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Ëåêöèÿ 1

01.10.2014

×àñòü I

Êîìáèíàòîðèêà

1 Êîëè÷åñòâî îòîáðàæåíèé è ðàçìåùåíèé

1. Ïðàâèëî ïðîèçâåäåíèÿ
îáúåêò A ìîæíî âûáðàòü n ðàçëè÷íûìè ñïîñîáàìè
îáúåêò B ìîæíî âûáðàòü m ðàçëè÷íûìè ñïîñîáàìè
Êîëè÷åñòâî ñïîñîáîâ âûáðàòü ïàðó 'A è B' ðàâíî nm.

2. Ïðàâèëî ñóììû
îáúåêò A ìîæíî âûáðàòü n ðàçëè÷íûìè ñïîñîáàìè
îáúåêò B ìîæíî âûáðàòü m ðàçëè÷íûìè ñïîñîáàìè
Òîãäà âûáîð 'A èëè B', ïðè óñëîâèè, ÷òî îäíîâðåìåííûé A è B íåâîçìîæåí, ðàâåí n+m.

1.1 Çàäà÷è êîìáèíàòîðèêè

1. Çàäà÷à î êîëè÷åñòâå îòîáðàæåíèé f : X → Y

∀x ∈ X f(x) = Y

Çàäà÷à î ïîäñ÷åòå îòîáðàæåíèé, ïîä÷èíåííûì òåì èëè èíûì óñëîâèÿì.

2. Çàäà÷à î ðàçìåùåíèè îáúåêòîâ ïî ÿùèêàì.

X = {1, 2 . . . n}
Y = {1, 2 . . . n}

Çàäà÷à î ÷èñëå ðàçìåùåíèé.

3. Çàäà÷à î ÷èñëå ñëîâ â çàäàííîì àëôàâèòå.

A = {a1, a2 . . . am}

x1x2 . . . xn, xi ∈ A - ñëîâî äëèíû n â àëôàâèòå èç m ñèìâîëîâ.

Óòâåðæäåíèå: |X|=n, |Y|=m òîãäà êîëè÷åñòâî ïðîèçâîëüíûõ f : X → Y ðàâíî mn.

x = 1, 2, . . . n

f(1)︸︷︷︸
m ñïîñîáîâ

, f(2)︸︷︷︸
m ñïîñîáîâ

. . . f(n)︸︷︷︸
m ñïîñîáîâ

Âñåãî ïî ïðàâèëó ïðîèçâåäåíèÿ mn.

Àíàëîãè÷íûå êîíñòðóêöèè:
Êîëè÷åñòâî ïðîèçâîëüíûõ ðàçìåùåíèé n ðàçëè÷íûõ îáúåêòîâ ïî m ðàçëè÷íûì ÿùèêàì - mn.
Êîëè÷åñòâî ðàçëè÷íûõ ñëîâ äëèíû n â àëôàâèòå èç m ñèìâîëîâ - mn.
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1.2 Èíúåíêòèâíîå îòîáðàæåíèå

Îïðåäåëåíèå: f : X → Y - èíúåêòèâíî, åñëè ðàçëè÷íûì xi ñîîòâåòñòâóþò ðàçëè÷íûå yi.

xi 6= xj ⇒ f(xi) 6= f(xj)

Äëÿ ÿùèêîâ: íå áîëåå îäíîãî îáúåêòà â êàæäîì ÿùèêå.

[x]n = x(x− 1) . . . (x− n+ 1) - 'n ôàêòîðèàë îò x âíèç' èëè 'íèæíÿÿ n-àÿ ñòåïåíü'

Óòâåðæäåíèå: Ïóñòü X - êîíå÷íîå ìíîæåñòâî èç n ýëåìåíòîâ, Y - èç m. Òîãäà êîëè÷åñòâî èíúåê-
òèâíûõ îòîáðàæåíèé f : X → Y ðàâíî [m]n.
Äîêàçàòåëüñòâî:

x = 1, 2, . . . n

f(1) m ñïîñîáîâ

f(2) m− 1 ñïîñîá

...

f(k) m− k + 1 ñïîñîá

...

f(n) m− n+ 1 ñïîñîá

Åñëè n>m, òî [m]n = 0

1.3 Ïåðåñòàíîâêè

Ïåðåñòàíîâêà - âçàèìíîîäíîçíà÷íîå îòîáðàæåíèå ìíîæåñòâî íà ñåáÿ.
Êîëè÷åñòâî ïåðåñòàíîâîê ìíîæåñòâà [n] (èç n ýëåìåíòîâ) ðàâíî [n]n = n!

1.4 ×èñëà Ñòèðëèíãà ïåðâîãî ðîäà

[x]n = x(x− 1)...(x− n+ 1) = s(n, 0) + s(n, 1)x+ s(n, 2)x2 + ...+ s(n, n)xn, sk - ÷èñëà Ñòèðëèíãà I ðîäà
s(n,0)=0
s(n,2)=1
...
s(n,k)=0, k<0
s(n,k)=0, k>n

[x]n+1 = [x]n(x− n)

...s(n+ 1, k)xk... = (...s(n, k − 1)xk−1 + s(n, k)xk...)(x− n)

s(n+ 1, k) = s(n, k − 1)− s(n, k)n

Óòâåðæäåíèå: ×èñëà Ñòèðëèãà ïåðâîãî ðîäà óäîâëåòâîðÿþò ñëåäóþùåìó ðåêóðñèâíîìó ñîîòíî-
øåíèþ: s(n+ 1, k) = s(n, k − 1)− s(n, k)n.

1.5 Óïîðÿäî÷åííîå ðàçìåùåíèå ðàçëè÷íûõ îáúåêòîâ ïî ðàçëè÷íûì ÿùèêàì

x=1, 2, ..., n - îáúåêòû
y=1, 2, ..., n - ÿùèêè
Ðàçìåùàåì n îáúåêòîâ ïî m ÿùèêàì, èíòåðåñóÿñü ïîñëåäîâàòåëüíîñòüþ, â êîòîðîé â êàæäîì ÿùèêå
íàõîäÿòñÿ îáúåêòû. Ýòî óïîðÿäî÷åííîå ðàçìåùåíèå.
Ïóñòü m=2, n=2, ïåðåãîðîäîê m-1=1

1 2 | 0 2 1 | 0

1 | 2 2 | 1

0 | 1 2 0 | 1 2
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Óïîðÿäî÷åííûõ ðàçìåùåíèé 2-õ îáúåêòîâ ïî 2-ì ÿùèêàì - 6.

[x]n = x(x+ 1) . . . (x+ n− 1) - 'n ôàêòîðèàë îò x ñâåðõó' èëè 'âåðõíÿÿ n-àÿ ñòåïåíü'

Óòâåðæäåíèå: Êîëè÷åñòâî óïîðÿäî÷åííûõ ðàçìåùåíèé n ðàçëè÷íûõ îáúåêòîâ ïî m ðàçëè÷íûì
ÿùèêàì ðàâíî [m]n.
Äîêàçàòåëüñòâî:
Åñòü m ÿùèêîâ
| | | · · · | | |︸ ︷︷ ︸
m-1 ïåðåãîðîäêà

Ïîëîæèòü 1-ûé îáúåêò (m− 1) + 1 ñïîñîáîâ

2-îé îáúåêò (m− 1) + 2 ñïîñîáîâ (ñ ó÷¼òîì ëåæàùåãî âòîðîãî)

...

n-ûé îáúåêò (m− 1) + n ñïîñîáîâ

m(m+ 1)...(m+ n− 1) = [m]n

Íåêîòîðûå ôîðìóëû:
[m]n = [m+ n− 1]n
[m]n = (m+n−1)!

(m−1)!

Ëåêöèÿ 2

08.10.2014

2 Ìîíîòîííûå ñëîâà

2.1 Ââåäåíèå ïîíÿòèÿ

A = {a1, a2 . . . an}
a1 < a2 < . . . < an - óïîðÿäî÷åííûå ñèìâîëû àëôàâèòà
x = x1x2 . . . xn ∀xi ∈ A
ñëîâî x - ìîíîòîííî åñëè
x1 6 x2 6 . . . 6 xn
Ïðèìåð: A={a,b,c,d} abbd - ìîíîòîííî, bacd - íå ìîíîòîííî

Óòâåðæäåíèå: êîëè÷åñòâî ìîíîòîííûõ ñëîâ äëèíû n â àëôàâèòå èç m ñèìâîëîâ ðàâíî [m]n

n!
Äîêàçàòåëüñòâî:
Êàæäîìó óïîðÿäî÷åííîìó ðàçìåùåíèÿ n îáúåêòîâ ïî m ÿùèêàì ïîñòàâèì â ñîîòâåòñòâèå ìîíîòîííîå
ñëîâî äëèíîé n â àëôàâèòå èç m ñèìâîëîâ.
5 4 8|2 6| · · · |1 3 n︸ ︷︷ ︸
n-1 ïåðåãîðîäêà

⇒ a1a1a1a2a2 . . . amamam, ai - ñòîëüêî ðàç, ñêîëüêî îáúåêòîâ â ÿùèêå i

1. Êàæäîìó óïîðÿäî÷åííîìó ðàçìåùåíèþ ñîîòâåòñòâóåò åäèíñòâåííî ìîíîòîííîå ñëîâî.

2. Êàæäîå ìîíîòîííîå ñëîâî ìîæåò áûòü ïîëó÷åíî òàêèì îáðàçîì.

3. Ìîíîòîííîå ñëîâî ïîëó÷àåòñÿ èç n! óïîðÿäî÷åííûõ ðàçìåùåíèé ⇒ êîëè÷åñòâî ìîíîòîííûõ ñëîâ
â n! ðàç ìåíüøå êîëè÷åñòâà óïîðÿäî÷åííûõ ðàçìåùåíèé.

Çíà÷èò êîëè÷åñòâî óïîðÿäî÷åííûõ ðàçìåùåíèé [m]n

n!

2.2 Ïðèìåð (çàäà÷à î ðàçëîæåíèè ÷èñëà m â ñóììó n ñëàãàåìûõ - çàäà÷à Ìóàâðà)

Ïóñòü çàäàíî m ∈ N
m = u1 + u2 + . . .+ un, u - öåëîå ÷èñëî ui > 0
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Äâà ðàçëîæåíèÿ, îòëè÷àþùèåñÿ ïîðÿäêîì ñëàãàåìûõ - ðàçëè÷íû.
Ïîäñ÷èòàåì êîëè÷åñòâî ðàçëîæåíèé ÷èñëà m â ñóììó n ñëàãàåìûõ.

σk - ÷àñòè÷íàÿ ñóììà ïåðâûõ k ñëàãàåìûõ

σ1 = u1

σ2 = u1 + u2

· · ·
σn−1 = u1 + ...+ un−1

σn = m óäàëÿåì åãî

Êàæäîìó ðàçëîæåíèþ ñîîòâåòñòâóåò åäèíñòâåííîå ñëîâî σ1σ2 . . . σn−1

u1 = σ1

u2 = σ2 − σ1
· · ·

Êîëè÷åñòâî ðàçëîæåíèé ðàâíî êîëè÷åñòâó ñëîâ σ1 . . . σn−1

σ = σ1σ2 . . . σn−1

σ1 6 σ2 6 . . . 6 σn−1

σ - ìîíîòîííîå ñëîâî äëèíû n-1 â àëôàâèòå èç m+1 ñèìâîëîâ {0, 1 . . .m} ⇒ êîëè÷åñòâî ðàçëîæåíèé n

â ñóììó m (m > 0, m ∈ Z) ñëàãàåìûõ ðàâíî [m+1]n−1

(n−1)!

3 ×èñëî ñî÷åòàíèé

3.1 Ââåäåíèå îïðåäåëåíèÿ

|X|=n, X n-ìíîæåñòâî (èç n ýëåìåíòîâ)
k-ïîäìíîæåñòâî - k-ýëåìíòíîå ïîäìíîæåñòâî ìíîæåñòâà

Îïðåäåëåíèå: Ñî÷åòàíèåì íàçûâàåòñÿ k-ïîäìíîæåñòâî n-ìíîæåñòâà.
Ïðèìåð: X = {1, 2, 3, 4} 1,2 1,3 1,4 2,3 2,4 3,4 - ñî÷åòàíèÿ èç n ïî k(
n
k

)
= Ck

n - êîëè÷åñòâî ñî÷åòàíèé èç n ïî k.
Óòâåðæäåíèå: êîëè÷åñòâî ðàçëè÷íûõ k-ïîäìíîæåñòâ n-ìíîæåñòâà (÷èñëî ñî÷åòàíèé èç n ïî k)

ðàâíî (
n

k

)
=

[n]k
k!

=
n(n− 1) . . . (n− k + 1)

k!
=

n!

k!(n− k)!

Êîìáèíàòîðíûé ñïîñîá äîêàçàòåëüñòâà:
Äâóìÿ ðàçëè÷íûìè ñïîñîáàìè ïîäñ÷èòàåì ÷èñëî óïîðÿäî÷åííûõ ïîñëåäîâàòåëüíîñòåé èç k ýëåìåíòîâ,
êîòîðûå îáðàçîâàíû èç n-ìíîæåñòâà.

1. Âûáðàëè k èç n ýëåìåíòîâ è óïîðÿäî÷èëè èõ
(
n
k

)
k!

2. n ñïîñîáîâ âûáðàòü 1-é ýëåìåíò
n-1 ñïîñîáîâ âûáðàòü 2-é ýëåìåíò
· · ·
n-k+1 ñïîñîáîâ âûáðàòü k-ûé ýëåìåíò

Âñåãî n(n− 1) . . . (n− k + 1) = [n]k
Ïîëó÷àåì

(
n
k

)
k! = [n]k(

n
k

)
= [n]k

k!

Çàìå÷àíèå:

(
n

k

)
=


[n]k
k! , 0 6 k 6 n

0, k > n

0, k < 0

Ñâîéñòâà:
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1.
(
n
k

)
=
(

n
n−k
)
Êàæäîìó ñî÷åòàíèþ èç n ïî k îäíîçíà÷íî ñîîòâåòñòâóåò ïîäìíîæåñòâî îñòàâøèõñÿ

n-k ýëåìåíòîâ.

2. Ðåêêóðåíòíîå ñîîòíîøåíèå(
n
k

)
=
(
n−1
k−1
)

+
(
n−1
k

)
Äîêàçàòåëüñòâî:
Âñå ñî÷åòàíèÿ ðàçîáüåì íà äâà òèïà:
T1 - ñî÷åòàíèÿ, ñîäåðæàùèå ýëåìåíò n
T2 - ñî÷åòàíèÿ, íå ñîäåðæàùèå ýëåìåíò n
|T1| =

(
n−1
k−1
)

1 2 . . . n− 1︸ ︷︷ ︸
èç n-1 ñëàãàåìûõ âûáðàòü k-1

|T2| =
(
n−1
k

)
1 2 . . . n− 1︸ ︷︷ ︸

èç n-1 ñëàãàåìûõ âûáðàòü k

Ìíîæåñòâà T1 è T2 íå ïåðåñåêàþòñÿ T1 ∩ T2 = ∅
Çíà÷èò

(
n
k

)
=
(
n−1
k−1
)

+
(
n−1
k

)
3.2 Ïðîèçâîäÿùèå ôóíêöèè

< a >= a0, a1, a2 . . .
Ïðîèçâîäÿùåé ôóíêöèåé ïîñëåäîâàòåëüíîñòè <a> íàçûâàåòñÿ ôóíêöèÿ F (x) = a0 + a1x+ a2x

2 + . . . =∑
k=0 akx

k

1

1− x
= 1 + x+ x2 + . . . åñòü ïðîèçâîäÿùÿÿ ôóíêöèÿ ïîñëåäîâàòåëüíîñòè 1, 1, 1 . . .

1

1 + x
= 1− x+ x2 − x3 + . . . 1,−1, 1,−1 . . .

3.3 Ñâ¼ðòêà ïîñëåäîâàòåëüíîñòåé

Ïóñòü A(x) =
∑
k=0

akxk

B(x) =
∑
k=0

bkxk

C(x) =
∑
k=0

ckxk

C(x) = A(x) ∗B(x)

c0 + c1x+ c2x
2 + ... = (a0 + a1x+ a2x

2 + ...)(b0 + b1x+ b2x
2 + ...)

c0 = a0b0

c1 = a0b1 + a1b0

c2 = a2b0 + a1b1 + a0b2

· · ·
ck = akb0 + ak−1b1 + . . .+ a0bk

ck =
k∑

j=0

ak−jbj - ñâ¼ðòêà ïîñëåäîâàòåëüíîñòåé ak è bk

Ëåêöèÿ 3

15.10.2014

3.4 Áèíîìèàëüíûå êîýôôèöèåíòû

Ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ ïîñëåäîâàòåëüíîñòè ÷èñåë ñî÷åòàíèé
(
n
k

)
, k = 0, 1, . . . n ðàâíà

(1 + x)n =
∑n

k=0

(
n
k

)
xk (*)
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Ïðèìåð: (1 + x)3 = (1 + x)(1 + x)(1 + x) = 1 + 3x+ 3x2 + x3 =
(
n
0

)
+
(
3
1

)
x+

(
3
2

)
x2 +

(
3
3

)
x3

êîýôôèöèåíò xk åñòü êîëè÷åñòâî ñïîñîáîâ âûáðàòü èç n ñîìíîæèòåëåé âûáðàòü, îòêóäà âçÿòü x.(
n
k

)
- áèíîìèàëüíûå êîýôôèöèåíòû

Ïðèìåðû:
1. (*), x=1∑n

k=0

(
n
k

)
= 2n

2. äèôôåðåíöèðóåì (*), x=1∑n
k=0 k

(
n
k

)
= n2n−1

3. (*), x=-1(
n
0

)
−
(
n
1

)
+
(
n
2

)
−
(
n
3

)
+ . . . = 0(

n
0

)
+
(
n
2

)
+ . . . =

(
n
1

)
+
(
n
3

)
+ . . . = 2n−1

Åñëè n=4(
4
0

)
+
(
4
2

)
+
(
4
4

)
=
(
4
1

)
+
(
4
3

)
Åñëè n=5(
5
0

)
+
(
5
2

)
+
(
5
4

)
=
(
5
1

)
+
(
5
3

)
+
(
5
5

)
Â îáùåì ñëó÷àå:∑[n/2]

k=0

(
n
2k

)
=
∑[n/2]

k=0

(
n

2k+1

)
4. (1 + x)m+n = (1 + x)m(1 + x)n

Èñïîëüçóÿ ñâ¼ðòêó:
(
m+n
k

)
=
∑k

j=0

(
m
j

)(
n

k−j
)

Ïîëîæèì m=k=n(
2n
n

)
=
∑n

k=0

(
n
k

)2
Âûâîä ïðîèçâîäÿùåé ôóíêöèè äëÿ áèíîìèàëüíûõ êîýôôèöèåíòîâ ÷åðåç ðåêêóðåíòíûå
ñîîòíîøåíèÿ:
Fn(x) =

∑n
k=0

(
n
k

)
xk

Fn−1(x) =
∑n−1

k=0

(
n−1
k

)
xk

+



(
n
k

)
=
(
n−1
k−1
)

+
(
n−1
k

)(
n
0

)
=
(
n−1
0

)(
n
1

)
=
(
n−1
0

)
+
(
n−1
1

)
| ∗ x

· · ·(
n
k

)
=
(
n−1
k

)
+
(
n−1
k−1
)
| ∗ xk

· · ·(
n
n

)
=
(
n−1
n−1
)

| ∗ xn

Fn(x) = Fn−1(x) + xFn−1(x)
Fn(x) = (1 + x)Fn−1(x)
F1(x) = 1 + x
Fn(x) = (1 + x)n

3.5 Ðàçìåùåíèå ïðè ôèêñèðîâàííîì êîëè÷åñòâå îáúåêòîâ â ÿùèêå

Òåîðåìà: Ïóñòü x, |x|=n - ìíîæåñòâî ðàçëè÷íûõ îáúåêòîâ è n1, n2 . . . np - íåîòðèöàòåëüíûå öåëûå
÷èñëà, òàêèå ÷òî n1 + n2 + . . .+ np = n. Òîãäà êîëè÷åñòâî ðàçìåùåíèé n îáúåêòîâ ïî ÿùèêàì y1 . . . yp,
ïðè óñëîâèè, ÷òî êàæäûé ÿùèê ñîäåðæèò n1, n2 . . . np îáúåêòîâ ñîîòâåòñòâåííî, ðàâíî

(
n

n1, n2 . . . np

)
=

{
n!

n1!n2!...np!
, n1 + n2 + ...+ np = n

0, â ïðîòèâíîì ñëó÷àå
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Äîêàçàòåëüñòâî:
Ñêîëüêèìè ñïîñîáàìè ìîæíî â ïåðâîì ÿùèêå ðàçìåñòèòü n1 îáúåêòîâ:

(
n
n1

)
. Òîãäà íà âòîðîé ÿùèê

îñòàëîñü
(
n−n1

n2

)
. È òàê äàëåå... Äëÿ ïîñëåäíåãî:

(
np

np

)(
n
n1

)
∗
(
n−n1

n2

)
∗ ... ∗

(
np

np

)
= n!

n1!(n−n1)!
∗ (n−n1)!

n2!(n−n1−n2)!
∗ (n−n1−n2)!

n3!(n−n1−n2−n3)!
∗ ... ∗ np!

np!
= n!

n1!n2!...np!

Ïîëèíîìèàëüíàÿ òåîðåìà: (x1 + x2 + ...+ xp)
n =

∑
n1...np>0

n1+...+np=n

(
n

n1, n2...np

)
x1

n1x2
n2 ...xp

np (**)

Êîýôôèöèåíò ïðè x1
n1x2

n2 ...xp
np ðàâåí ÷èñëó ñïîñîáîâ âûáðàòü èç n ñîìíîæèòåëåé n1 ñîìíîæèòåëåé,

èç êîòîðûõ â ïðîèçâåäåíèå âîéäåò ïåðåìåííàÿ x1; n2 ñîìíîæèòåëåé, èç êîòîðûõ â ïðîèçâåäåíèå âîéäåò
ïåðåìåííàÿ x2; ...
1.

∑
n1...np>0

n1+...+np=n

(
n

n1, ..., np

)
= pn

2.
(

n
n1, n1,..., np

)
=

∑
i: ni>1

(
n−1

n1, n2,..., ni−1, ni−1, ni+1,..., np

)
(x1 + ...+ xp)

n = (x1 + ...+ xp)(x1 + ...+ xp)
n−1

3.6 Çàäà÷à î ðàçìåùåíèè n îäèíàêîâûõ îáúåêòîâ ïî m ðàçëè÷íûì ÿùèêàì

• • | • • | · · · | • • |︸ ︷︷ ︸
m−1 ïåðåãîðîäêà

• =⇒ × × · · · × ×︸ ︷︷ ︸
m+n−1 ñèìâîëîâ

Íóæíî ñðåäè m+n-1 ñèìâîëà âûáðàòü m-1 ñèìâîë äëÿ ïåðåãîðîäîê:
(
n+m−1
m−1

)
=
(
n+m−1

n

)
4 Ðàçáèåíèÿ

4.1 Ââåäåíèå ïîíÿòèÿ

Ðàçáèåíèå êîíå÷íîãî ìíîæåñòâà X, |X|=n åñòü íåóïîðÿäî÷åííàÿ ïîñëåäîâàòåëüíîñòü π = {B1, B2...Bk}
ïîäìíîæåñòâ Bi ìíîæåñòâà X, òàêàÿ, ÷òî:

1. Bi 6= ∅, i = 1...k

2. Bi ∩Bj = ∅, i 6= j

3. B1 ∪B2 ∪ ... ∪Bk = X

Ðàçáèåíèå ìíîæåñòâà X åñòü ïðåäñòàâëåíèå X â âèäå îáúåäèíåíèÿ íåóïîðÿäî÷åííûõ ïîñëåäîâàòåëüíî-
ñòåé íåïóñòûõ íå ïåðåñåêàþùèõñÿ ïîäìíîæåñòâ.
Bi - êëàññû (áëîêè) ðàçáèåíèÿ

4.2 Ðàçáèåíèå ìíîæåñòâà X íà k êëàññîâ

Ðàçáèåíèå ìíîæåñòâà X íà k êëàññîâ =⇒ ðàçìåùåíèå ðàçëè÷íûõ îáúåêòîâ ïî k îäèíàêîâûì ÿùèêàì.
S(n,k) - êîëè÷åñòâî ðàçáèåíèé n-ìíîæåñòâà íà k êëàññîâ.
S(n,k) - ÷èñëà Ñòèðëèíãà II ðîäà

Ïðèìåð:
n=4, k=2

{1} {2, 3, 4} {1, 2} {3, 4}
{2} {1, 3, 4} {1, 3} {2, 4}
{3} {1, 2, 4} {1, 4} {2, 3}
{4} {1, 2, 3}

S(4,2)=7
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Ëåêöèÿ 4

22.10.2014

Óòâåðæäåíèå 1: ×èñëà Ñòèðëèíãà II ðîäà óäîâëåòâîðÿþò ñëåäóþùåìó ðåêóððåíòíîìó ñîîòíîøå-
íèþ:

S(n+ 1, k) = S(n, k − 1) + kS(n, k)

Äîêàçàòåëüñòâî:
T1 - ðàçáèåíèå, â êîòîðîì (n+1) ýëåìåíò åäèíñòâåííûé â ñâîåì êëàññå
|T1| = S(n, k − 1)
T2 - ðàçáèåíèå, â êîòîðîì (n+1) ýëåìåíò íå ÿâëÿåòñÿ åäèíñòâåííûì â ñâîåì êëàññå
|T2| = kS(n, k)

Îïðåäåëåíèå: Îòîáðàæåíèå f : X → Y íàçûâàåòñÿ ñþðúåêòèâíûì, åñëè
∀y ∈ Y ∃x ∈ X : f(x) = y (îòîáðàæåíèå íà ìíîæåñòâî).

Óòâåðæäåíèå 2: Ïóñòü |X|=n, |Y|=m, òîãäà êîëè÷åñòâî ñþðúåêòèâíûõ îòîáðàæåíèé f : X → Y
ðàâíî m! · S(n,m).
Äîêàçàòåëüñòâî:
Êàæäîìó ñþðúåêòèâíîìó îòîáðàæåíèþ ñîîòâåòñòâóåò ðàçáèåíèå X íà m êëàññîâ
Bk = {x ∈ X : f(x) = yk}, k = 1, 2 . . .m
Ñ äðóãîé ñòîðîíû, êàæäîìó ðàçáèåíèþ |X|=n íà m êëàññîâ ñîîòâåòñòâóåò m! ðàçëè÷íûõ ñþðúåêòèâíûõ
îòîáðàæåíèé =⇒ m! · S(n, k)

[x]n =
n∑

k=0

s(n, k) xk - ïðîèçâîäÿùàÿ ôóíêöèÿ ÷èñåë Ñòèðëèíãà I ðîäà

Óòâåðæäåíèå 3: xn =
n∑

k=0

S(n, k) · [x]k

Äîêàçàòåëüñòâî:
|X|=n, |Y|=m
Ðàññìîòðèì ïðîèçâîëüíûå îòîáðàæåíèÿ f : X → Y . Èõ êîëè÷åñòâî - mn.
Êàæäîå ïðîèçâîëüíîå îòîáðàæåíèå åñòü ñþðúåêòèâíîå îòîáðàæåíèå íà íåêîòîðîå ïðîèçâîëüíîå ïîä-
ìíîæåñòâî B ⊆ Y, |B| = k.
k! · S(n, k)(
n
k

)
ñïîñîáîâ âûáðàòü B

Êîëè÷åñòâî îòîáðàæåíèé -
n∑

k=0

k! · S(n, k) ·
(
n
k

)
Èòîãî: mn =

m∑
k=0

k! ·
(
n
k

)
· S(n, k) =

m∑
k=0

[m]k · S(n, k)

ò.ê. åñëè k>m, òî [m]k=0
åñëè k>n, òî S(n,k)=0

=
n∑

k=0

[m]k · S(n, k).

Ïîëèíîìèàëüíàÿ àðãóìåíòàöèÿ:

mn −
n∑

k=0

[m]k · S(n, k)︸ ︷︷ ︸
ëèáî ïîëèíîì òîæäåñòâåííî ðàâåí íóëþ

ëèáî âûïîëíÿåòñÿ ïðè âñåõ n

= 0

áûòü ðàâíûì íóëþ îí íå ìîæåò =⇒ xn =
n∑

k=0

[x]k · S(n, k)

Óòâåðæäåíèå 4: S(n+ 1,m) =
n∑

k=0

(
n
k

)
· S(k,m− 1)

Äîêàçàòåëüñòâî:
Ðàññìîòðèì ðàçáèåíèå ìíîæåñòâà X={1,2...n+1} íà m êëàññîâ.
Òàêîå ðàçáèåíèå ðàñïàäàåòñÿ íà ðàçëè÷íûå òèïû, ñîîòâåòñòâóþùèå ïîäìíîæåñòâàì, ñîäåðæàùèì (n+1)
ýëåìåíò.
B ⊆ X, |B| = k
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(n+ 1) ⊂ B
Êîëè÷åñòâî ñïîñîáîâ âûáðàòü B ðàâíî

(
n

k−1
)

Ýëåìåíòû, íå âîøåäøèå â B, ðàçáèâàåì íà (m-1) êëàññ. Èõ êîëè÷åñòâî - S(n+ 1− k,m− 1).
Ïðîíóìåðîâàâ ïî âñåì k, ïîëó÷èì âñåâîçìîæíûå ðàçáèåíèÿ.

S(n+ 1,m) =
n+1−(m−1)∑

k=1

(
n

k−1
)
· S(n+ 1− k,m− 1)

n+1−k=r
=

n∑
r=m−1

(
n
r

)
· S(r,m− 1)

ò.ê. S(k,m−1)=0
ïðè k<m−1

=

n∑
k=0

(
n
k

)
· S(k,m− 1)

4.3 Ðàçáèåíèå íà ïðîèçâîëüíîå ÷èñëî êëàññîâ (÷èñëà Áåëëà)

Îáîçíà÷åíèå: B(n) = Bn - êîëè÷åñòâî ðàçáèåíèé íà ïðîèçâîëüíîå ÷èñëî êëàññîâ.

Bn =
n∑

k=0

S(n, k), B0 = 1

Óòâåðæäåíèå: Bn+1 =
n∑

k=0

(
n
k

)
·B(k)

Äîêàçàòåëüñòâî:
Ïðåäïîëîæèì, ÷òî ýëåìåíò (n+1) íàõîäèòñÿ â êëàññå, ñîäåðæàùåì n+1-k ýëåìåíòîâ. Òîãäà êîëè÷åñòâî
ñïîñîáîâ âûáðàòü îñòàëüíûå ýëåìåíòû ðàâíî

(
n

n−k
)

=
(
n
k

)
.

Îñòàâøèåñÿ ýëåìåíòû ìîæíî ðàçáèòü íà êëàññû Bk ñïîñîáàìè =⇒ Bn+1 =
n∑

k=0

(
n
k

)
·B(k).

5 Ìåòîä âêëþ÷åíèé-èñêëþ÷åíèé

5.1 Ââåäåíèå

Ïðèìåð 1:

&%
'$

&%
'$

A B

|A ∪B| = |A|+ |B| − |A ∩B|

Ïðèìåð 2:

&%
'$

&%
'$

&%
'$A B

Ñ

|A ∪B ∪ | = |A|+ |B|+ |C| − |A ∩B| − |B ∩ C| − |C ∩A|+ |A ∩B ∩ C|
Ïóñòü N - îáùåå ÷èñëî ðàçëè÷íûõ îáúåêòîâ.
a1, a2...an - ñâîéñòâà, êîòîðûìè ìîãóò îáëàäàòü îáúåêòû.
N(a1) - êîëè÷åñòâî îáúåêòîâ, îáëàäàþùèõ ñâîéñòâîì a1
N(a2)
· · ·
N(an)
N(a1, a2) - êîëè÷åñòâî îáúåêòîâ, îáëàäàþùèõ ñâîéñòâàìè a1 è a2, ïðè÷¼ì N(a1, a2) = N(a2, a1)
Óñëîâèìñÿ, ÷òî N(ai, aj), i < j
N0 = N(ā1, ā2...ān) - êîëè÷åñòâî îáúåêòîâ, íå îáëàäàþùèõ íè îäíèì èç ñâîéñòâ.
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5.2 Òåîðåìà (ôîðìóëà âêëþ÷åíèé-èñêëþ÷åíèé)

N0 = N(ā1, ā2...ān) = N −
∑

16i6n
N(ai) +

∑
16i<j6n

N(ai, aj) −
∑

16i<j<k6n

N(ai, aj , ak) + ... + (−1)n ·

N(a1, a2...an)

Ëåêöèÿ 5

29.10.2014

Äîêàçàòåëüñòâî:
N(ā1) = N −N(a1)
N(ā1, ā2...an−1) = N −

∑
16i6n−1

N(ai) +
∑

16i<j6n−1
N(ai, aj)− ...+ (−1)n−1 ·N(a1, a2...an)

Äëÿ N = N(an)
N(ā1, ā2...an−1, an) = N(an)−

∑
16i6n

N(ai, an) +
∑

16i<j6n−1
N(ai, aj , an)− ...+ (−1)n ·N(a1, a2...an)

N(ā1, ..., ān) = N(ā1, ..., an−1)−N(ā1, ..., an−1, an)

N(ā1, ..., ān) = N −
∑

16i6n
N(ai) +

∑
16i<j6n

N(ai, aj)

&%
'$

&%
'$

&%
'$A B

Ñ

a1 : x ∈ A
a2 : x ∈ B
a3 : x ∈ C
N(ā1, ā2, ā3) = 0 = |A ∪B ∪ C| − {|A|+ |B|+ |C|}+ {|A ∩ C|+ |A ∩B|+ |B ∩ C|} − |A ∩B ∩ C|

5.3 Çàäà÷à î ÷èñëå áåñïîðÿäêîâ

a1, a2, ..., an - ïåðåñòàíîâêà n-ìíîæåñòâà
a1, a2, ..., an - áåñïîðÿäîê: ai = i i = {1, 2, ..., n}
Ïåðåñòàíîâêà b1, ..., bn îáëàäàåò ñâîéñòâîì ai, åñëè bi = i.
a1, ..., an
ai1, ai2, ..., aik
N(ai1, ai2, ..., aik) = (n− k)! (k ýëåìåíòîâ ñòîÿò íà ñâîèõ ìåñòàõ)
Îïðåäåëåíèå: D(n) - êîëè÷åñòâî áåñïîðÿäêîâ ñðåäè ïåðåñòàíîâîê n-ìíîæåñòâà
D(n) = N(ā1, ā2, ..., ān) = n!−(n−1)!

(
n
1

)
+
(
n
2

)
(n−2)!− ...+(−1)n

(
n
n

)
= n!(1−1+ 1

2!−
1
3! + ...+(−1)n 1

n!) =

]n!e [ - áëèæàéøåå öåëîå ê n!
e

D(n+ 1) = n!(n+ 1)(1− 1 + 1/2− 1/6 + 1/24− ...+ (−1)n+1 1
(n+1)!)

D(n+ 1) = (n+ 1)D(n) + (−1)n+1

n ïåðåñòàíîâêè:
1. ýëåìåíò 1 íà 1-îì ìåñòå, 1 ñòîèò íà i ìåñòå (n− 1) ·D(n− 2)
2. ýëåìåíò i íà 1-îì ìåñòå, 1 íå íà i ìåñòå (n− 1) ·D(n− 1)
D(n)=(n-1)[D(n-2)+D(n-1)]

5.4 Êîëè÷åñòâî ñþðúåêòèâíûõ îòîáðàæåíèé

Òåîðåìà 2: |X|=n, Y = {y1, ..., ym}
Êîëè÷åñòâî ñþðúåêòèâíûõ îòîáðàæåíèé f : X → Y ðàâíî

F (n,m) =

m−1∑
k=0

(−1)k
(
m

k

)
(m− k)n
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Äîêàçàòåëüñòâî:
Îòîáðàæåíèå f : X → Y îáëàäàåò ñâîéñòâîì ai, åñëè yi /∈ f(X)
(ak1, ..., akp) - íàáîð ñâîéñòâ
N(ak1, ..., akp) = (m− n)n

F (n,m) = N(ā1, ā2, ..., ām) = mn −
(
m
1

)
(m− 1)n +

(
m
2

)
(m− 2)n − ... =

m−1∑
k=0

(−1)k
(
m
k

)
(m− k)n

Ñëåäñòâèå:

S(n,m) = 1
m!

m−1∑
k=0

(−1)k
(
m
k

)
(m− k)n
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6 Ñèñòåìû ðàçëè÷íûõ ïðåäñòàâèòåëåé

Ñèñòåìà ìíîæåñòâ:
S : S1, S2, ..., Sn, Si ∈ S, i ∈ {1, ..., n}
ñèñòåìà ðàçëè÷íûõ ïðåäñòàâèòåëåé (ÑÐÏ) - (a1, a2, ..., an), ai ∈ Si, ai 6= aj ïðè i 6= j
Ïðèìåð:
S1 = {1, 2, 3, 4} S2 = {1, 2, 5} S3 = S4 = {2, 5}
ÑÐÏ: (3,1,2,5), (4,1,5,2)

Îáîçíà÷åíèÿ:
S(ai) - ìíîæåñòâî, ïðåäñòàâèòåëåì êîòîðîãî ÿâëÿåòñÿ ai
Ï(Si) - ýëåìåíò, ÿâëÿþùèéñÿ ïðåäñòàâèòåëåì ìíîæåñòâà Si

Êðèòåðèé ñóùåñòâîâàíèå ÑÐÏ: ÑÐÏ ìíîæåñòâà S1, S2...Sn ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà
âûïîëíåíî óñëîâèå Ñ:
Óñëîâèå Ñ: Ëþáûå k ìíîæåñòâ èç S1...Sn èìåþò íå ìåíåå k ðàçëè÷íûõ ýëåìåíòîâ. |Si1∪Si2∪ ...∪Sik| >
k, κ = 1, ..., n
Äîêàçàòåëüñòâî (íåîáõîäèìîñòè):
Ïóñòü ÑÐÏ ñóùåñòâóåò: (a1, a2, ..., an) - ÑÐÏ äëÿ S1...Sn. Ëþáûå k ýëåìåíòîâ èç ñèñòåìû ðàçëè÷íûõ
ïðåäñòàâèòåëåé ÿâëÿþòñÿ k ðàçëè÷íûìè ýëåìåíòàìè îáúåäèíåíèÿ k ìíîæåñòâà, îòêóäà îíè âçÿòû.
Äîêàçàòåëüñòâî (äîñòàòî÷íîñòè):

ìíîæåñòâà: S1 S2 S3 ... Sn

ïðåäñòàâèòåëè: a1 ∈ S1 a2 ∈ S2 ... ... èëè an ∈ Sn, an 6= ai, i = 1...n

a2 6= a1 èëè Sr = {b1, b2, ..., bt},
bi èñïîëüçîâàíû êàê ïðåäñòàâèòåëè S1...Sn−1

Íóæíî íàéòè ñðåäè ìíîæåñòâ S1...Sn−1 ýëåìåíò, íå ÿâëÿþùèéñÿ ïðåäñòàâèòåëåì.
T0 = {b1, b2, ..., bt}
T1 = S(b1) \ T0 T0 = T0 ∗ T1 = {b1...bt︸ ︷︷ ︸

T0

, bt+1...bn︸ ︷︷ ︸
T1

}

T2 = S(b2) \ T0 T0 = T0 ∗ T2
· · ·
Ti = S(bi) \ T0 T0 = T0 ∗ Ti
Ìîæåò áûòü äâà ñëó÷àÿ îêîí÷àíèå ïðîöåññà:

1. T0 = {b1, b2, ..., bv}
Ïîñëåäîâàòåëüíîñòü èñ÷åðïûâàåòñÿ ïðåäñòàâèòåëÿìè ìíîæåñòâ. Ïî ïîñòðîåíèþ â ïîñëåäîâàòåëü-
íîñòè ñîäåðæàòñÿ âñå ýëåìåíòû v ìíîæåñòâ.
Äîáàâèì ìíîæåñòâî Sr, ïîëó÷èì v+1 ìíîæåñòâî, ñîäåðæàùåå v ðàçëè÷íûõ ýëåìåíòîâ. Óñëîâèå C
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íàðóøåíî.
Ïðèìåð:
S1{1} S2{2} S3{1, 2}
T0 = (1, 2) ÑÐÏ íå ñóùåñòâóåò

2. Íàéäåí ýëåìåíò bi, íå ÿâëÿþùèéñÿ ïðåäñòàâèòåëåì i > t, bi ∈ Sj , j < r
bi(1) ∈ Sj(1) Íî ïðåäñòàâèòåëü ìíîæåñòâà Sj(1) − bi(2), i(2) < i(1), i(2) > t
bi(2) ∈ Sj(2) Íî ïðåäñòàâèòåëü ìíîæåñòâà Sj(2) − bi(3), i(3) < i(2), i(3) > t
· · ·
bi(m−1) ∈ Sj(m−1) Íî ïðåäñòàâèòåëü ìíîæåñòâà Sj(m−1) − bi(m), i(m) < i(m− 1), i(m) < t

ìíîæåñòâà: Sj(1) Sj(2) ... Sj(m−1)

ïðåäñòàâèòåëè: bi(2) bi(3) ... bi(m),

óæå íå ÿâëÿåòñÿ ïðåäñòàâèòåëåì

íîâûå ïðåäñòàâèòåëè: bi(1) bi(2) ... bi(m−1)

bi(m) - ïðåäñòàâèòåëü Sr
Ïðèìåð:

S1 = {1, 2} S2 = {2, 3} S3 = {3, 4} S4 = {5, 2} S5 = {4, 6} S6 = {1, 5}
ÑÐÏ: 1 2 3 5 4 ∗

T0 = {1, 5,︸︷︷︸
S6

2,︸︷︷︸
S1

3,︸︷︷︸
S2

4,︸︷︷︸
S3

6︸︷︷︸
S5

}

T1 = S(1) \ T0 = {2}
T2 = S(5) \ T0 = {}
T3 = S(2) \ T0 = {3}
T4 = S(3) \ T0 = {4}
T5 = S(4) \ T0 = {6}

S1 S2 S3 S4 S5 S6

ÑÐÏ: 1 2 3 5 4 ∗
ÑÐÏ: 2 3 4 5 6 1

S1, S2, ..., Sm - óäîâëåòâîðÿåò êðèòåðèþ ñóùåñòâîâàíèÿ ÑÐÏ
|Si| > t - êàæäîå ìíîæåñòâî ñîñòîèò íå ìåíåå, ÷åì èç t ýëåìåíòîâ.
Åñëè t<m, òî ñóùåñòâóåò t! ñèñòåì ðàçëè÷íûõ ïðåäñòàâèòåëåé.
Åñëè t > m, òî ñóùåñòâóåò t!

(t−m)! ñèñòåì ðàçëè÷íûõ ïðåäñòàâèòåëåé.
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×àñòü II

Òåîðèÿ ãðàôîâ

7 Ââåäåíèå

Ãðàô G - ñîâîêóïíîñòü äâóõ ìíîæåñòâ: V - ìíîæåñòâà âåðøèí è E - ìíîæåñòâà ð¼áåð.
G=<V,E>
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E ñîñòîèò èç ïàð <x,y>:
E = {< x, y > - óïîðÿäî÷åííàÿ ïàðà | x, y ∈ V } (äëÿ îðèåíòèðîâàííîãî ãðàôà);
E = {< x, y > - íåóïîðÿäî÷åííàÿ ïàðà | x, y ∈ V } (äëÿ íåîðèåíòèðîâàííîãî ãðàôà).

Ãðàô îðèåíòèðîâàííûé, åñëè âñå ðåáðà îðèåíòèðîâàíû.
Ãðàô íåîðèåíòèðîâàííûé, åñëè âñå ðåáðà íå îðèåíòèðîâàíû.
Îðèåíòèðîâàííîå ðåáðî: <x,y> ðåáðî èñõîäèò èç âåðøèíû x è âûõîäèò â âåðøèíó y.
Íåîðèåíòèðîâàííîå ðåáðî: x,y. x yr r-

Îáû÷íîå (íåèçâåñòíîå) ðåáðî: (x,y). x yr r
Ïóñòü e=(x,y) - ðåáðî ãðàôà G.
1.) âåðøèíû x,y èíöèäåíòíû ðåáðó e;
2.) ðåáðî e èíöèäåíòíî âåðøèíàì x è y.

Äâå âåðøèíû ñìåæíû, åñëè îíè èíöèäåíòíû îäíîìó ðåáðó. r r
Äâà ðåáðà ñìåæíû, åñëè îíè èíöèäåíòíû îäíîé âåðøèíå. r
Èçîëèðîâàííûå âåðøèíû - âåðøèíû, íå èíöèäåíòíûå íèêàêîìó ðåáðó.

Ïîëíûé ãðàô - ëþáûå äâå âåðøèíû ñìåæíû.
Un - ïîëíûé íåîðèåíòèðîâàííûé ãðàô ñ n âåðøèíàìè. Åãî êîëè÷åñòâî ð¼áåð m ðàâíî

(
n
2

)
.

U
(d)
n - ïîëíûé îðèåíòèðîâàííûé ãðàô ñ n âåðøèíàìè. m = 2·

(
n
2

)
= n(n− 1)

Ðàñøèðåíèÿ ãðàôà:
1.) Ïåòëè r n rn	
2.) Êðàòíûå ðåáðà r r
Íåîðèåíòèðîâàííûé ãðàô íàçûâàåòñÿ ïðîñòûì, åñëè îí íå ñîäåðæèò ïåòåëü è êðàòíûõ ð¼áåð.

7.1 Èçîìîðôèçì ãðàôà

Ïóñòü åñòü G=<V,E> è G'=<V',E'>
Ãðàôû G è G' èçîìîðôíû, åñëè ìîæíî óñòàíîâèòü âçàèìíîîäíîçíà÷íîå ñîîòâåòñòâèå âåðøèí, òàêîå
÷òî, åñëè åñòü ðåáðî (x,y) â îäíîì ãðàôå, òî åñòü ðåáðî (x',y') â äðóãîì ãðàôå.
ϕ : V ⇔ V ′

ϕ(V ) = V ′

Åñëè ϕ(x) = x′, ϕ(y) = y′, òî (x, y) ∈ E ⇔ (x′, y′) ∈ E′

7.2 Ïðåäñòàâëåíèå ãðàôîâ â ÝÂÌ

1 cïîñîá [Ìàòðèöà èíöèäåíòíîñòè]:
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G=<V,E>, |V|=n, |E|=m
I(G): n ñòðîê - âåðøèíû, m ñòîëáöîâ - ðåáðà
< x, y >∈ E
-1 - âåðøèíà, îòêóäà èñõîäèò ðåáðî
1 - âåðøèíà, êóäà âõîäèò ðåáðà

< 1, 2 > < 1, 3 > < 2, 3 > < 3, 4 > < 4, 3 >
1 −1 −1 0 0 0
2 +1 0 −1 0 0
3 0 +1 +1 −1 +1
4 0 0 0 +1 −1

2 ñïîñîá [Ìàòðèöà ñìåæíîñòè (âåðøèí)]:
B(G)

bij =

{
1, < i, j >∈ E
0, èíà÷å

1 2 3 4
1 0 1 1 0
2 0 0 1 0
3 0 0 0 1
4 0 0 1 0

3 ñïîñîá [Ñïèñêè èíöèäåíòíîñòè]:
1: 2 3
2: 3
3: 4
4: 3

Õðàíåíèå â ïàìÿòè ÝÂÌ â âèäå ñïèñêà:

7.3 Ñòåïåíè âåðøèí

G=<V,E> - íåîðèåíòèðîâàííûé ãðàô
a ∈ V ρ(a) - ñòåïåíü âåðøèíû - êîëè÷åñòâî èíöèäåíòíûõ âåðøèíå ðåáåð

ar ρ(a) = 0

a r
��

ρ(a) = 4∑
a∈V

ρ(a) = 2m, m = |E|

Óòâåðæäåíèå: Â êîíå÷íîì ãðàôå êîëè÷åñòâî âåðøèí íå÷åòíîé ñòåïåíè ÷¼òíî.
(4,3,3,3) - íå ñóùåñòâóåò (â ñêîáêàõ ñòåïåíè âåðøèí ãðàôà)
(4,3,3,3,3) - ñóùåñòâóåò:

r r
rr r

@
@

@

�
�
�

8 Ïóòè è öèêëû

G=<V,E>
Ïóòåì â ãðàôå G íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü âåðøèí S =< a0, a1, ..., an >
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(ai, ai+1) ∈ E i = 0, ..., n− 1
Ïóñòü ïóòü íàçûâàåòñÿ ïðîñòûì, åñëè âñå ðåáðà è âåðøèíû, êðîìå, áûòü ìîæåò, ïåðâîé è ïîñëåäíåé,
ðàçëè÷íû.
Öèêë - ïðîñòîé ïóòü, ó êîòîðîãî íà÷àëüíàÿ è êîíå÷íàÿ âåðøèíû ñîâïàäàþò.
a0 = an
Ìèíèìàëüíàÿ äëèíà öèêëà â ïðîñòîì ãðàôå - 3.
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Óòâåðæäåíèå 2: Åñëè â ãðàôå G ñóùåñòâóåò äâå ðàçëè÷íûõ (u,v)-ïóòè, òî ãðàô îáëàäàåò ïðîñòûì
öèêëîì.

Óòâåðæäåíèå 3: Ïóñòü C1 è C2 - äâà ïðîñòûõ öèêëà, èìåþùèõ îáùåå ðåáðî e. Òîãäà ãðàô C1∪C2−e
- èìååò öèêë.
Äîêàçàòåëüñòâî:
e=(u,v)
C1 − e, C2 − e - äâà ïðîñòûõ ðàçëè÷íûõ (u,v)-ïóòè. Ïî óòâ.2 C1 ∪ C2 − e - èìååò öèêë.

8.1 Ñâÿçíîñòü

G=<V,E> - íåîðèåíòèðîâàííûé ãðàô
a, b ∈ V ñâÿçàíû, åñëè ñóùåñòâóåò (a, b) - ïóòü
V = ∪i vi, vi - âñå âåðøèíû, ñâÿçàííûå äðóã ñ äðóãîì
Ïðèìåð:

V1 = {1, 2, 3}
V2 = {4, 5, 6, 7}

G=<V,E> - ãðàô
V ′ ⊂ V - ïîäìíîæåñòâî âåðøèí V
G' ïîðîæä¼ííûé ìíîæåñòâîì âåðøèí V' åñòü ïîäãðàô G, åñëè G'=<V',E'>,
V' - ïîðîæäàþùåå ìíîæåñòâî âåðøèí
E' - âñå ðåáðà E, ñîåäèíÿþùèå âåðøèíû V'
Ïðèìåð:
V'={1,3,5,4}

1 3r r5 4r r
Gi =< Vi, Ei > - ïîäãðàô, ïîðîæäåííûé ìíîæåñòâîì âåðøèí Vi
Gi - ñâÿçíûé ãðàô
G = ∪i Gi, Gi - ñâÿçàííûå êîìïîíåíòû (êîìïîíåíòû ñâÿçíîñòè) ãðàôà G
Ïðèìåð:
G = G1 ∪G2

1 3

2

�� @@r rr
5 7

4

6

�@r rrr
G1 G2

Òåîðåìà 4: G=<V,E> - ïðîñòîé íåîðèåíòèðîâàííûé ãðàô ñ n âåðøèíàìè è k êîìïîíåíòàìè ñâÿç-
íîñòè. Òîãäà ìàêñèìàëüíîå êîëè÷åñòâî ðåáåð â òàêîì ãðàôå G åñòü

N(n, k) =
1

2
(n− k + 1)(n− k)
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Äîêàçàòåëüñòâî:
G = G1 ∪G2 ∪ ... ∪Gk, Gi - êîìïîíåíòû ñâÿçíîñòè
Ìàêñèìàëüíîå êîëè÷åñòâî ðåáåð ñîîòâåòñòâóåò ïîëíîìó ãðàôó Gi−

(
ni
2

)
Ïóñòü åñòü äâà ãðàôà G1 è G2,

n1 > n2
Òîãäà çàìåíèì G1 è G2 íà G

′
1 : n′1 = n1 + 1, G′2 : n′2 = n2 − 1. ×èñëî ðåáåð óâåëè÷èòñÿ.

Ñëåäîâàòåëüíî, ÷èñëî ðåáåð áóäåò ìàêñèìàëüíûì ïðè k-1 èçîëèðîâàííîé âåðøèíå è ïîëíîì ãðàôå ñ
n-k+1 âåðøèíàìè.
N(n, k) =

(
n−k+1

2

)
m 6 1

2(n− k + 1)(n− k), m - êîëè÷åñòâî ðåáåð

Óòâåðæäåíèå 5: Ïóñòü G - ñâÿçíûé ãðàô, e - ðåáðî ãðàôà. Òîãäà
1) åñëè e âõîäèò â öèêë, òî ãðàô G-e ñâÿçåí
2) åñëè e íå âõîäèò íè â êàêîé öèêë, òî ãðàô G-e èìååò ðîâíî 2 êîìïîíåíòû ñâÿçíîñòè.
Äîêàçàòåëüñòâî:
1) e = (u, v) ∈ G

Â êàæäîì (x,y)-ïóòè, ñîäåðæàùåì ðåáðî e çàìåíèì e íà (u,v)-ïóòü. Óäàëèì ðåáðî e. Ãðàô G-e îñòàëñÿ
ñâÿçíûì.
2) Åñëè ðåáðî e=(u,v) íå ïðèíàäëåæèò íè ê îäíîìó öèêëó, òî G = Gu ∪Gv

(x,u)-ïóòü
Åñëè e /∈ (x, u), òî x ∈ Gu. Â ïðîòèâíîì ñëó÷àå x ∈ Gv

G-e ñîäåðæèò äâå êîìïîíåíòû ñâÿçíîñòè Gu è Gv.

Óòâåðæäåíèå 6: G - (n,m)-ãðàô, èìåþùèé k êîìïîíåíò ñâÿçíîñòè. Òîãäà m > n− k
Äîêàçàòåëüñòâî:
Èíäóêöèÿ ïî m
Á.è. m=0 ⇒ n=k
È.ø. Ïóñòü äëÿ m-1 ýòî âûïîëíÿåòñÿ.
e ∈ G, ðàññìîòðèì ãðàô G-e
Ñîãëàñíî óòâ.5 êîëè÷åñòâî êîìïîíåíò ñâÿçíîñòè ãðàôà G-e ðàâíî k èëè k+1.
m− 1 > n− k + 1
m > n− k

9 Äåðåâüÿ

Îïðåäåëåíèå: Íåîðèåíòèðîâàííûé ãðàô - äåðåâî, åñëè îí ñâÿçåí è íå èìååò öèêëîâ.
T=<V,E> - äåðåâî

Ëþáîå íåòðèâèàëüíîå äåðåâî ñîäåðæèò ïî êðàéíåé ìåðå äâå êîíöåâûå âåðøèíû (ρ(a) = 1) è îäíî êîí-
öåâîå ðåáðî (a,b) (èíöèäåíòíîå êîíöåâîé âåðøèíå), ρ(b) = 1.
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T - (n,m)-äåðåâî, m=m-1

9.1 Ýêâèâàëåíòíûå îïðåäåëåíèÿ

Òåîðåìà 7: Äëÿ (n,m)-ãðàôà ñëåäóþùèå îïðåäåëåíèÿ ýêâèâàëåíòíû:

1. G-äåðåâî

2. G - ñâÿçíûé ãðàô è m=n-1

3. G - àöèêëè÷íûé ãðàô è m=n-1

4. Ëþáûå äâå âåðøèíû ñîåäèíåíû åäèíñòâåííûì ïðîñòûì ïóòåì

5. G - àöèêëè÷åñêòé ãðàô, òàêîé ÷òî, åñëè ëþáóþ ïàðó âåðøèí ñîåäèíèòü ðåáðîì, òî òàêîé ãðàô
áóäåò ñîäåðæàòü ðîâíî îäèí öèêë.

Ëåêöèÿ 9

26.11.2014

Äîêàçàòåëüñòâî:
1⇒ 2 óæå äîêàçàíî ðàíåå

2 ⇒ 3 Ãðàô ñâÿçàí, òî m=n-1 ⇒ ãðàô íå èìååò öèêëîâ. Ïðåäïîëîæèì ïðîòèâíîå, e - ðåáðî öèêëà.
G-e - ñâÿçåí (óòâ.5) è èìååò n-2 ðåáðà - ïðîòèâîðå÷èå óòâ.6.

3⇒ 4 Ïðåäïîëîæèì, ãðàô G èìååò k êîìïîíåíò ñâÿçíîñòè.
Ti − (ni,mi) - ãðàô Ti ⇒ äåðåâî
n-1=m=(n1 − 1) + (n2 − 1) + ... = n− k ⇒ k = 1 ⇒ G ñâÿçàí⇒ ëþáûå äâå âåðøèíû ñîåäèíåíû ïóòåì.
Ïóòü åäèíñòâåííûé: åñëè èõ äâà, òî èõ îáúåäèíåíèå ñîäåðæèò öèêë (óòâ.2).

4 ⇒ 5 Ïàðà âåðøèí ïðèíàäëåæàùèõ öèêëó ñâÿçàíà äâóìÿ ðàçëè÷íûìè ïóòÿìè. Ñëåäîâàòåëüíî, G
- àöèêëè÷åñêèé ãðàô.
Ïóñòü u, v ∈ V, (u, v) /∈ E
G+(u,v) â G åñòü ïðîñòîé (u,v)-ïóòü, ñëåäîâàòåëüíî ïîëó÷èì öèêë. Ïîëó÷åííûé öèêë åäèíñòâåííûé.
Åñëè èõ áîëüøå, òî áûë öèêë â èñõîäíîì ãðàôå G.

5⇒ 1 Íóæíî äîêàçàòü, ÷òî ãðàô ñâÿçåí.
Ïóñòü u, v ∈ V - äâå âåðøèíû, ïðèíàäëåæàùèå ðàçëè÷íûì êîìïîíåíòàì ñâÿçíîñòè. Ñîåäèíèì èõ ðåá-
ðîì e=(u,v)
G+(u,v) íå èìååò öèêëîâ, ÷òî ïðîòèâîðå÷èò ï.5

Òåîðåìà 8: Êîëè÷åñòâî ðàçëè÷íûõ äåðåâüåâ ñî ìíîæåñòâîì âåðøèí V={1,2...n} ðàâíî tn = nn−2

Äîêàçàòåëüñòâî:
V=(1,2,...,n) (1)
T ⇔ G(T ) - ïîñëåäîâàòåëüíîñòü âåðøèí (2)
T
Íàõîäèì ïåðâóþ â (1) êîíöåâóþ âåðøèíó T b1
e1 = (b1, a1) - ñîîòâåòñòâóþùåå åé êîíöåâîå ðåáðî.
Ïîìåùàåì a1 â ñïèñîê (2). Óäàëÿåì b1 èç (1), ðåáðî e1 è âåðøèíó b1 èç T.
T ⇒ T1
T1
Íàõîäèì ïåðâóþ â (1) êîíöåâóþ âåðøèíó T1 b2
e2 = (b2, a2) - ñîîòâåòñòâóþùåå åé êîíöåâîå ðåáðî.
Ïîìåùàåì a2 â ñïèñîê (2). Óäàëÿåì b2 èç (1), ðåáðî e2 è âåðøèíó b2 èç T1.
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T1 ⇒ T2
· · ·
en−2 = (bn−2, an−2)
en−1 = (bn−1, an−1)
Â G(T) âåðøèíà a âõîäèò ρ(a) = 1 ðàç. Ïî äåðåâó T G(T) ñòðîèòñÿ îäíîçíà÷íî.

G(T )⇒ T
Èùåì ïåðâóþ â (1) âåðøèíó, êîòîðîé íåò â G(T). Äîáàâëÿåì â T ðåáðî e1 = (a1, b1). Óäàëÿåì b1 èç (1)
è a1 èç G(T).
· · ·
T ⇔ G(T )
Êîëè÷åñòâî ðàçëè÷íûõ äåðåâüåâ ðàâíî êîëè÷åñòâó ðàçëè÷íûõ ïîñëåäîâàòåëüíîñòåé G(T). G(T) - ñëî-
âî, äëèíû n-2 â àëôàâèòå èç n ñèìâîëîâ. Êîëè÷åñòâî ñëîâ nn−2. Ñëåäîâàòåëüíî, êîëè÷åñòâî äåðåâüåâ
tn = nn−2

Ïðèìåð:
1) V={1,2,...,n}

G(T ) =< n, n, ..., n︸ ︷︷ ︸
n-2 ðàçà

>

e1 = (1, n)
e2 = (2, n)
· · ·
en−2 = (n− 2, n)
en−1 = (n− 1, n) - îñòàåòñÿ

2) V={1,2,...,n}
G(T ) =< 2, 3, ..., n− 1 >
e1 = (1, 2)
e2 = (2, 3)
· · ·
en−2 = (n− 2, n)
en−1 = (n− 1, n) - îñòàåòñÿ

10 Ïóòè è öèêëû Ýéëåðà

G - íåîðèåíòèðîâàííûé ãðàô
Ýéëåðîâûì ïóòåì â ãðàôå íàçûâàåòñÿ ïóòü, ïðîõîäÿùèé ÷åðåç êàæäîå ðåáðî ãðàôà â òî÷íîñòè îäèí
ðàç.
Åñëè íà÷àëî è êîíåö ñîâïàäàþò, òî òàêîé ïóòü íàçûâàåòñÿ ýéëåðîâûì öèêëîì.

Òåîðåìà 1: Ýéëåðîâ ïóòü â íåîðèåíòèðîâàííîì ãðàôå G ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà
ãðàô ñâÿçàí è èìååò íå áîëåå äâóõ âåðøèí íå÷¼òíîé ñòåïåíè.
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Çàìå÷àíèå: Ðàññìàòðèâàåì ãðàôû áåç èçîëèðîâàííûõ âåðøèí.
u,v - äâå âåðøèíû íå÷åòíîé ñòåïåíè
1) Åñëè (u, v) /∈ E, òî äîáàâèì ðåáðî (u,v)
2) Åñëè (u, v) ∈ E, äîáàâèì w è (w,u), (w,v).

u v

w

�� @@r rr
Ýéëåðîâû öèêëû â ïîïîëíåííîì ãðàôå íàõîäÿòñÿ â î÷åâèäíîì ñîîòâåòñòâèè ñ ýéëåðîâûìè ïóòÿìè â
èñõîäíîì ãðàôå.

Òåîðåìà 2: Ýéëåðîâû öèêëû â íåîðèåíòèðîâàííîì ãðàôå ñóùåñòâóþò òîãäà è òîëüêî òîãäà, êîãäà
1) ãðàô ñâÿçàí
2) âñå âåðøèíû ãðàôà èìåþò ÷åòíóþ ñòåïåíü
Äîêàçàòåëüñòâî òåîðåìû 1 ñëåäóåò èç òåîðåìû 2.

Ëåêöèÿ 10

03.12.2014

Àëãîðèòì ïîñòðîåíèå Ýéëåðîâà öèêëà
G=<V,E>, a ∈ V
Ñòðîèì ïóòü P, íà÷èíàÿ â a, ïðîõîäÿ êàæäûé ðàç ÷åðåç íîâûå ðåáðà. Ïóòü çàêîí÷èòñÿ â âåðøèíå a.
Åñëè P ïðîõîäèò íå ÷åðåç âñå ðåáðà, òî, â ñèëó ñâÿçíîñòè, ñóùåñòâóåò âåðøèíà b, èíöèäåíòíàÿ åù¼ íå
ïðîéäåííîìó ðåáðó, òî âõîäÿùàÿ â ïóòü P. Èç ãðàôà G óäàëèì âñå ðåáðà ïóòè P. G' - îñòàâøèéñÿ ãðàô.
Íà÷í¼ì èç b ñòðîèòü íîâûé ïóòü P' â ãðàôå G'. P' çàêîí÷èòñÿ â b.
P1 = P (a, b) ∪ P ′(b, b) ∪ P (b, a)

11 Ãàìèëüòîíîâû ïóòè è öèêëû

G - ïðîñòîé ãðàô
Ãàìèëüòîíîâûì ïóòåì (öèêëîì) â ãðàôå íàçûâàåòñÿ ïðîñòîé ïóòü (öèêë), êîòîðûé ïðîõîäèò ÷åðåç
êàæäóþ âåðøèíó ãðàôà.

G=<V,E> - ïðîñòîé íåîðèåíòèðîâàííûé ãðàô P = (a0, a1, ..., al) - ïðîñòîé ïóòü â G
G0 =< V0, E0 > - ïîäãðàô G
V0 = {a0, a1, ..., al}
E0 = {(u, v) ∈ E | u, v ∈ V0}

Ïóòü P èìååò òèï öèêëà, åñëè ïîäãðàô G0 èìååò ãàìèëüòîíîâ öèêë.
P - ãàìèëüòîíîâ ïóòü â G0

1)

(a0, al) ∈ E ⇒ (a0, al) ∈ E0

2)
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(a0, ai) ∈ E0

(al, ai−1) ∈ E0

ρ0(a0) + ρ0(al) > l
ρ0(a0) + ρ0(al) > l + 1⇒ ∃ â G0 ãàìèëüòîíîâ öèêë
Ïðîñòîé ïóòü P - ïîëíûé, åñëè åãî íåëüçÿ ïðîäîëæèòü, äîáàâëÿÿ ðåáðà ê åãî êîíöó. Åñëè P - ïîëíûé
ïóòü, òî ρ0(a0) = ρ(a0) è ρ0(al) = ρ(al).

Òåîðåìà 1: Ïîëíûé ïðîñòîé ïóòü äëèíû l èìååò òèï öèêëà, åñëè ρ(a0) + ρ(al) > l+ 1. Ìàêñèìàëü-
íûé ïðîñòîé ïóòü - ïîëíûé ïóòü ìàêñèìàëüíîé äëèíû â G.

Òåîðåìà 2: Ìàêñèìàëüíûé ïðîñòîé ïóòü â ñâÿçíîì ãðàôå ìîæåò èìåòü òèï öèêëà òîãäà è òîëüêî
òîãäà, êîãäà ãðàô èìååò ãàìèëüòîíîâ öèêë.
Äîêàçàòåëüñòâî:
1) Ïóñòü ãðàô èìååò ãàìèëüòîíîâ öèêë, ñîñòàâëÿþùèé âåñü ãðàô. Òîãäà îí è åñòü èñêîìûé ïóòü.
2) Ïóñòü G0 èìååò ãàìèëüòîíîâ öèêë, íî G0 íå ñîñòàâëÿåò âñåãî ãðàôà. Òîãäà ∃ ðåáðî (a, b), b ∈ V0 â
ñèëó ñâÿçíîñòè ãðàôà. Ìîæíî ïîñòðîèòü áîëüøèé ïóòü. Ïðîòèâîðå÷èå ñ ìàêñèìàëüíîñòüþ ïóòè.

Òåîðåìà 3: Â ñâÿçíîì ãðàôå ëèáî ñóùåñòâóåò ãàìèëüòîíîâ öèêë, ëèáî äëèíû åãî ïðîñòûõ ïóòåé
óäîâëåòâîðÿåò íåðàâåíñòâó:

l > ρ(a0) + ρ(al)

Òåîðåìà 4: Åñëè â ãðàôå G ñ n âåðøèíàìè äëÿ ëþáîé ïàðû âåðøèí âåðíî ρ(a0) + ρ(al) > n− 1, òî
ñóùåñòâóåò ãàìèëüòîíîâ ïóòü. Åñëè ρ(a0) + ρ(al) > n, òî ñóùåñòâóåò ãàìèëüòîíîâ öèêë.
Ñëåäñòâèå: Åñëè ρ(a) > n/2∀a ∈ V , òî ñóùåñòâóåò ãàìèëüòîíîâ öèêë.

ρ1 6 ρ2 6 ... 6 ρn - ñòåïåííàÿ ïîñëåäîâàòåëüíîñòü âåðøèí ãðàôà
Ãðàô ñî ñòåïåííîé ïîñëåäîâàòåëüíîñòüþ ÿâëÿåòñÿ ãàìèëüòîíîâûì, åñëè ρ(k) 6 k ⇒ ρ(n− k) > n− k.
Ëþáîé ïðîñòîé ãðàô, ñîäåðæàùèé äâå âåðøèíû ñòåïåíè 3, ñîåäèíåííûõ òðåìÿ íåïåðåñåêàþùèìèñÿ
ïðîñòûìè ïóòÿìè, äëèíû íå ìåíåå 2 - Θ-ãðàô.

Áóäåì íàçûâàòü ãðàô äâóñâÿçíûì, åñëè íàèìåíüøåå ÷èñëî âåðøèí, óäàëåíèå êîòîðûõ ïðèâîäèò ê
íåñâÿçíîìó èëè îäíîâåðøèííîìó ãðàôó, ðàâíî äâóì.

Òåîðåìà: Êàæäûé íåãàìèëüòîíîâ äâóñâÿçíûé ãðàô ñîäåðæèò Θ-ïîäãðàô.

21


