHTa BHUJIHO, YTO COCTOSIHWE YaCTHUIIBI B IEHTPAJIbHOM II0JIE UMEET BBIPOXKIEH-
HBII CIEKTP 10 poeknusaM. Hukakume JiBe TpoeKIMyu MOMEHTa, HeCMOTPS Ha TO, YTO OHU
SIBJISIIOTCsI MHTErpajlaMi JIBUZKEHUs, He MOTYT OBbITh M3MEPEHBI OJJHOBPEMEHHO, ITO9TOMY
KPATHOCTh BBIPOXKJICHUS CIIEKTPa paBHA

20+ 1.

CriesioBaTeIbHO, B OOIIEM CIydae YPOBHU SHEPIUU U SHEPreTUIECKUN CIIEKT]D, 3aBHUCsI-
MU OT KBaJIpaTa MOMEHTa KOJTMYIeCTBA JIBUKEHNHA, ABIAIOTCS BRIPOXKJIEHHBIMUI, B OT/IMINE
OT OOBIYHBIX OJTHOMEPHBIX 3aJ1a4.

15.1. ATtom Bomopozaa

IepeitzieM K paccCMOTPEHUIO SHEPIETHIECKOTO CIIEKTPa aTOMa BOJOPOJIA.

K Bosmosoit dyukimn (15.3) BelBuraeTcs TpeboBanne KOHEIHO HOPMBI — OHA JOJIK-
Ha OBITH HOPMUPOBaHa Ha eJIUHUILY, IPHYeM HOPMHUPOBKA BBIIOIHAETCA HHTEIPUPOBAHIEM
110 BCEMY 00beMy.

B cumity paszesienns nepeMeHHBIX HHTETPaAJI TaKzKe MOKeT ObITh pa3/iesleH Ha YIJIOBYIO
U PaiajIbHyI0 9acThb, TO €CTh OHH JIOJIZKHBI OBITH HE3aBUCHMO HOPMUPOBAHDI Ha, €/INHUILY.

YcnoBue HOPMHUPOBKH JJIA PaAUaIbHOM JacTH BOJHOBOH (DyHKIINU NMeeT BUJI:

o0

/!RE,Z\QTQ dr =1, (15.4)
0
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ITOCKOJIbKY sAKOOMaH B cpeprIecKruX KOOpJMHATAX UMEET BU/I:

J =r%sinb.

Brejis cetyionyio 3aMeHy rmepeMeHHbIX
Ry, = XL (15.5)
T

HOJIyduM, ycaoBue HopMupoBKU (15.4) hopMaIbHO BBINJISIIUT TaK ¥Ke, KaK B OJIHOMEPHOM
CJIy‘{ae:
[ee]
2
/ IxEa|“dr =1,
0

OJIHAKO MHTETrPUPOBAHNE BEJIETCS IO TTOJIYOCH.
Paccmorpum paguasibnoe ypasuenue Ipeaunrepa, onpeernsioniee pajralbHyI0 BOJI-

HOBYIO (DYHKITHUIO:
R 1d ,d R+ 1) Ze?

— 57 ——Rp;— —Rg,;=FER 15.6

omr2dr dr ! * omr2 ! ro ks (15.6)

rje Z — 3apsj djpa, a BTOPOoe cjaraeMoe, COOTBETCTBYIOIIEe IEeHTPOOEXKHOI sHeprum,
IIOSIBJIIETCS M3-3a Pas3/le/IeHusI IepeMEHHBIX.

[Toncrasnsas B pajmanbHoe ypasHenue lllpeaunrepa BbIOpaHHYIO 3aMeHY IE€PEMEH-
HbIX (15.5), IOy YnM, MOCKOIBKY

1d

1 ,d? 1 d d? 2d
rt—= —r°——or
r2dr dr r? dr?

b= 2T
r2  dr  dr?  rdr’
9T0 B pajuaabHoM ypasHenun IlIpeaunrepa mjist GyHKIMN X g HepBasi IPOU3BOIHAS OY-

A€eT OTCYTCTBOBATD.

elicTBUTEBLHO,
@ xpg d (ldxy 1 |  ldx K 1d% ldx+2 _ 1d% 2dx+2
dr2 r  dr | rdr T2X or2dr rdr2 r2dr 7“3X Cordr2 r2dr 37V
a
2dxpy 2 ldxy 1 2dy 2
rdr r  r | rdr r2X r2 dr 7“3X
CrenoBaresbHO,
Ld?xp; 2 dxgy N 2 n 2dxp; 2 _ 1dxgy
73 XE r2 dr r3 XEL = rodr?’

d2 2d XE,l .
dr? = rdr roor dr? r2 dr
To ecthb ypasuenne [Ipenunrepa (15.6), mocsie cokpartienus Ha %, B TOYHOCTHU IIPUHUMAET

BUJI, aHAJIOTUYHBIN ojfHOMepHOMY ypaBHeHuto [llpenmarepa.
Onako He cTouT 3a0bIBATDH, UTO, B OTJINYKE OT OffHOMepHOTO ypasuenus [Ipenunrepa,

IIoJIydalolieecd ypaBHEeHUe OIIpeae/IeHO TOJIBKO Ha OJIOKUTEJIbHOMN II0JIyOCH, TO €CThb IIpHU

0<r<+oo.
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2
CokpaTuB Ha pa3MepPHBII MHOXKUTEJIDb —2h—m IpA cTapineil TPONu3BOIHON, MTOJIYyIUM pa-

muanbroe ypasuenue peaunrepa g dbysknum X (MHAEKCHI DU X OIMYCTUM JIJI KPAT-
KOCTH 3aIIUCH):

2m 7 e? h?
" B+ — — (1+1 =0 15.7
rze SHeprus
h?
Eopa = (141
b= 5 (I+1)

COOTBETCTBYET IEHTPOOE>KHOII SHEePTUH.

Ha pucynke 15.1 mnpesacraBiena 3aBUCHMOCTH
SHEPIUU KYJIOHOBCKOTO B3amMoJIeiicTBust (KpuBas 1),
HeHTpobeskHoit sneprun (Kpusast 2) W X CYMMBI
(3bdeKTUBHOIO MOTEHIHANIA, TIPEICTABIEHHOTO KPU-
BOIl 3) B 3aBUCHMOCTHU OT PACCTOSIHUS JIO SIJIPA.

B nosyuarorieiics moreHnuabHoOM siMe Ipu

E <0

YJaCTHUIla MOZKET NUMETh CBA3aHHBIC COCTOAHNAI.

[Ipu mocrarodno OOJIBIINX 3HAYEHUSX | CBsI3aH-
HBIX COCTOSIHUI MOKET He CYIIECTBOBATH, 9TO OyJieT Puc. 15.1.

IOKAa3aHO B JIAJIbHEHIIIEM.

Anasornaso 3a7a1e 00 OCIUISITOPE, YI0OHO BBECTH COOTBETCTBYIOILYIO CUCTEMY €11~
HMUII. B HallleM CJIy4dae TaKad CUCTEeMa ITO3BOJIACT IOJJIb30BAThCA 6€3pa3MeprHVH/I IIepeMeH-
HBIMH IIPU PEIICHUHN 3a/Ia9H.

Taxkyro cucreMy eJIMHNI] HA3BIBAIOT AaTOMHOM cucTeMoii e quHUI. OCHOBHAs OIEHOY-
Hast (popMyJia B KBAHTOBOI MEXaHUKE UMeeT BU/I:

2
mh_&% = EJIOK?
e Fox — 9HEprus, CBA3aHHas ¢ JJOKaIu3amueil 9acTUIbl B IPOCTPAHCTBE C JIMHEHHBIMU
pa3mMepamu ag.

XapaKTepHasi dHEpPrus JoKaju3arumn [, JI0/2KHA COOTBETCTBOBATH XapaKTEPHOI

SHEPIUU B3aUMOJEUCTBUS MEXKJy YaCTUIAMU:

h? Ze?
=22 z=1 (15.8)
mag ag
Cayuato, Kormia
Z #1

COOTBETCTBYET CHCTEeMa CAWHMUIL IJId BOI[‘OpOILOHO,Z[O6HOI‘O aToMa.
ns BbIpazKeHUA (158) JIETKO BBIPA3UTh XapaKTEPHBIN pasMep JIJId aToMa BOJOPOJIA:
h2a0 hQ
=

— ~ 108
5 ap = @ =~ 0,5 10 CM

mag =
e

1 XapaKTEpPHYIO S9HEPTUIo BBaHMOﬂeﬁCTBHHI
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B aromHBIX equHUIAX yI00HO B naibHeiinem permars ypasuerue [IIpemunrepa (15.7)

JIg DYHKIIAK Y.
Beejiem 6e3pa3smMepHyIO SHEPTHIO

E
H

u 6e3pa3MepHBIi pajinyc .
p= a_o.

[TocJie Takoit 3amensl B ypasuenun [Ipeauarepa (15.7) npona iyt Bce pasMepHbie MHO-
2KHUTEJIN, U, paCCMaTpuBasd LLeHTpaJII)HbII'/’I HOTEHIIUAJI KaK OTIEJ/IbHOE CJiaraeMoe, 1101y YUM:
X,/_MX+2 5+§ x = 0. (15.9)

p p

Terteps st perreHunst 3Toit 3a/1a41 HEOOXOIMMO YCTAaHOBUTH I'PAHUIHbBIE YCJIOBUS, OIIPE-
JIeJIAIONIIe TUII PElIaeMOoil 3a1a9u.

Pemum 3aady 0 HAXOXKIEHUN CBA3aHHBIX cocTogHuil. Ha BOJTHOBYIO (DyHKIMIO CBsI-
3aHHBIX COCTOSIHUII B 3>TOM ClIyda€ HaKJIaJAbIBa€TCdA CJICAYIoIee Or'paHUYICHHE: YaCTHUIla
JIOJIPKHA HAXOJUTHCS B KOHEYHON 00JIACTH IIPOCTPAHCTBA.

DTO 03HAYAET, UYTO BEPOATHOCTH OOHAPYZKUTH YACTHUILY HA OECKOHEYHO OOJIBINNX Pac-
CTOAHUAX paBHa HYJIIO, CJIEAOBATE/ILHO:

Rl =0 (15.10)

rT—00

[Ipu paccMOTpeHMN OTHOMEPHOI 3818491 9TO YCJIOBUE MPUHSIO ObI CJIEIYIONINNA BUI;:

R =0, R =0,

T—r—00

T—+00

YTO O3HAYAJIO Obl «3aKpeIIieHne» BOJTHOBOM (DYHKIMU HA 0O0UX KOHIAX.
B nmamewm cioydae B HyJle MOTEHITHAJ IPUHUMAET OECKOHETHO OOJIBIIIOEe 3HAYEHWe, I10-
9TOMY BTOPO€ I'PAaHUYHOE YCJIOBHE TaKyKe HEOOXOJIMMO 33/1aBaTh MIPU

r=0.

BanmriemM rpaHnIHOEe yCJIoBre Ha (DYHKIHMIO Y, Hoib3ysachk (15.10):

— 0. (15.11)

T—00

B nyne, B cuny duszudeckoro cmbica, GyHKIUS R 10KHA OBITH KOHEYUHAS, TIO9TOMY:

1
-X

= const. (15.12)
”

r—0

U3 rpanuansix yemosuit (15.11), (15.12) M0oKHO OnpeAenTh aCHMIITOTHKY BOJIHOBOI
dbyuxumu. [l BbIeTeHNs aCHMITOTHKN OCTaBUM B ypasHeHun (15.9) TOJBKO IeHBI,
OIIPEJIEISIONIHE ITY ACHMITOTHKY Ha GECKOHETHOCTH.

Hamomunm, 9T0, COrIacCHO PUCYHKY 15.1, CBA3AHHBIM COCTOSHHSAM COOTBETCTBYET SHED-
rust

e <0.
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CrenosaresbHo, ypasaerue (15.9) mpumer ciieIyonumi Bu;:
"
X' —2x][=0, p—oo
Pemenne 3Toro ypaBHeHHs JIOJIZKHO UMETh SKCIOHCHIMAILHBIA XapaKTep:

—4/2lelp
X, e : (15.13)
D10 peleHue MO3BOJIsIET OMPEJIEIUThL 00y 0COOEHHOCTD CBSI3aHHBIX COCTOSTHUIT (3a
UCKJTIOYEHUEM OCIIUJISITOPA): ACHMITOTUKA BOJTHOBOI (DYHKIINH HA OECKOHETHOM PACCTO-
SIHUW OIIPEJIEJISIeTCs SHEPrHeil CBA3aHHBIX COCTOMHUI |£].
Ha masbix paccrosHaustx, Kora
p— 0,
ypasrenue (15.9) umeer Bu
p W+1)
X

IIOCKOJIBKY OCTaJIbHbIE CJlaraeMble NUMEIOT MEHBIIYI0 CKOPOCTh POCTa IIPU MaJbIX p.
Pemenne sToro ypasuenust 6yjieM UCKaTh B BHJIE

X~ p.
[Moacrasiss 1o pemenue B ypasuerne (15.14), mosry«amm:
s(s—=1)—=1I(l+1)=0.
He pemras 910 KBaIpaTHOE OTHOCUTEIHLHO S YPABHEHNUE, JIETKO HANTH 0068 KODHS:
s1=101+1, S9 = —I.
[Tpu
S9 = —I

pemenue ypasHenus Illpenunrepa Oyner 6ecKOHEIHO OOJBINUM ITPU MAJIBIX 0, TOITOMY
OHO He UMeeT (PU3NIECKOIO CMBICIIA.

CrenoBaTesbHO,

~ pl-‘rl = RE,l ~ Tl.

p—0 r—0

Wcexoast m3 9TUX pe3ysibTaToB MOXKHO CKa3aTh, UTO pajHajibHasi BOJHOBast yHKITHSA
BCEr/a MOMKET ObITh IIPEJICTABICHa B BHJIE:
_ 41 —\/2lelp
X =p " wpe :

e w(p) — HekoTopas (byHKIMsI, Olpeiesisiionias perrerne ypasuerns [Ipeguarepa (15.9)
Ha BCe# II0JIyoCHu, TO €CTh IIpUu
0<p<+o0o.

Paccmorpum 1o1pobHee cBoiicTBa, KOTOPBIME J0JKHA 00/1a1aTh (DyHKIwMs w(p).

CsoiictBo 15.1. IIpu maavix p

w(p)| = const # 0.
p—0
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O Hynu dyuknmm x yke ObLIH OPeIeIeHb 10 acuMIToTiKe. Eemn 661 dyHKus w(p)
obpalagach B HOJIb, 9TO 03HAYAJIO ObI, YTO aCUMIITOTHKA ompe/esieHa HeBepHo. M

CsoiictBo 15.2. [Ipu 6osvwux p dynruyus w(p) e moocem pacmu Gucmpee, “wem na-
daem axcnonenma (15.13):
< eV,

rho—o00

w(p)

Yro0bI pemenne ypapaenus [HIpeguarepa ObLIO TIPOIE MUCATH, TPOU3BEIEM JTBOMHYIO
3aMeHy IepEeMEHHbIX:

2

V2= = 2= = e:—%. (15.15)

B stom ciiyaae ypasuenue IlIpeaunrepa mpuMer cJieIyIommi BUT:
l(l+1 27
P P
HpOI/ISBe,HeM Telepb CJACAYIONIYIO 3aMEHY IIEPEMEHHDbIX!

X

Torna ypasuenue IlIpeaunrepa mpumeT CJieIyIOmmui BUT:
(1+1) Z 1
"_ — — - ) x=0, 15.16
X Xt 1) (15.16)
r7Ie BOJTHOBas (DYHKITUS Y ONpeJIeeTcs CAeIyIOmnuM 00pasoM:

_Zz
x = o Mw(x)e 2. (15.17)
He Gymem BOCHpPOM3BOJIUTEL BCE BBIKJIQJKH DU TI0JICTAHOBKE Bbipakenusi (15.17) B
ypasuenue (15.16), a Jinib yKaxkeM OCHOBHBIE TAIIbl ITON MMOJCTAHOBKH.
D yHKIMsI, COOTBETCTBYIOIIAA aCUMIITOTUKE HA OECKOHETHOCTH

e

(SIE]

opuBejeT K TOMY, 9TO u3 ypasHenus (15.16) ucdesner

B cBoro ouepesib byHKIMSA, COOTBETCTBYIONAA aCUMIITOTUKE B HYJIE

I‘H_l

Oy/ieM IpUYuHOii Toro, uro u3 ypasHenus (15.16) ucuesner ciaraemoe

I(1+1)
22 X
OnHako, 3a cueT nmoacTaHoBKE Bbipazkenus (15.17) B ypasuenue (15.16) BOBHUKHYT
HEKOTOPBIE JIONOJHUTEIBHBIE CIaraeMble.
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B pesysbrare nosyanm ypaBaerue it GyHKIWHA w():

zw” + (2(1+1) — z)w' + (g —1- 1) w=0. (15.18)

DT0 ypaBHEHWE SIBJIAETCS OJHUM U3 OCHOBHBIX YDABHEHHII B TEODHH CIIENUAJLHBIX
byHKIMiT — OHO COOTBETCTBYET YPABHEHUIO BHLIPOZKICHHON THIIEPreoMeTpuieckoil hyHk-
LAN:

zy" — (y—2)y —ay=0. (15.19)

PeH_IeHI/Ie 9TOI'O YpaBHEHU IIPEJCTABJIACTCA B BUAE CyMMbBI CTEIIEHHOT'O PAd/ia U 3aBUCUT

OT JBYX IIapaMeTpoB 7y, & U IIePEMEHHON T:

k+1

ala+1)...(a+k) =
;v(v—l—l)...(v%—kz) (k+1)

y(a,y,2) =1+ - = Fl(a,7,2), (15.20)

IJle BEPXHUN 1 HUZKHUI WHJIEKCHI O3HAYAIOT, YTO OJIMH U3 IapaMeTPOB HAXOJHUTCS B YNC-
JIUTeJie, a JIPyroii B 3HaMeHaTeJIe.
Takum o6pasom, perienne ypapaerusi (15.18) MOXKHO UCKATh B BUJIe CTEIIEHHOTO PsiJia:

oo
w(x) = Z apx”.
k=0

[Moxcrassst a1y cymmy B ypapaerue (15.18), mosryauM cooTHOIEHUsT jijist KODDUIm-
€HTOB, U3 KOTOPBIX MOYXKHO OIPEJICTUTH PEIICHNEe YPABHEHUS COCTOAHUSA JJIsT BCeX KO-
dburmenror u npuiitu Kk dopmyste (15.20).

[ToscraBiisist perienne B Bujie CTereHHoro psaa B (15.18), mosryauM, OCKOIbKY mepBast
U BTOpas IMPOU3BOJHBIE MTPOIIOPIIUOHAIBHBI L, CBA3b JIBYX COCETHUX KOIDDUIINEHTOB:

}:@mﬂuk+n+2a+ny+pz*—k—Z—q%}m:o,
k

u, cjieaoBaTe/IbHO,
Z_k—-1-1
Gl = T e D)+ 20+ 1)

[Tpexkae 9eM ABHUraThCS JAJIbIIE, IOCMOTPHM, COOTBETCTBYIOT JIM IIOJIy4YeHHBIE COOT-
HoleHns TpeboBaHUSAM, HaKJaJAblBaeMbiM Ha (dyHKIuo w. He Oymzem ucciegosBarh ¢xXo-
JIIMOCTD IIOJIy9EHHOTO PAJIa, a IPOCTO PACCMOTPUM ACUMITOTHUKY IIOJIYYEHHOI'O pellle-
aus (15.21).

ITpu

a, (15.21)

k — oo

BEJINYNHbI % u [+ 1 paBuBI

Z
— = const, [ 4+ 1 = const.
7

CiienoBaresibHO

k+1
g1 2"

ayTk

8

k—+o00
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Panee ObL10 OJTyY€HO, YTO TIPpU OOJIBITUX T TOJYIEHHOE PEIeHne He JOJIXKHO IKCIIO0-
z o
HEHIUAJIBLHO PAacTH ObICTpee, YeM e2. Pa3jioyKeHne 3KCIIOHEHTHI B PsiJi UMEeT CJIeLYIONTnit

BUI:
© _k k+1 A
X a X X T
Zk:o k! ar  (k+1) \ k! k

U, CJIEJIOBATE/ILHO, IIPU OOJIBINNX k& CyMMa IOy YeHHOTO Psia BeJeT cebsi aCHMIITOTHICCKT
Kak €*:

o0
w(z) = Z akxk’ =e”".
0 k—o0
OTO BBIIOJHSAETCA TOJIBKO B TOM CjIydae, KOIJa sl COAEPKUT OECKOHEYHOEe HYHCIIO
craaraeMbix. CjeoBaTe/IbHO, 9TOOBI HE HAPYIIATH ACUMITOTUKY CYMMa, Psijia JOJIZKHA CO-
JIepKaTh KOHEUHOE YHCJIO CIaraeMbIX.
DTO BO3MOMKHO OCYIIECTBUTH TOJBKO B TOM cJiydae, ecan ducyntesnb B (15.21) obpa-
IaeTcd B HOJIb.
CiiemoBaTesIbHO, IPU HEKOTOPOM 3HAYCHUN

k =n,

BCe Toceyonme Kodd@UImeHTsl B peKYPPEHTHOM COOTHOIIEHUN JIOJIZKHBI 00paIiaThbCs
B HOJIb, TIO3TOMY

2 o —i-1=0
r

", IIOCKOJIbKY N, 1 I — neJsible 9ucja, TO

, n € N.

BocmospzoBasiicsk dopmystoii (15.15), mosyanm SHEpreTuvdecKuii CekTp aToMa Bo-
Jlopojia:
7 (Z)2 VA
TR T Ty T T T
Yucsio n, HOCUT Ha3BaHUE «PaJUAIbHOE KAHTOBOE YHUCJIO» U OIpeJesseT CTEleHb
HOJIMHOMA W, ().
DTO YNCIO HAKJIAJbIBAET OI'DAHUYEHUE Ha BO3MOXKHbBIE 3HAYEHHUS OPOUTAIHLHOTO MO-

MEHTa. HpI/I 3a/laHHOM 3Ha4Y€CHHUU SHEPI'UU

n=1,23,...

n.+l+1=n = I[I<n—-n,—1

U, CJIeJIOBATEILHO:
0<li<n—-1.

Taxum 06pasoM, 3HaYEHHE PAJMATLHOTO KBAHTOBOIO YMC/IA ONPEJIC/ISeT MaKCHMaJlb-
HO€ 3HaYCHNE MOMEHTa KOJIMYECTBa JABHU2KEHU A, KOTOPbIM MO2KET O6ﬂaﬂaTb qacCTHUuIlla LITO6I)I
MMETh CBA3aHHBIE COCTOSIHUS B MOTEHIMAIbHOI sive (eMm. puc. 15.1).

B pesyibrarte, sHEpreTMIecKHil CIEKTD aToMa BOJOPOJa OKA3aJICs BbIPOZKICHHBIM
CHJIbHEe, 9eM JIJIst YacTUIbl B IeHTpaIbHOM ToJie. B pasmeproii gpopme sHepreTuyeckuii
CIIEKTD uMeeT BUJI:

met _, 1 Z*met 1
B,= - g2 ZmC (15.22)
2h2 n? 2r2 n?
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Cpasuusas auddepenimanbaoe ypapaenne (15.18) st w(z) ¢ ypaBHeHUEM JIJIsT BbI-
POXKJIEHHOI ruIiepreoMerpudeckoit mosepxunocru (15.19), ysuaum, uro:

Z
v=20+1, a=——+Il+1=-n+1+1.
P
[Tockosbky
leZ, n €N,

TO IIapaME€TpPbl 7Y 1 & MOT'YT IIPUHUMATDb TOJIBKO I1€JIbI€ 3HAYCHNA.

Onpenenenune 15.1. Boipoxiennas rumepreoMerpudeckast (DYyHKITHS IPH TeJTbIX 3HATEe-
HUSX Y U v Ha3bIBaeTcs MmoJimHoMoMm Jlarepa.

Crenosaresibio, GyHKius w(z) MoxKeT ObITH ONpe/IeeHa ¢ OMOIIBIO MOJIUHOMOB Jla-
repa. AHaAJOIMYHO 3TOMY paHee ObLIO IIOJIYyYeHO, HAalpUMep, 9TO (DYHKIMSA, OIPeIesIsio-
rasd COCTOAHUE JaCTUIIbI B KBa/JIPaTUIHOM IIOTCHIIXaJIE, 3aJaeTCd C IIOMOIIBIO ITOJIMHOMOB
DpMuUTA, TOJYIeHHBIMI U3 PACCMOTPEHUsT APYTOil aCHMITOTUKH.

Bepnemcs Tenepb K BosiHoBoit pynkmun W:

7 \! T\ _.or
Wi () = A (E> Wn—1-1 <%> e e Vi (0, ¢), n—Il—1=n,,

R(r)

rie A — HEKOTOPBIT HOPMUPOBOUHBIN KOI(DDUITHEHT.
Pamnanmbnasa dyHknus, ¢ oJHON CTOPOHDI, OIPEICAIeTCd HEKOTOPOil aCUMITTOTUKOM

7\ o
) e ma,
na

a C ,ZprFOfl CTOPOHBI — IIOJIMHOMOM
r
wnr — I
na

YUCJIO HyJIEll KOTOPOTO PAaBHO €ro CTEIeHH.
CietoBaTesibHO, pa/iMabHOE KBAHTOBOE YHCJIO N, OIPEJIe/IsieT TUC/IO0 HyJIel Panaib-
HOI 9acTu BOJTHOBOM (hyHKIIUU B 0OJIaCTH

0<r < +oo.

3Hast 9UCI0 N, MOXKHO KAIeCTBEHHO TOJTyIUTh BUJI PA/IMAIBHON BOJIHOBOM (OYHKIIUN.
[TocTpouM HECKOJIBKO TEPBBIX PaIUaIbHBIX BOJTHOBBIX (DYHKITUI /I aTOMa BOJIOPOJIa, Y
KOTOPOTO
Z =1.

[lepBoit pajmaibHON (DYHKIME COOTBETCTBYET MUHHMAJJIHLHOE KBAHTOBOE YUC/IO N W,
cJIeIoBaTebHO, TOJBKO OHO 3HaUYeHNe OPONTATHFHOTO MOMEHTA:

CreoBaTeIbHO, pajuaJibHast BOJTHOBas (PYHKIMSA OyIeT UMeTh BU/I:

_r r\°
Rio(r) = 53¢ © ) = const, wy = const.
0
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B 6e3pazmMepHBIX equHUIIAX 9Ta ¥Ke pajumajibHasg (QYHKIUSA Oy/IeT UMETb CJIeTyIONTnii

BHIL;
1
Rio(p) = —z€".

V2

Bu sToit BostHOBOI (hyHKITHE HpeJCcTaBIeH Ha pucyHke 15.2. 3aBUCHMOCTD IJIOTHO-
CTU BEPOATHOCTHU \\IJ|2 OT paJimyca, IIpeJicTaBJIeHHasd Ha PUCYHKe 15.3, KaueCTBEHHO NMeeT
TaKOM »Ke BU]I.

N3 sTux paccy:KJieHuit BUJIHO, 9TO B HyJie BOJHOBasdg GyHKIUSI Vigg OTJIMYIHA OT HYJIS.

AR (1) MRy

Puc. 15.2. Puc. 15.3.

DToT (paKT MPUBOIUT K BAKHOMY KBAHTOBOMY SIBJIEHHIO, KOTOpOe HOCUT Ha3BaHWE
«KOHTAKTHOE B3anMOJIeficTBUE MeXKJIy YaCTHUIAMM7».

CyTb 9TOro sIBJIEHUS 3aKJIF0YACTCA B TOM, 9TO CYIIECTBYET OTIUIHAS OT HYJISI BEPOSIT-
HOCTb TOI'O, YTO JBE YaCTHUIbI HAXOIATCA B OJHOM M TOM K€ MeCTe. DTO sIBJIeHHsI OyeT
0oJiee MOJPOOHO pacCMaTPUBATHCA B CJEAYIONIEM CeMecTpe IPHU U3YyUYeHUU KOHTAKTHOT'O
B3aMMOJIENCTBHUS.

[Iycth Temepn

=0

n=2 =
=1

Pacemorpum cragasia dyHKIuo Ro. PajguaibHoe KBAHTOBOE YHCIO B 3TOM CJIydae

pPaBHO HYJIIO:
n=n—[1—1=2—-1—-1=0.

CrenosaresibHo, dbyHkims Ry (1) mMeer cieyro-
MU BUT:

AR, (1)

1
Roi(p) = Ege 7

(M)

1JIn B pasSMEPHBLIX €/IMHUIaX:

1 roo__r
Roy(r) = ———=——¢€ 0
\V/2a3 2a0
—>
y N 2aq "
Bu sToit pajinasibHoit hYHKIUN TPEJCTaBIeH Ha
pucynke 15.4. [Ilpn maabIx 3HaUeHUIX T
Puc. 15.4.

Roy ~1r
21 )

a 1mpu OOJIBLINNX 7 pajinajbHas BOJHOBadg (PYHKIMS YyObIBAET B JBa pa3a MeJJIEHHee, YeM
dbyuxiws Rip(r).
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Touky makcumyma pyHKIUU Roy JIerko HaflTH, MPUPABHIB K HYJIIO €€ TTPOU3BOIHYIO:

Ro(r) = - : (Teiﬁ)/: S
V/23a} 23a2 2ay

YTO COOTBETCTBYET yOLIBAHUIO SKCIIOHEHTHI B € Pas.
Ecim

n:2,l:O = n,,,:]_

U pajuajbHasg (QYyHKIHUA OYJIeT UMETb CJIETYIOIIHit

BU/T: . p ) 4a, -
Rag(p) = —= (1= 2) 7. r
wlp) = = (1-5) 7%
Bun dynknnm w(p) Jgerko mosyduTh U3 COOTHO-
mennst (15.21). B pasmepHbIX equHuNIax:
1 T _r
Ron(r) = 1— — )e 2a0, Puc. 15.5.
() m( 2a0)

Bun sToit dyuknun npejcrapier Ha pucyake 15.5. Touky meperuba sToit pyHKIUN
TaKKe HECJ0XKHO HAWTH, BHIYUC/IUB €€ TTPOU3BOIHYIO:

1 1 __r 1 r __r
R / — - 2a - 1 —_ 2a e
(Rao(r)) —rjag { 20¢ " 2 ( an) e o}

1

—1 6_220{14—1—L} = Q—L:Zlao_r =0 = r=4aq,.
2a0 \/6a] 2a9
3aBUCHMOCTD BCEX PACCMOTPEHHBIX PAIMAIbHBIX (DYHKIHI OT pajmyca (B pa3MepHOM
BUJIE) IpejicTaBjieHa Ha pucyHke 15.6.
[To By IPOU3BOJILHON pajmasbHoll yHKuu (cM. puc. 15.7) Beerja MOXKHO OIIpe;ie-
JINTH KBaHTOBBIC YUCJIa N 11 l ACI/IMHTOTI/IKa B HYJIE OIIpe/e/IdeTCd BeJINYUHON Op6I/ITa.HI:>—
HOI'O MOMEHTa.

AR(T) R,
RlO
: R21
; [=0, n=4
AN Zag r \/ N_— 7
R20
Puc. 15.6. Puc. 15.7.

Ecmu pajmanbaast pyHKIMS B HyJle He paBHA HYJIIO, TO

[=0.
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Yucso mysteit pajuaabHON (DYHKIIME PABHO TPEM, TIOITOMY
n=n—[1—-—1=3 = n=4.

OmnpenenmM Terepb KPaTHOCTb BBIPOXKIEHUS SHEpreThdeckKoro ciekrpa. (CoryiacHo
dbopmyste (15.22), ypoBHU SHEPIUM 3aBUCAT TOJBKO OT IVIABHOTO KBAHTOBOI'O YUCJIA U HE
3aBHUCAT OT BEJIMYUNHBI OPOUTAJIBLHOI'O MOMEHTA [.

KparHocTb BBIPpOXKIEHHS, CJI€/I0BATEIHLHO, OYAET OIpPeIesIsiThCsl CyMMO#t 110 BCeM KBaH-
TOBBIM YHCJIAM, OT KOTOPBIX SHEPTHs HE 3aBUCHT:

n—1 1 n—1
TS0 DD DI C' PSR Lkl Skl PSR LS
l =0

2 2

=0 m=—
Taxum 06pa3oM, CIIEKTPBI OCIULISITOPA U ATOMa, BOJIOPOA CUIBHO OT/INYIAIOTCS, OJTHA~
KO KPaTHOCTHU BBIPOXKJIEHUsT YPOBHEH TPUMEPHO OMHAKOBBI B TOM CMBICJIE, UTO SHEPTeTH-
YeCKUil CIIEKTD OCIUJLIATOPA TaKyKe He 3aBUCUT OT BEJIMINMHBI OPOUTATHLHOTO MOMEHTA (.
CHekTp TpexXMepHOro OCIHUIISATOPA B JEKaPTOBBIX KOOPINHATAX OIPEJIEIIeTC CJIe/Ty-
IOIIM 0OPa30M:

1 3

Takum oOpazom, riaBHOe KBAHTOBOE YUCIO N OCIMILIATOPA OIPEJIEJIsieT ero CIeKTp.

Ha mporwioit jieKIum roBopuiioch, 9ToO yIrjioBas 9YaCTh BOJHOBOM (DYHKITUU HOCHT yHU-
BepCaJIbHBIN XapakTep — JjIs JII0OOTO JIBUXKEHUS B IEHTPAJILHOM I10JIe OHA, OJIMHAKOBA.

Hanpumep, pu periennn 3a/1a4u 00 OCIUILIATOPE B chepudecKoil cucreMe KOOPJANHAT,
BOJIHOBasl (DYHKIIMSA OCITUJIIITOPA TaKzKe OyJIeT 3aBUCETh OT PaJINAILHON U YTJIOBOI YacTH.

PaccmoTpuM, modyemy KpaTHOCTH BBIPOXKJIEHHsS yPOBHeH Takasi BbIcOKad. Kak ObLIO
CKa3aHO paHee, YPOBHU SHEPIUU fABJIAIOTCH BBIPOXKJIECHHBIMU, €CJIM CYIIECTBYIOT UHTEIrPa-
JIBL JIBUZKEHU S, KOTOPbIE OJHOBPEMEHHO HE MOT'YT ObITh M3MEPUMBI.

Nurerpansom ABUKeHUT MOZXKET ObITH JII00asd ITPOEKINS MOMEHTA KOJUIECTBa, JIBUKE-
Hust 1 cam MoMeHT. CJte/0BaTeIbHO, TOMIMO MOMEHTOB CYIIECTBYET eIl MHTeTrPaJl TBUKe-
HUsl, KOTOPBIII HE KOMMYTHPYET C OIepaTOPOM OPOUTAIHLHOTO MOMEHTa KOJUYECTBa JIBH-
JKEHHUS U €0 IPOEKIUAMH.

WNurerpan aBuKkeHnst He MOXKeET ObITh CKaJISIPOM, TIOCKOJILKY OIEPATODP MOMEHTA KOJIU-
YeCTBa, JIBUKEHUST KOMMYTHPYET C JII0ObIM cKajisipoM. Crie/0BaTe/IbHO, STUM HHTEIPAJIOM
SIBJIETCA HEKOTOPBIN BEKTOP, MOCKOJILKY OIIEPATOP MOMEHTa, KaK ObLIO TIOKAa3aHO paHee,
He KOMMYTHUPYET HI ¢ KAKUM BEKTOPOM.

Takoit BEKTOPHBII NHTErpaJl JBUKEHUs CyIIeCTBYeT U HOCUT Ha3BaHne BeKTOp PyH-
re — JIeHI1a, Kjraccuyieckasi 3alUCh KOTOPOI'O BBITVISIUT CJIELYIOIUM OOPa30M:

v Zerr 1

A, = [P x M].

T m
Qusnyeckoil BeandIuHe HEOOXOINMO IIOCTaBUTh B COOTBETCTBHE SPMUTOB OIIEPATOD,
IpUYeM B HEM HEKOMMYTHPYIOIIHE OlePaTOPhI JOJIZKHBL OBITH PACIIOJIOXKEHbI TAKIM 00pa-
30M, YTOOBI DU IIEPECTAHOBKE UX MECTAMU OII€PATOD HE M3MEHSLJICH.
CumMmeTpusys BeIpazkeHue i BekTopa Pynre —Jlenna, nosydnm ciieryiomuii omnepa-
TOP: .
= Ze atr—£<[ﬁxf]—[f><]%]>.

r m
HOHyQHBHIHfICH orrepaTop KOMMYTUDPYET C aMHUJIbTOHHMAHOM, HO HE€ KOMMYTHDPYET C

orrepaTopoM MOMEHTa KOJINYeCTBa JBU2KCHUA.


http://lectoriy.mipt.ru

	Атом водорода
	Атом водорода


