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Ëåêöèÿ 1
13.02.2015

1 Ïðîñòðàíñòâî ýëåìåíòàðíûõ ñîáûòèé

À - ñîáûòèå
n - ÷èñëî ýêñïåðèìåíòîâ
nA - êîëè÷åñòâî ïðîèçîøåäøèõ ñîáûòèé À
νa = nA

n - ÷àñòîòà ïîÿâëåíèÿ ñîáûòèÿ
P(A) - âåðîÿòíîñòü ñîáûòèÿ À - ïðîÿâëÿåòñÿ ÷åðåç ÷àñòîòó
Ýëåìåíòàðíûé èñõîä ω - íåäåëèìîå ñîáûòèå.
Ñîáûòèå - ïîäìíîæåñòâî ýëåìåíòàðíûõ èñõîäîâ.
Ñîâîêóïíîñòü âñåõ ýëåìåíòàðíûõ èñõîäîâ - Ω.

Ãîâîðÿò, ÷òî ñîáûòèå À ïðîèçîøëî, åñëè ω ∈ A.
A ∪B - ïðîèçîøëî A èëè B
A ∩B = AB - ïðîèçîøëè è À è B
Ω - äîñòîâåðíîå ñîáûòèå
∅ - íåâîçìîæíîå ñîáûòèå (íå ïóòàòü ñ ñîáûòèåì âåðîÿòíîñòè 0!)
A = Ω \A - îòðèöàíèå
A \B = AB

1.1 Çàêîíû äå Ìîðãàíà

Ai, i ∈ I - íåêîòîðûå ñîáûòèÿ ⋃
i∈I

Ai =
⋂
i∈I

Ai

⋂
i∈I

Ai =
⋃
i∈I

Ai

Äîêàæåì ïåðâîå:
Òåîðåòèêî-ìíîæåñòâåííîå ðàâåíñòâî âûòåêàåò èç äâóõ âêëþ÷åíèé.
1) ω ∈

⋃
i∈I

Ai ⇒ ω /∈
⋃
i∈I

Ai ⇒ ω /∈ Ai, ∀i ∈ I ⇒ ω ∈ Ai, ∀i ∈ I ⇒ ω ∈
⋂
i∈I

Ai

2) ω ∈
⋂
i∈I

Ai ⇒ ω ∈ Ai, ∀i ∈ I ⇒ ω /∈ Ai, ∀i ∈ I ⇒ ω /∈
⋃
i∈I

Ai ⇒ ω ∈
⋃
i∈I

Ai

Äîêàçàíî.

1.2 Îñíîâíîå ïðàâèëî êîìáèíàòîðèêè

Äèñêðåòíàÿ ìîäåëü - ïðîñòðàíñòâî ýëåìåíòàðíûõ èñõîäîâ êîíå÷íî èëè ñ÷åòíî.
Ω = {ω1, ω2, ...}
Êàæäîìó ýëåìåíòàðíîìó èñõîäó ωk ñîîòâåòñòâóåò âåðîÿòíîñòü åãî âûïàäåíèÿ pk.
P(A) =

∑
k: ωk∈A

pk

Êëàññè÷åñêîå îïðåäåëåíèå âåðîÿòíîñòè: Ω êîíå÷íî, âñå ýëåìåíòàðíûå èñõîäû ðàâíîâåðîÿòíû.
|Ω| = N |A| = K P(A) = K

N

Îñíîâíîå ïðàâèëî êîìáèíàòîðèêè:
Åñòü m ðàçëè÷íûõ ãðóïï óíèêàëüíûõ ýëåìåíòîâ. |i| = ki, i = 1,m
Âûáèðàåì èç êàæäîé ãðóïïû îäèí ýëåìåíò. Âñåãî N = k1 · k2 · ... · km ðàçëè÷íûõ êîìáèíàöèé.
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1.3 Âûáîðêè

Åñòü n ýëåìåíòîâ, çàíóìåðîâàííûõ îò 1 äî n. Äåëàåì âûáîðêó îáú¼ìîì k.
Âûáîðêè ðàçëè÷àþòñÿ ïî äâóì êðèòåðèÿì: óïîðÿäî÷åííîñòü(åñëè èìååò çíà÷åíèå ïîðÿäîê ýëåìåíòîâ)
è ñ âîçâðàùåíèåì èëè íåò (ýëåìåíòû ìîãóò ïîâòîðÿòñÿ èëè íåò).

1. óïîðÿäî÷åííàÿ âûáîðêà ñ âîçâðàùåíèÿìè [ðàçìåùåíèå ñ ïîâòîðåíèÿìè]
n · n · ... · n︸ ︷︷ ︸

k

= nk

2. óïîðÿäî÷åííàÿ âûáîðêà áåç âîçâðàùåíèé [ðàçìåùåíèå áåç ïîâòîðåíèé]
n · (n− 1) · ... · (n− k + 1) = n!

(n−k)! = Akn

3. íåóïîðÿäî÷åííàÿ âûáîðêà áåç âîçâðàùåíèé [ñî÷åòàíèå áåç ïîâòîðåíèé]
Akn
k! = Ckn

4. íåóïîðÿäî÷åííàÿ âûáîðêà ñ âîçâðàùåíèÿìè [ñî÷åòàíèå ñ ïîâòîðåíèÿìè]
Äîêàæåì, ÷òî êîëè÷åñòâî òàêèõ âûáîðîê Ckn+k−1

Q(n,k) - êîëè÷åñòâî òàêèõ âûáîðîê

Á.è. Q(n,1)=n;
È.ø. Ïóñòü ôîðìóëà âåðíà äëÿ 1,...,k. Äîêàæåì, ÷òî îíà âåðíà è äëÿ k+1 (Q(n,k+1)=Ck+1

n+k).
Ðàçîáú¼ì ìíîæåñòâî âñåõ âûáîðîê îáú¼ìîì k+1 íà íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà:
1-îå - õîòÿ áû îäèí ðàç åñòü ýëåìåíò 1;
2-îå - íåò ýëåìåíòà 1; õîòÿ áû îäèí ðàç åñòü ýëåìåíò 2;
3-îå - íåò ýëåìåíòîâ 1,2; õîòÿ áû îäèí ðàç åñòü ýëåìåíò 3;
...
n-îå - íåò ýëåìåíòîâ 1,...,n-1; õîòÿ áû îäèí ðàç åñòü ýëåìåíò n;

Íàéä¼ì ñóììó âñåõ ïîäìíîæåñòâ:
Q(n, k + 1) = Q(n, k) + Q(n − 1, k) + ... + Q(1, k) = Ckn+k−1 + Ckn+k−2 + ... + Ckk+1 + Ckk = (Ck+1

n+k −
Ck+1
n+k−1) + (Ck+1

n+k−1 − C
k+1
n+k−2) + ...+ (Ck+1

k+2 − C
k+1
k+1 ) + Ckk = Ck+1

n+k ÷.ò.ä.

1.4 Ðàçìåùåíèå k ÷àñòèö ïî n ÿ÷åéêàì

×àñòèöû ìîãóò áûòü ðàçëè÷íûå èëè îäèíàêîâûå. Ìîæåò ñóùåñòâîâàòü îãðàíè÷åíèå: â êàæäîé ÿ÷åéêå
íå áîëåå îäíîé ÷àñòèöû.

1. ðàçëè÷íûå ÷àñòèöû, ðàçìåùåíèå áåç îãðàíè÷åíèé (ñòàòèñòèêà Ìàêñâåëëà-Áîëüöìàíà)
Êàæäîé ÷àñòèöå ñòàâèòñÿ â ñîîòâåòñòâèå íîìåð ÿ÷åéêè. Ïðîèñõîäèò âûáîðêà íîìåðîâ ÿ÷ååê. Ýòî
ýêâèâàëåíòíî óïîðÿäî÷åííîé âûáîðêå ñ âîçâðàùåíèÿìè. nk

2. ðàçëè÷íûå ÷àñòèöû, ðàçìåùåíèå ñ îãðàíè÷åíèåì
Ýòî ýêâèâàëåíòíî óïîðÿäî÷åííîé âûáîðêå áåç âîçâðàùåíèé. Akn

3. îäèíàêîâûå ÷àñòèöû, ðàçìåùåíèå ñ îãðàíè÷åíèåì (ñòàòèñòèêà Ôåðìè-Äèðàêà)
Ýòî ýêâèâàëåíòíî íåóïîðÿäî÷åííîé âûáîðêå áåç âîçâðàùåíèé. Ckn

4. îäèíàêîâûå ÷àñòèöû, ðàçìåùåíèå áåç îãðàíè÷åíèé (ñòàòèñòèêà Áîçå-Ýéíøòåéíà)
Ýòî ýêâèâàëåíòíî íåóïîðÿäî÷åííîé âûáîðêå ñ âîçâðàùåíèÿìè. Ckn+k−1

1.5 Ïðèìåð ãåîìåòðè÷åñêèõ âåðîÿòíîñòåé. Çàäà÷à î âñòðå÷å

Äâà äðóãà äîãîâîðèëèñü âñòðåòèòñÿ â èíòåðâàëå 1 ÷àñ. Êàæäûé ïðèõîäèò, æä¼ò 15 ìèíóò è óõîäèò,
åñëè íå âñòðåòèë äðóãà. Êàêîâà âåðîÿòíîñòü èõ âñòðå÷è (ñîáûòèå À)?
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Ïðîåêöèÿ òî÷êè íà îñü x - âðåìÿ ïðèõîäà ïåðâîãî, íà îñü y - âòîðîãî. Çàøòðèõîâàííàÿ îáëàñòü -
äðóçüÿ âñòðå÷àþòñÿ. Âåðîÿòíîñòü èõ âñòðå÷è ðàâíî îòíîøåíèþ ïëîùàäåé çàêðàøåííîé ôèãóðû êî
âñåìó êâàäðàòó. Çàìåòèì, ÷òî äèñêðåòíàÿ ìîäåëü óæå íå ðàáîòàåò, ò.ê ïðîñòðàíñòâî ýëåìåíòàðíûõ
èñõîäîâ íå ñ÷¼òíî.
P(A) = mesA

mesΩ = 7/16
1

Ëåêöèÿ 2
20.02.2015

2 Àëãåáðà ñîáûòèé è ñâîéñòâà âåðîÿòíîñòåé

Êàêîé êëàññ ïîäìíîæåñòâ ñëåäóåò íàçûâàòü ñîáûòèÿìè?
A ∪B AB A - òåîðåòèêî-ìíîæåñòâåííûå îïåðàöèè

Îïðåäåëåíèå: Êëàññ ïîäìíîæåñòâ Ω - A- áóäåì íàçûâàòü àëãåáðîé, åñëè
1) Ω ∈ A;
2) Açàìêíóòî îòíîñèòåëüíî òåîðåòèêî-ìíîæåñòâåííûõ îïåðàöèé.

Ïðåäëîæåíèå 1: A- êëàññ ïîäìíîæåñòâ Ω, óäîâëåòâîðÿþùèé ñëåäóþùèì óñëîâèÿì
1) Ω ∈ A

2) Åñëè À ∈ A⇒ A ∈ A

3) Åñëè À è B ∈ A⇒ A ∪B ∈ A

Òîãäà A- àëãåáðà.

Îïðåäåëåíèå: D = {D1, ..., Dn} áóäåì íàçûâàòü ðàçáèåíèåì, åñëè DiDj = ∅ ïðè i 6= j è
n⋃
i=1

Di = Ω.

Di - àòîìû ðàçáèåíèÿ.
Â ñëó÷àå, êîãäà P(Di) > 0 ∀i = 1, ..., n, D - íàçûâàåòñÿ ãðóïïîé ñîáûòèé, à Di - ãèïîòåçû.

A(D) - êëàññ ïîäìíîæåñòâ, êîòîðûå ñîñòîÿò èç Ω, âñåâîçìîæíûõ îáúåäèíåíèé àòîìîâ è ∅. A(D) -
àëãåáðà.

Ñâîéñòâà âåðîÿòíîñòåé P : A 7→ R:

1. íåîòðèöàíèå ∀A ∈ A P(A) > 0

2. íîðìèðîâàííîñòü P(Ω) = 1

3. àääèòèâíîñòü A,B ∈ A, AB = ∅⇒ P(A ∪B) = P(A) + P(B)

Ñëåäñòâèÿ:

1. A ∈ A P(A) = 1− P(A) (P(∅) = 0)

2. A ⊂ B ⇒ P(B \A) = P(B)− P(A)

3. A ⊂ B ⇒ P(A) 6 P(B)

4. ∀A ∈ A 0 6 P(A) 6 1

5. ∀A,B ∈ A P(A ∪B) = P(A) + P(B)− P(AB)
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Äîêàçàòåëüñòâî:
1) Ω = A ∪A, AA = ∅
1 = P(Ω) = P(A) + P(A)
2) A ⊂ B B = A ∪ (B \A) A, (B \A) - íå ïåðåñåêàþòñÿ
P(B) = P(A) + P(B \A)⇒ P(B \A) = P(B)− P(A)
5) A ∪B = (A \AB) ∪ (B \AB) ∪ (AB)
P(A ∪B) = P(A \AB) + P(B \AB) + P(AB)
Ïî 2 ñëåäñòâèþ, AB ⊂ A,B ⇒ P(A) = P(AB) + P(B)− P(AB) + P(AB) = P(A) + P(B)− P(AB)

Òåîðåìà ñëîæåíèÿ: Ïóñòü A1, ..., An ∈ A - ñîáûòèÿ. Òîãäà

P(
n⋃
i=1

Ai) =
n∑
i=1

P(Ai)−
∑

16i1<i26n

P(Ai1Ai2) +
∑

06i1<i2<i361P
(Ai1Ai2Ai3)− ...(−1)n−1P(A1, ..., An)

Äîêàçàòåëüñòâî:
Ïðè n=2 ýòî ñëåäñòâèå 5. Äîïóñòèì ýòî âåðíî âïëîòü äî n-1.

An ∪ (
n−1⋃
i=1

Ai) =
n⋃
i=1

Ai

P(
n⋃
i=1

Ai) = P(An) + P(
n−1⋃
i=1

Ai)− P(An ∩ (
n−1⋃
i=1

Ai)) =!

P(
n−1⋃
i=1

Ai) = P(An) + [
∑

i=1..n−1
P(Ai)−

∑
16i1<i26n−1

P(Ai1Ai2) + ...+ (−1)n−2P(A1...An−1)]

P(An ∩ (
n−1⋃
i=1

Ai)) = P(
n−1⋃
i=1

AiAn) = [
∑

i=1..n−1
P(AiAn)−

∑
16i1<i26n−1

P(Ai1Ai2An) + ...+ (−1)n−2P(A1...An)]

!=
n∑
i=1

P(Ai)−
∑

16i1<in6n
P(Ai1Ai2) + ...+ (−1)n−1P(A1A2....An)

Ïðåäëîæåíèå 2 (ïîëóàääèòèâíîñòü): Åñëè A1...An ∈ A - ïðîèçâîëüíûå ñîáûòèå, òî

P(

n⋃
i=1

Ai) 6
n∑
i=1

P(Ai)

Äîêàçàòåëüñòâî:
B1 = A1, B2 = A2A1, B3 = A3A1A2, ... , Bn = AnA1...An−1
n⋃
i=1

Bi =
n⋃
i=1

Ai

BiBj = ∅, i 6= j
∀i Bi ⊂ Ai ⇒ P(Bi) 6 P(A− i)
P(

n⋃
i=1

Ai) = P(
n⋃
i=1

Bi) =
n∑
i=1

P(Bi) 6
n∑
i=1

P(Ai)

3 Óñëîâíàÿ âåðîÿòíîñòü è íåçàâèñèìîñòü

Äîïóñòèì ìû ïðîâåëè n ýêñïåðèìåíòîâ. Åñòü ñîáûòèÿ A è B. na ðàç - A, nb ðàç - B, nab ðàç - è À è Â.
na/n - ÷àñòîòà A

nab/na = nab/n
na/n

Êîììåíòàðèé: Ó íàñ âñåãäà åñòü (Ω,A,P).

Îïðåäåëåíèå: Ïóñòü À ∈ A : P(A) > 0 ⇒ ∀B ∈ A. Ïîä óñëîâíîé âåðîÿòíîñòü ñîáûòèÿ B ïðè
óñëîâèè A áóäåì ïîíèìàòü P(B|A) = P(AB)/P(A) = PA(B)
Êîììåíòàðèé: Ìîæíî çàìåíèòü (Ω,A,P) íà (Ω,A,PA).
P(AB) = P(A) · P(B|A)

5



Òåîðåìà 1 (óìíîæåíèÿ): Ïóñòü A1...An ∈ A òàêèå, ÷òî P(A1...An) > 0. Òîãäà

P(A1...An) = P(A1) · P(A2|A1) · ... · P(An|A1...An−1)

Äîêàçàòåëüñâî ïî èíäóêöèè:
Äëÿ n=2 ýòî ñëåäñòâèå îïðåäåëåíèÿ óñëîâíîé âåðîÿòíîñòè.
Êîììåíòàðèé: Ïî÷åìó P(A2|A1), ...,P(An|A1...An−1) îïðåäåëåíû? Ò.ê. A1...Ak ⊃ A1...An è P(A1...Ak) >
P(A1...An) > 0.
Ïóñòü ýòî âåðíî äî n-1 âêëþ÷èòåëüíî.
P(A1...An) = P(A1...An−1) · P(An|A1...An−1) =!
P(A1...An−1) = P(A1) · P(A2|A1) · ... · P(An−1|A1...An−2)
! = P(A1) · P(A2|A1) · ... · P(An−1|A1...An−2) · P(An|A1...An−1)

Òåîðåìà 2 (ïîëíîé âåðîÿòíîñòè): Ïóñòü D = {D1...Dn} - ïîëíàÿ ãðóïïà ñîáûòèé. Òîãäà ∀A ∈ A

P(A) =
n∑
i=1

P(Di) · P(A|Di)

Äîêàçàòåëüñòâî:

Ω =
n⋃
i=1

Di

A = AΩ =
n⋃
i=1

ADi

P(A) =
n∑
i=1

P(ADi) =
n∑
i=1

P(Di) · P(A|Di)

Ïðèìåð:
Äâîå ïîäáðàñûâàþò ìîíåòó ïî î÷åðåäè. Âûèãðûâàåò òîò, ó êîãî ïåðâûé ïîÿâèòñÿ ãåðá.
A - âûèãðûø ïåðâîãî èãðîêà, B - âòîðîãî.
P(A) = p1

P(B) = p2

p1 + p2 = 1
H1 (ãèïîòåçà): ïðè ïåðâîì áðîñàíèè âûïàë "ãåðá".
H2: ïðè ïåðâîì áðîñàíèè âûïàëà "ðåøêà".
Ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè: P(A) = p1 = P(H1) · P(A|H1) + P(H2) ·
P(A|H2) = 0, 5 · 1 + 0, 5 · p2

2p1 = 1 + p2

Ðåøàÿ ñèñòåìó, ïîëó÷èì p1 = 2/3, p2 = 1/3.

Ëåêöèÿ 3
27.02.2015

Òåîðåìà 3 (ôîðìóëà Áàéññà): Ïóñòü D = {H1, ...,Hn} - ïîëíàÿ ãðóïïà ñîáûòèé. Äëÿ ëþáîãî
P(A)>0

P(Hk|A) =
P(Hk) · P(A|Hk)
n∑
i=1

P(Hi) · P(A|Hi)

, k = 1, .., n

P(Hk) - àïðèîðíûå âåðîÿòíîñòè
P(Hk|A) - àïîñòîðèîðíûå âåðîÿòíîñòè

Äîêàçàòåëüñòâî:
P(Hk|A) = P(HkA)

P(a) = P(Hk)P(A|Hk)∑n
i=1 P(Hi)·P(A|Hi)

Ïðèìåð:
Åñòü n ÿ÷ååê. Â îäíîé ÿ÷åéêå ïðèç. Ó÷àñòíèê âñêðûâàåò 1 ÿ÷åéêó. Âåäóùèé âñêðûâàåò n-2 ÿ÷åéêè.
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Ñòîèò ëè ïîìåíÿòü íà îñòàâøóþñÿ?
H - â âûáðàííîé èãðîêîì ÿ÷åéêå åñòü ïðèç.
A - âñêðûòèå n-2 ÿ÷åéêè ïóñòûå.
1) Âåäóùèé çíàë, ãäå ïðèç, è îòêðûâàë çàâåäîìî n-2 ïóñòûå ÿ÷åéêè.
P(H) = 1/n,P(H) = 1− 1/n
P(A|H) = 1,P(A|H) = 1

P(H|A) = 1/n·1
1/n·1+(n−1)/n·1=1/n

P(H|A) = (n−1)/n·1
1/n·1+(n−1)/n·1=(n−1)/n

2) Âåäóùèé íå çíàë, ãäå ïðèç.
P(A|H) = 1/(n− 1)

P(H|A) = 1/n·1
1/n·1+(n−1)/n·1/(n−1)=1/2

P(H|A) = 1/2)

3.1 Íåçàâèñèìîñòü

A,B - ñîáûòèÿ
Çíàíèå î íàñòóïëåíèè ñîáûòèÿ À íå èçìåíÿåò âåðîÿòíîñòü ñîáûòèÿ Â. P(A)>0 ⇒ P(B|A) = P(B)

P(B) = P(AB)
P(A)

P(AB) = P(A)P(B)
Îïðåäåëåíèå: Äâà ñîáûòèÿ À è Â íàçûâàþòñÿ íåçàâèñèìûìè, åñëè âûïîëíÿåòñÿ P(AB) = P(A) ·

P(B).
Îïðåäåëåíèå: A1...An - íàçûâàþòñÿ íåçàâèñèìûìè (â ñîâîêóïíîñòè), åñëè ∀k = 1, ..., n è

∀1 6 i1 < ... < ik 6 n âûïîëíÿåòñÿ

P(Ai1...Aik) = P(Ai1) · ... · P(Aik) (1)

Ïðèìåð 1:
Ω = {ω1, ω2, ω3, ω4}P({ωk}) = 1/4
A = {ω1, ω2}
B = {ω1, ω3}
C = {ω1, ω4}
P(AB) = P({ω1}) = 1/4
P(A) = P(B) = 1/2
P(AB) = P(A) · P(B)

P(ABC) = P({ω1}) = 1/4
P(A) · P(B) · P(C) = 1/8
Ñëåäîâàòåëüíî èç ïîïàðíîé íåçàâèñèìîñòè íå ñëåäóåò íåçàâèñèìîñòü ñîâîêóïíàÿ.

Ïðèìåð 2:
Ïîäáðàñûâàþòñÿ äâå èãðàëüíûå êîñòè.
A={íà ïåðâîé èãðàëüíîé êîñòè âûïàëî 1, 2 èëè 5}
B={íà ïåðâîé èãðàëüíîé êîñòè âûïàëî 4, 5 èëè 6}
C={ñóììà âûïàâøèõ î÷êîâ ðàâíà 9}
P(A)=1/2
P(B)=1/2
P(C)=1/9 (3,6) (4,5) (5,4) (6,3)
P(ABC) = 1/36 = P(A) · P(B) · P(C)
P(AB) = 1/6 6= P(A) · P(B)
Âûâîä - ?

Îïðåäåëåíèå: F1, ...,Fn - êëàññû ñîáûòèé (F ⊂ A) íàçûâàþòñÿ íåçàâèñèìûìè, åñëè äëÿ ëþáîãî
íàáîðà A1 ∈ F1, ..., An ∈ Fn A1, ..., An - íåçàâèñèìû.
Çàìå÷àíèå: â ñëó÷àå, êîãäà F1, ...,Fn - àëãåáðû, òî óñëîâèå íåçàâèñèìîñòè ìîæíî çàïèñàòü:
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∀A1 ∈ F1, ..., An ∈ Fn : P(A1...An) = P(A1) · ... · P(An).

Òåîðåìà 4: Ïóñòü D1 = {D1
1, ..., D

1
k1}, ...,Dn = {Dn

1 , ..., D
n
kn} - ðàçáèåíèÿ.

A1 = σ(D1), ...,An = σ(Dn) - àëãåáðû, ïîðîæäåííûå ýòèìè ðàçáèåíèÿìè.
A1, ...,An - íåçàâèñèìû ⇔ äëÿ 1 6 i1 6 k1, ..., 1 6 in 6 kn

P(D1
i1...D

n
in) = P(D1

i1) · ... · P(Dn
in) (2)

Äîêàçàòåëüñòâî:
A1 ∈ σ(D1), ..., An ∈ σ(Dn)

P(Ai...An) = P(A1) · ... · P(An) (3)

Ïîêàæåì, ÷òî èç P(HA2...An) = P(H)P(A2)...P(An) è P(GA2...An) = P(G)P(A2)...P(An) ïðè óñëîâèè
HG 6= ∅ ñëåäóåò, ÷òî P((H ∪G)A1...An) = P((H ∪G)) · P(A2)...P(An).
Ñëîæèì: P(HA2...An) = P(H)P(A2)...P(An) è P(GA2...An) = P(G)P(A2)...P(An)
P(HA2...An) + P(GA2...An) = P((H ∪G)A2...An)
(P(H) + P(G)) · P(A2)...P(An) = P((H ∪G))P(A2)...P(An)

Ïðåäëîæåíèå : Åñëè A è B - íåçàâèñèìûå ñîáûòèÿ, òî òàêæå íåçàâèñèìûìè ÿâëÿþòñÿ:A,B A,B A,B.
Äîêàçàòåëüñòâî:
P(AB) = P(A) · P(B)
P(AB) = P(A \ (AB)) = P(A)− P(AB) = P(A)− P(A) · P(B) = P(A) · (1− P(B)) = P(A)P(B)

4 Íåçàâèñèìîñòü èñïûòàíèÿ. Ñõåìà Áåðíóëëè

n ðàç ïðîâîäèòñÿ ñëó÷àéíûé ýêñïåðèìåíò, ñëåäèì çà ïîÿâëåíèåì ñîáûòèÿ A (óñïåõîì). Ïóñòü p - âåðî-
ÿòíîñòü óñïåõà â îòäåëüíî ýêñïåðèìåíòå. q=1-p - âåðîÿòíîñòü íå óñïåõà.
Bk - â n íåçàâèñèìûõ ýêñïåðèìåíòàõ ñîáûòèå A ïîÿâèëîñü ðîâíî k ðàç.
ω = (ω1, ..., ωn)
ωk = 1, åñëè â k-îì ýêñïåðèìåíòå ïðîèçîøëî A
ωk = 0, åñëè â k-îì ýêñïåðèìåíòå íå ïðîèçîøëî A

P({ω1, ..., ωn}) = p

n∑
i=1

ωi
· q
n−

n∑
i=1

ωi

ω ∈ Bk ⇒ P({ω}) = pk · qn−k
{B0, ..., Bn} - ðàçáèåíèå
P(Bk) =

(
n
k

)
· pk · qn−k, k = 0, ..., n - áèíîìèàëüíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé

n∑
k=0

P(Bk) =
n∑
k=0

(
n
k

)
· pk · qn−k = (p+ q)n = 1

Ëåêöèÿ 4
06.03.2015

4.1 Ïðåäåëüíûå òåîðåìû

Òåîðåìà 1 (Ïóàññîíà)(Çàêîí ðåäêèõ ñîáûòèé): Ïóñòü â ñõåìå Áåðíóëëè ïðè n 7→ ∞, p 7→ 0, np 7→
λ

P(Bk) 7→ e−λ
λk

k!
, k = 1, 2, ...

Äîêàçàòåëüñòâî:

P(Bk) = n!
k!(n−k)!p

k(1− p)(n− k) = (np)k

k!
n(n−1)...(n−k+1)

nk
(1− p)−k[(1− p)

1
n ]np

1. (np)k

k! 7→
λk

k!

2. n(n−1)...(n−k+1)
nk

= (1− 1/n)(1− 2/n)... 7→ 1

3. (1− p)−k 7→ 1
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4. [(1− p)1/p]np 7→ e−λ

÷.ò.ä
Ïî ó÷åáíèêó Ñåâàñòüÿíîâà: |P(Bk)− e−λ λ

k

k! | 6 (np)2 λ = np

Òåîðåìà 2 (Ëîêàëüíàÿ òåîðåìà Ìóàâðà-Ëàïëàñà): Ïóñòü 0<p<1 ôèêñèðîâàííî, σ =
√
npq, x =

x(k) = k−np
σ . Òîãäà ∀M > 0 ðàâíîìåðíî íà âñåì k: |x(k) 6M |, ïðè n 7→ ∞

P(Bk) =
1

σ
√

2π
e
−x2
2 (1 + o(1))

Äîêàçàòåëüñòâî:

ôîðìóëà Ñòèðëèíãà: n! =
√

2πn · nn · e−ne
θ

12n

ln(n!) = ln(
√

2πn) + n · ln(n)− n+O( 1
n)

k = np+ xσ = np(1 + xq
σ )

n− k = nq − xσ = nq(1− xp
σ )

Ïðè n 7→ ∞, k 7→ ∞ è n− k 7→ ∞
Ñëåäîâàòåëüíî äëÿ k! è (n-k)! ìû òîæå ìîæåì âîñïîëüçîâàòüñÿ ýòîé àñèìïòîòè÷åñêîé ôîðìóëîé.
Ïðè σ 7→ ∞, 1

n = O(1/σ2), 1
k = O(1/σ2), 1

n−k = O(1/σ2)

P(Bk) = n!
k!(n−k)!p

k · qn−k (ôîðìóëà Áåðíóëëè)
ln(P(Bk)) = ln(n!)−ln(k!)−ln((n−k)!)+k ·ln(p)+(n−k)·ln(q) = 1

2 ·ln( n
2πk(n−k))+n·ln(n)−k ·ln(k)−(n−

k)·ln(n−k)+k ·ln(p)+(n−k)·ln(q)+O(1/σ2) = 1
2 ·ln( n

2πk(n−k))−k ·ln( k
np)−(n−k)·ln(n−knq )+O(1/σ2) =!!!

ln( n
k(n−k)) = ln( n

np(1+xq/σ)nq(1−xp/σ)) = ln( 1
σ2 )− ln(1 + xq

σ )− ln(1− xp
σ )

ln(1 + xq
σ ) = O(1/σ)

ln(1− xp
σ ) = O(1/σ)

1
2 · ln( n

2πk(n−k)) = ln( 1
σ
√

2π
) +O(1/σ)

k · ln( k
np) − (n − k) · ln(n−knq ) = (np + xσ) · ln(1 + xq

σ ) + (nq − xσ) · ln(1 − xp
σ ) = (np + xσ) · (xqσ −

x2q2

2σ2 +

o( 1
σ2 )) + (nq − xσ) · (−xp

σ −
x2p2

2σ2 + o( 1
σ2 )) = xσ − x2q

2 + x2q − xσ − x2p
2 + x2p+O(1/σ) = x2/2 +O(1/σ)

!!! = ln( 1
σ
√

2π
)−x

2

2 +O(2/σ)

P(Bk) = 1
σ
√

2π
e
−x2
2 (1 + o(1))

Òåîðåìà 3 (Èíòåãðàëüíàÿ òåîðåìà Ìóàâðà-Ëàïëàñà): Ïóñòü Sn - êîëè÷åñòâî óñïåõîâ â ñõåìå
Áåðíóëëè, òîãäà ∀0 < p < 1,−∞ < a < b < +∞, ïðè n 7→ ∞

P(a 6
Sn − np√

npq
6 b) 7→ 1√

2π

b∫
a

(e
−x2
2 dx)

Ãðàíèöà ïðèìåíèìîñòè: q>20.
Ðàñïðåäåëåíèå Ïóàññîíà: pk = e−λ λ

k

k! , k = 1, 2, ...; λ > 0
Äîêàæåì, ÷òî pk > 0:
∞∑
k=0

pk = e−λ
∞∑
k=0

λk

k! = e−λ · eλ = 1

Íîðìàëüíîå ðàñïðåäåëåíèå: 1√
2π
· e
−x2
2 = ϕ(x)

∞∫
−∞

ϕ(x)dx = 1

Φ(x) = 1√
2π

∞∫
−∞

e
−n2
2 dn

Φ0(x) = 1√
2π

∞∫
0

e
−n2
2 dn

Φ0(x) = −Φ0(|x|)
P(k1 6 Sn 6 k2) = P(x1 6 Sn−np√

npq 6 x2) ≈
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x1 = k1−np√
npq

x2 = k2−np√
npq

≈ Φ(x2)− Φ(x1) = Φ0(x2)− Φ0(x1)

5 Ïîëèíîìèàëüíàÿ ñõåìà

Ñðàçó ñëåäèì çà n ñîáûòèÿìè: A1, .., Ar. Ïóñòü êàæäîå èç ýòèõ ñîáûòèé ïîÿâëÿþòñÿ â îòäåëüíîì ýêñ-
ïåðèìåíòå ñ âåðîÿòíîñòÿìè p1, ...pr, p1 + ...+ pr = 1.
B(k1, ..., kr), ãäå k1, ..., kr - öåëûå, íåîòðèöàòåëüíûå ÷èñëà.
k1 + ...+ kr = n
ω = (δ1, ..., δn), δi ∈ 1, ..., r - èñõîä èñïûòàíèÿ
P({ω}) = pδ1 · pδ2 · ... · pδr
Åñëè ω ∈ B(k1, ..., kr)⇒ P({ω}) = pk1

1 · ... · pkrr
Âûáèðàåì íîìåðà èñõîäîâ, ãäå ïîÿâëÿëîñü A1, çàòåì A2 è ò.ä.:(
n
k1

)
·
(
n−k1
k2

)
· ... ·

(
kr
kr

)
= n!

k1!(n−k1)! ·
(n−k1)!

k2!(n−k1−k2)! · .... · 1
P(B(k1, ..., kr)) = n!

k1!k2!...kr!
· pk1

1 · pk2
2 · ... · pkrr

Ëåêöèÿ 5
13.03.2015

6 Ñëó÷àéíûå âåëè÷èíû

ξ : Ω 7→ R
{ω : a < S(ω) < b} = ξ−1((a, b))
ξ−1((a, b)) ∈ A

ξ = {x1, x2, ..., xn}
ξ−1({xk}) = Dk

Dξ = {D1, ..., Dn}, Dk ∈ A

Èíäèêàòîð I- ïðîñòåéøàÿ ñëó÷àéíàÿ âåëè÷èíà.
A ∈ A

IA(ω) =

{
1, åñëè ω ∈ A
0, åñëè ω /∈ A

Ñâîéñòâà èíäèêàòîðîâ:
IΩ(ω) ≡ 1
I∅(ω) ≡ 0
IA(ω) = 1− IA
IAB = IA · IB
IA∪B = I

A·B = 1− IA·B = 1− IA · IB = 1− (1− IA)(1− IB) = IA + IB − IA · IB

I n⋂
k=1

Ak
=

n∏
k=1

IAk

ξ =
n∑
k=1

xk · IDk
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6.1 Ìàòåìàòè÷åñêîå îæèäàíèå

Îïðåäåëåíèå: Ïóñòü ξ =
n∑
k=1

xk · IDk , P(Dk) = pk, k = 1, ..., n. Òîãäà ìàòåìàòè÷åñêîå îæèäàíèå -

Eξ def=

n∑
k=1

xk · pk =

n∑
k=1

xk · P(ξ = xk)

Çàìå÷àíèå 1: Ïóñòü ξ =
n∑
k=1

xk · IDk , ξ =
N∑
j=1

yj · IHj , ïðè÷¼ì {H1, ...,HN} - áîëåå ìåëêîå ðàçáèåíèå

÷åì {D1, ..., Dn}. Òîãäà

Eξ =
N∑
j=1

yj · P(Hj) =
n∑
k=1

∑
{j:yj=xk}

yj · P(Hj) =
n∑
k=1

xk ·
∑

{j:yj=xk}

P(Hj) =
n∑
k=1

xk · P(Dk)

Çàìå÷àíèå 2: Åñëè η = ϕ(ξ), ϕ : R 7→ R, ξ =
n∑
k=1

xk · IDk , òî

Eη =
n∑
k=1

ϕ(xk) · P(Dk)

Ñâîéñòâà ìàòåìàòè÷åñêîãî îæèäàíèÿ:

1. E(IA) = P(A)

2. ëèíåéíîñòü:
a) E(aξ) = aE(ξ)
b) E(ξ + η) = Eξ + Eη

3. ìîíîòîííîñòü:
åñëè ξ > 0 ⇒ Eξ > 0. Ðàâåíñòâî íóëþ âîçìîæíî òîëüêî, åñëè P(ξ = 0) = 1

4. |Eξ| 6 E|ξ|

5. íåðàâåíñòâî Øâàðöà:
(E(ξη))2 6 (Eξ2) · (Eη2)

Äîêàçàòåëüñòâà:

1. Ïî îïðåäåëåíèþ.

2. a) ξ =
n∑
k=1

xk · IDk

aξ =
n∑
k=1

a · xk · IDk = a ·
n∑
k=1

xk · P(Dk) = a · Eξ

b) η =
m∑
i=1

yi · IHi
ξ + η =

∑
k, i

(xk + yi) · IDkHi

E(ξ+ η) =
∑
k, i

(xk + yi) ·P(DkHi) =
n∑
k=1

xk ·
m∑
i=1

P(DkHi) +
m∑
i=1

yi ·
n∑
k=1

P(DkHi) =
n∑
k=1

xk ·P(Dk) +
m∑
i=1

yi ·

P(Hi) = Eξ + Eη

3. ξ =
n∑
k=1

xk · IDk , xk > 0

Åñëè Eξ = 0 ∀xi > 0, òî Eξ > xi · P(Di) ⇒ P(Di) = 0

4. Äîêàçûâàåòñÿ ïî íåðàâåíñòâó òðåóãîëüíèêó.
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5. (Eξ2) = 0 ⇒ ξ = 0 ñ âåðîÿòíîñòüþ 1, ξη = 0 ñ âåðîÿòíîñòüþ 1 ⇒ Eξη = 0
Áóäåì ñ÷èòàòü, ÷òî Eξ2,Eη2 > 0
ξ̂ = |ξ|√

Eξ2

η̂ = |η|√
Eη2

Eξ̂2 = 1 è Eη̂2 = 1
2ξ̂η̂ 6 ξ̂2 + η̂2

2E(ξ̂η̂) 6 2
E|ξη|√

Eξ2·
√

Eη2
6 1

|Eξη| 6 E|ξη|
(E(ξη))2 6 (Eξ2) · (Eη2)

6.2 Äèñïåðñèÿ ñëó÷àéíîé âåëè÷èíû

Îïðåäåëåíèå: Äèñïåðñèåé ñëó÷àéíîé âåëè÷èíû íàçûâàåòñÿ Dξ = E(ξ − Eξ)2.
σξ =

√
Dξ

Ñâîéñòâà:

1. D = Eξ2 − (Eξ)2

2. D(cξ) = c2 · Dξ
D(ξ + c) = Dξ

3. Dξ > 0; D = 0⇔ P(ξ = Eξ) = 1

Äîêàçàòåëüñòâà:

1. Dξ = E(ξ − Eξ)2 = E(ξ2 − 2 · Eξ · ξ + (Eξ)2) = Eξ2 − 2 · Eξ · Eξ + (Eξ)2 = Eξ2 − (Eξ)2

2. D(cξ) = E(cξ)2 − (Eξ)2 = c2 · (Eξ2 − (Eξ)2) = c2 · Dξ

3. Dξ > 0 ñëåäóåò èç îïðåäåëåíèÿ. Åñëè Dξ = 0, òî ïî îïðåäåëåíèþ ξ − Eξ = 0 ñ âåðîÿòíîñòüþ 1.

Ðàñïðåäåëåíèå âåðîÿòíîñòåé:
ξ x1 x2 · · · xn
P p1 p2 · · · pn

6.3 Ñëó÷àé ñ÷åòíîãî êîëè÷åñòâà

Ïåðåéäåì íà ñëó÷àé ñî ñ÷¼òíûì ìíîæåñòâî çíà÷åíèé ξ.

ξ = {x1, x2, ...} è p1, p2, ... pi > 0 è
∞∑
p=1

pi = 1

Îïðåäåëåíèå: Áóäåì ãîâîðèòü, ÷òî äëÿ ξ ∃ Eξ, åñëè ðÿä
∞∑
i=1

pi · |xi| ñõîäèòñÿ.

Eξ =
∞∑
i=1

xi · pi

Ëåêöèÿ 6
20.03.2015

Ïóñòü ξ ïðèíèìàåò öåëî÷èñëåííûå ñëó÷àéíûå âåëè÷èíû: 0, 1, 2,...
P(ξ = k) = pk, k = 0, 1, 2, ...

Ïðîèçâîäÿùàÿ ôóíêöèÿ: gξ(x)
def
=

∞∑
k=0

pkx
k = Exξ, −1 6 x 6 1,

∞∑
k=0

pk = 1

gξ(1) = 1

g
(k)
ξ (0) = pk · k!, pk =

g
(k)
ξ (0)

k!
(ïî ôîðìóëå Òåéëîðà)
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Eξ =
∞∑
k=0

k · pk =
∞∑
k=1

k · pk

g′ξ(x) =
∞∑
k=1

k · pk · xk−1

g′ξ(1) = Eξ

g′′ξ (x) =
∞∑
k=1

k(k − 1)pkx
k−2

g′′ξ (1) =
∞∑
k=1

k2pk −
∞∑
k=1

k · pk = Eξ2 − Eξ

Eξ2 = g′′ξ (1) + g′ξ(1)

Dξ = g′′ξ (1) + g′ξ(1)− g′2ξ (1)

6.4 Îñíîâíûå öåëî÷èñëåííûå ñëó÷àéíûå âåëè÷èíû è èõ ðàñïðåäåëåíèÿ

1. Áåðíóëëèåâñêàÿ ñëó÷àéíàÿ âåëè÷èíà
P(ξ = 1) = p
P(ξ = 0) = 1− p = q
gξ(x) = px+ q
Eξ = g′ξ(1) = p
Dξ = p(1− p)

2. Áèíîìèàëüíîå ðàñïðåäåëåíèå
P(ξ = k) =

(
n
k

)
pkqn−k, k = 0, n

gξ(x) =
n∑
k=0

(
n
k

)
pkqn−kxk = (px+ q)n

E = g′ξ(1) = n(p+ q)n−1 · p = np

g′′ξ (1) = n(n− 1)p2

Dξ = n(n− 1)p2 + np− n2p2 = np(1− p) = npq

3. Ïóàññîíîâñêîå ðàñïðåäåëåíèå

P(ξ = k) = e−λ
λk

k!
, k = 0, 1... λ > 0

gξ(x) = e−λ
∞∑
k=0

λk

k!
xk = e−λ · eλx = eλ(x−1)

Eξ = g′ξ(1) = eλ(x−1) · λ = λ

g′′ξ (1) = λ2 · eλ(x−1) = λ2

Dξ = λ2 + λ− λ2 = λ

4. Ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå
1 âàðèàíò:
0<p<1
q=1-p
P(ξ = k) = pqk, k = 0, 1, ...
Ïðîâåðèì, ÷òî ýòî ðàñïðåäåëåíèå âåðîÿòíîñòåé:
∞∑
k=0

pqk = p
∞∑
k=0

qk =
p

1− q
= 1

gξ(x) = p
∞∑
k=0

qkxk =
p

1− qx
g′ξ(x) =

pq

(1− qx)2
g′ξ(1) =

q

p
= Eξ

g′′ξ (x) =
2pq2

(1− qx)3
g′′ξ (1) = 2

q2

p2
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D = 2
q2

p2
+
q

p
− q2

p2
=
q(q + p)

p2
=

q

p2

2 âàðèàíò:
P(ξ = k) = pqk−1, k = 1, 2, ...

gξ(x) = p
∞∑
k=1

qk−1xk = px
∞∑
k=0

qkxk =
px

1− qx

7 Ïðîñòðàíñòâî ñ ìåðîé è îáùàÿ ìîäåëü âåðîÿòíîñòíîãî ïðîñòðàíñòâà

Ïîñëåäîâàòåëüíîñòåé ñîáûòèé An, n = 1, 2, ...

A∗ = lim
n 7→∞

An
def
=

∞⋂
n=1

⋃
k>n

Ak

A∗ = lim
n 7→∞

An
def
=

∞⋃
n=1

⋂
k>n

Ak

ω ∈ A∗ ⇔ ω ∈ Aik
ω ∈ A∗ ⇔ ω ∈ Ak, k > nω

A1 ⊂ A2 ⊂ A3 ⊂ ... ⊂ An - ìîíîòîííî âîçðàñòàåò
lim
n7→∞

An = A, A∗ = A∗

lim
n7→∞

An =
∞⋃
n=1

An⋃
k>n

Ak =
∞⋃
n=1

An ⇒ lim
n7→∞

An =
∞⋃
n=1

An⋂
k>n

Ak = An ⇒ lim
n7→∞

An =
∞⋃
n=1

An

Àíàëîãè÷íî äëÿ ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòè:
A1 ⊃ A2 ⊃ A3 ⊃ ... ⊃ An
lim
n7→∞

An =
∞⋂
n=1

An

7.1 Ñèãìà-àëãåáðà

Îïðåäåëåíèå: ÊëàññAïîäìíîæåñòâà Ω íàçûâàåòñÿ σ-àëãåáðîé, åñëèA - àëãåáðà è ∀{An} ⊂ A
∞⋃
n=1

An ∈

A :
Çàìå÷àíèå : σ-àëãåáðà çàìêíóòà îòíîñèòåëüíî ñ÷¼òíîãî êîëè÷åñòâà ïåðåñå÷åíèé.

1. Ω ∈ A

2. Åñëè A ∈ A, òî A ∈ A

3. Åñëè An ∈ A, n = 1, 2, ... ⇒
∞⋃
n=1

An ∈ A

Äîêàçàòåëüñòâî ï.3: An ∈ A
∞⋃
n=1

An =
∞⋃
n=1

An =
∞⋂
n=1

An ∈ A

Îïðåäåëåíèå: K- íåêîòîðûé êëàññ ïîäìíîæåñòâ Ω. σ(K)− ìèíèìàëüíàÿ σ-àëãåáðà ïîäìíîæåñòâ
Ω, ïîðîæä¼ííàÿ K:

1. K ∈ σ(K)

2. Åñëè F− σ-àëãåáðà ïîäìíîæåñòâ Ω è K ⊂ F⇒ σ(K) ⊂ F

Fλ − σ-àëãåáðà ïîäìíîæåñòâ Ω, λ ∈ Λ
Äîêàæåì, ÷òî F =

⋂
λ∈Λ

Fλ − σ-àëãåáðà:
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1) Λ ∈ F
2) A ∈ F⇒ A ∈ Fλ, ∀λ ∈ Λ⇒ A ∈ ∀Fλ ∀A ∈ F

3) An ∈ F⇒ An ∈ Fλ ∀λ⇒
∞⋃
n=1

An ∈ Fλ ∀λ⇒
∞⋃
n=1

An ∈ F

Ïðèìåð:
Ω = R
K- ñîâîêóïíîñòü îòêðûòûõ ìíîæåñòâ.
σ(K) = B = B(R) - áîðåëåâñêàÿ σ-àëãåáðà. Ìíîæåñòâà èç B íàçûâàþòñÿ áîðåëåâñêèìè ìíîæåñòâàìè.

Ëåêöèÿ 7
27.03.2015

Çàìå÷àíèå : Ïóñòü T - ñîâîêóïíîñòü (−∞, x], x ∈ R. Åñëè ìû ïîñòðîèì ìèíèìàëüíóþ σ-àëãåáðó,
ïîðîæä¼ííóþ T, òî îíà ñîâïàä¼ò ñ áîðåëåâñêîé. σ(T ) = B

Òîãäà (a, b] ∈ σ(T ), òàê êàê (a, b] = (−∞, b] \ (−∞, a].

(a, b) =
∞⋃
n=1

(a, b− ε

n
] ∈ σ(T ), êàê ñ÷¼òíîå îáúåäèíåíèå ïîëóèíòåðâàëîâ èç σ-àëãåáðû.

G ∈ σ(T ), G - ëþáîå îòêðûòîå ìíîæåñòâî.

Îïðåäåëåíèå: A- σ-àëãåáðà ïîäìíîæåñòâ Ω. Ôóíêöèÿ µ : A 7→ R+ íàçûâàåòñÿ àääèòèâíîé, åñëè
∀A1, A2, ..., An ∈ A è AiAj = ∅, i 6= j

µ(
n⋃
k=1

Ak) =
n∑
k=1

µ(Ak)

Ôóíêöèÿ íàçûâàåòñÿ ñ÷¼òíî àääèòèâíîé, åñëè ∀A1, A2, ... è AiAj = ∅, i 6= j

µ(
∞⋃
n=1

An) =
∞∑
n=1

µ(An)

Îïðåäåëåíèå: µ : A 7→ R+ íàçûâàåòñÿ íåïðåðûâíîé, åñëè äëÿ ëþáîé èñ÷åçàþùåé ïîñëåäîâàòåëü-

íîñòè {Hn} ⊂ A (èñ÷åçàþùàÿ ïîñëåäîâàòåëüíîñòü - H1 ⊃ H2 ⊃... - ìîíîòîííî óáûâàåò è
∞⋂
n=1

Hn = ∅.

Êðàòêàÿ çàïèñü - Hn ↘ ∅)
lim
n→∞

µ(Hn) = 0

Òåîðåìà 1: Ïóñòü µ : A 7→ R+ àääèòèâíà è µ(∅) = 0. Òîãäà µ - ñ÷åòíî àääèòèâíî â òîì è òîëüêî
òîì ñëó÷àå, êîãäà îíà íåïðåðûâíà.
Äîêàçàòåëüñòâî:
⇐
Ïóñòü µ - ñ÷åòíî àääèòèâíà. Âîçüìåì íåêîòîðóþ Hn ↘ ∅. Ïîêàæåì, ÷òî µ(Hn)→ 0.
Ââåä¼ì:
A1 = H1 \H2 = H1H2

A2 = H2H3

· · ·
An = HnHn+1

AiAj = ∅, i 6= j

∀n = 1, 2, ... Hn =
∞⋃
k=n

Ak

µ(Hn) =
∞∑
k=n

µ(Ak)→ 0, ïðè n→∞

⇒
Ïóñòü µ - ñõîäèòñÿ è íåïðåðûâíà. Ïîêàæåì, ÷òî µ ñ÷åòíî àääèòèâíà.
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A1, A2, ... AiAj = ∅, i 6= j

A =
∞⋃
n=1

An

Äîêàæåì, ÷òî µ(A) =
∞∑
n=1

µ(An)

Bn =
n⋃
k=1

Ak

Bn ↗ A Hn = A \Bn ⇒ Hn ↘ ∅
µ(Hn)→ 0, ïðè n→∞
µ(Bn) =

n∑
k=1

µ(Ak)

µ(A \Bn) = µ(Hn) = µ(A)− µ(Bn) = µ(A)−
n∑
k=1

µ(Ak)→ 0, ïðè n→∞⇒

µ(A) =
∞∑
n=1

µ(An)

7.2 Âåðîÿòíîñòíûå ïðîñòðàíñòâà

Îïðåäåëåíèå: Ïóñòü A- σ-àëãåáðà ïîäìíîæåñòâ Ω. Òîãäà (Ω,A) - èçìåðèìîå ïðîñòðàíñòâî.
µ : A 7→ R+ - ìåðà. (Ω,A, µ) - ïðîñòðàíñòâî ñ ìåðîé.
Åñëè µ(Ω) = 1, µ - âåðîÿòíîñòíàÿ ìåðà è îáîçíà÷àåòñÿ P.
(Ω,A,P) - âåðîÿòíîñòíîå ïðîñòðàíñòâî.

Îïðåäåëåíèå: Ïóñòü (Ω,A,P) - âåðîÿòíîñòíîå ïðîñòðàíñòâî, òîãäà ξ : Ω→ R íàçûâàåòñÿ ñëó÷àé-
íîé âåëè÷èíîé, åñëè ∀B ∈ B {ω : ξ(ω) ∈ B} (èíà÷å {ξ ∈ b} èëè ξ−1(B)) ∈ A.

Òåîðåìà 2: Ïóñòü ξ : Ω → R. Äëÿ òîãî, ÷òîáû ξ áûëà ñëó÷àéíîé âåëè÷èíîé íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû ∀x ∈ R

{ξ 6 x} ∈ A(èíà÷å ξ−1((−∞, x]) ∈ A)

Äîêàçàòåëüñòâî:
⇒
òðèâèàëüíî
⇐
Ïóñòü ∀x ξ−1((−∞, x]) ∈ A.
Äðóãèìè ñëîâàìè ξ−1(B) ∈ A ∀B ∈ T. Çàìåòèì, ÷òî σ(T ) = B.
Bα:
ξ−1(

⋃
α
Bα) =

⋃
α
ξ−1(Bα) (1)

ξ−1(
⋂
α
Bα) =

⋂
α
ξ−1(Bα) (2)

Äîêàæåì (1): ω ∈ ξ−1(
⋃
α
Bα) ⇔ ∃x ∈

⋃
α
Bα : ξ(ω) = x ⇔ x ∈ Bα′ , ξ(ω) = x ⇔ ω ∈ ξ−1(Bα′) ⇔

ω ∈
⋃
α
ξ−1(Bα)

ξ−1(B) = ξ−1(σ(T )) = σ(ξ−1(T )) ∈ A

7.3 Ôóíêöèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé

Îïðåäåëåíèå: Fξ(x) - ôóíêöèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñëó÷àéíîé âåëè÷èíû ξ.
Fξ(x) = P(ξ 6 x) = P(ξ−1((−∞, x]))

Ñâîéñòâà:

1. 0 6 Fξ(x) 6 1

2. Fξ(x)↗ è íåïðåðûâíà ñïðàâà
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3. Fξ(x)→ 0, ïðè x→ −∞
Fξ(x)→ 1, ïðè x→ +∞

Äîêàçàòåëüñòâà:

2. Ïóñòü x1 < x2.
(−∞, x1] ⊂ (−∞, x2]
{ξ 6 x1} ⊂ {ξ 6 x2}
P(ξ 6 x1) 6 P(ξ 6 x2)
Fξ(x1) 6 Fξ(x2)
Ïóñòü x0 ∈ R. Ïîëîæèì, ÷òî Fξ(x0 + 0) = Fξ(x0).
Fξ(x0) = P(ξ 6 x0)

{ξ 6 x0 +
1

n
} → {ξ 6 x0} - ìîíîòîííî óáûâàþùàÿ ïîñëåäîâàòåëüíîñòü

lim
n→∞

P(ξ 6 x0 +
1

n
) = P(ξ 6 x0)⇔ lim

n→∞
Fξ(x0 +

1

n
) = Fξ(x0)

3. Ïðè xn → −∞ (−∞, xn]↘ ∅.
Åñëè xn → +∞ (−∞, xn]↘ R, ξ−1((−∞, x])→ Ω, P(Ω)→ 1.

P(a < ξ 6 b) = P(ξ 6 b)− P(ξ 6 a) = Fξ(b)− Fξ(a)

Îïðåäåëåíèå: Fξ(x) íàçûâàåòñÿ àáñîëþòíî íåïðåðûâíîé, åñëè ∃fξ(x) > 0 è
+∞∫
−∞

fξ(x)dx - ñõîäèòñÿ

è ðàâåí 1.

Fξ(x) =
x∫
−∞

fξ(u)du, fξ(u) - ïëîòíîñòü ðàñïðåäåëåíèÿ.

Òîãäà P(a 6 ξ 6 b) =
b∫
a
fξ(x)dx (åñëè Fξ(x)− ,P(ξ = a, b) = 0)

Ñâîéñòâà:

1. fξ(x) > 0

2.
+∞∫
−∞

fξ(x)dx = 1

Ïðèìåðû:
1) Ðàâíîìåðíîå ðàñïðåäåëåíèå íà [a,b]

fξ(x) =
1

b− a
· I[a,b](x)

+∞∫
−∞

fξ(x) =
1

b− a
·
b∫
a

(1 · dx) = 1

Ëåêöèÿ 8
03.04.2015

2) Ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå
Îïðåäåëÿåòñÿ äëÿ íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí.

17



fξ(x) = λe−λx · I[0,∞)(x), λ > 0
Ïðîâåðèì, ÷òî ýòî ïëîòíîñòü:
fξ(x) > 0
+∞∫
−∞

fξ(x)dx = λ
+∞∫
0

e−λxdx =
+∞∫
0

e−udu = 1

3) Íîðìàëüíîå (Ãàóññîâî) ðàñïðåäåëåíèå:
N(a, σ2)

fξ(x) =
1

σ
√

2π
e−

(x−a)2

2σ2 , −∞ < x < +∞, a ∈ R, σ > 0

+∞∫
−∞

fξ(x)dx =
1

σ
√

2π
e−

(x−a)2

2σ2 dx =
1√
π

+∞∫
−∞

e−
(x−a)2

2σ2 d(
x− a
σ
√

2
) =

1√
π

+∞∫
−∞

e−u
2
du = 1

4) Ðàñïðåäåëåíèå Êîøè

fξ(x) =
1

π(1 + x2)
, −∞ < x < +∞

+∞∫
−∞

fξ(x)dx =
1

π

+∞∫
−∞

dx

1 + x2
= 1

8 Ìàòåìàòè÷åñêîå îæèäàíèå

Íàïîìíèì, ξ =
n∑
k=1

xkIAk , Eξ =
∑
k=1

xkP(Ak)

Âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω, A, P), Ω - ïðîñòðàíñòâî ýëåìåíòàðíûõ èñõîäîâ, A- σ-àëãåáðà, P-
ñ÷åòíî-àääèòèâíàÿ ìåðà.

Òåîðåìà 3 (àïïðîêñèìàöèîííàÿ):: Ïóñòü ξ > 0, (Ω, A, P). Òîãäà ∃ ïîñëåäîâàòåëüíîñòü ïðî-
ñòûõ íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí ξn ↗ ξ.
ξn(ω)↗ ξ(ω), ïðè n→∞ ∀ω ∈ Ω
Äîêàçàòåëüñòâî:

n=1, 2,...

D- ðàçáèåíèå ={∆n, D
(n)
1 , D

(n)
2 , ..., D

(n)
n·2n}

D1 = {∆1, D
1
1, D

(1)
2 }

∆n = {ω : ξ(ω) > n}

D
(n)
k = {ω :

k − 1

2n
6 ξ(ω) <

k

2n
}

ξn(ω) = n · I∆n(ω) +
n·2n∑
k=1

k − 1

2n
· I
D

(n)
k

(ω)

Äîêàæåì ìîíîòîííîñòü:
Ðàçîáü¼ì ω ∈ Ω íà äâà ñëó÷àÿ:
1) ω ∈ ∆n ⇒ ξ(ω) > n⇒ ξn(ω) = n
ξn+1(ω) > n = ξn(ω)

2) ω ∈ D(n)
k ⇒ ξn(ω) =

k − 1

2n

D
(n)
k = D

(n+1)
2k−1 ∪D

(n+1)
2k
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ξn+1(ω) >
2k − 2

2n+1
=
k − 1

2n
= ξn(ω)

∀ω : 0 6 ξ(ω)− ξn(ω) 6
1

2n
→ 0

Òåîðåìà 4:: Ïóñòü η, ξ1, ξ2 - íåîòðèöàòåëüíûå ñëó÷àéíûå âåëè÷èíû. ξn ↗ ξ > η ⇒ lim
n→∞

Eξn > Eη
Äîêàçàòåëüñòâî:
n = 1, 2, ... ε > 0
An = {ω : ξn(ω) > η(ω)− ε}
An ↗ Ω An ↘ ∅
ξn = ξnIAn + ξnIAn > (η · ε)IAn = ηIAn − εIAn = η − εIAn − ηIAn > η − ε−MIAn , ãäå M = max

ω∈Ω
η(ω)

Ïðèìåíÿåì ñâîéñòâî ìîíîòîííîñòè ìàòåìàòè÷åñêîãî îæèäàíèÿ ïðîñòûõ ñëó÷àéíûõ âåëè÷èí:
Eξn > Eη − ε−MP(An)
lim
n→∞

Eξn > Eη − ε (MP(An)→ 0, ïðè n→∞ â ñèëó íåïðåðûâíîñòè âåðîÿòíîñòíîé ìåðû)

Òàê êàê ε âûáèðàëîñü ïðîèçâîëüíûì îáðàçîì, òî lim
n→∞

Eξn > Eη
Ñëåäñòâèå: Ïóñòü ξn ↗ ξ è ηn ↗ ξ, ãäå {ξn} è {ηn} - ïîñëåäîâàòåëüíîñòè ïðîñòûõ ñëó÷àéíûõ âåëè÷èí.
Òîãäà lim

n→∞
Eξn = lim

n→∞
Eηn

Äîêàçàòåëüñòâî:
k=1, 2,...
ξn ↗ ξ > ηk
lim
b→∞

Enξ > Eηk (ïî òåîðåìå 4)
Ò.ê. k - ëþáîå, òî ïåðåõîäÿ ê ïðåäåëó:
lim
n→∞

Eξn > lim
n→∞

Eηk
Ìåíÿÿ ðîëÿìè ξ è η, ïîëó÷èì îáðàòíîå ðàâåíñòâî, ñëåäîâàòåëüíî ïðåäåëû ðàâíû.

Îïðåäåëåíèå: Ïóñòü ξ > 0 - ñëó÷àéíàÿ âåëè÷èíû, îïðåäåëåííàÿ íà âåðîÿòíîñòíîì ïðîñòðàíñòâå
(Ω, A, P). ξn ↗ ξ - àïïðîêñèìèðóþùàÿ ïîñëåäîâàòåëüíîñòü íåîòðèöàòåëüíûõ ïðîñòûõ ñëó÷àéíûõ
âåëè÷èí.
Eξ def= lim

n→∞
Eξn

Â ñèëó àïïðîêñèìàöèîííîé òåîðåìû è ñëåäñòâèÿ èç òåîðåìû 4 îïðåäåëåíèå êîððåêòíî: ïîñëåäîâà-
òåëüíîñòü âñåãäà ñóùåñòâóåò è ïðåäåë íå çàâèñèò îò âûáîðà àïïðîêñèìèðóþùåé ïîñëåäîâàòåëüíîñòè.
ξ = ξ+ − ξ−
ξ+(ω) = max{ξ(ω), 0}
ξ−(ω) = max{−ξ(ω), 0}

Åñëè Eξ+ <∞ è Eξ− <∞, òî Eξ def= Eξ+ + Eξ−

Ñâîéñòâà ìàòåìàòè÷åñêîãî îæèäàíèÿ:

1. ëèíåéíîñòü
E(aξ + bη) = aEξ + bEη

2. ìîíîòîííîñòü
ξ 6 η ⇒ Eξ 6 Eη

3. ξ > 0 è Eξ = 0⇒ ξ = 0 ïî÷òè íàâåðíîå (P(ξ = 0) = 1)

4. |Eξ| 6 E|ξ|
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8.1 Ïðåäåëüíûå òåîðåìû

Òåîðåìà 5 (î ìîíîòîííîé ïîñëåäîâàòåëüíîñòè): Åñëè ξn ↗ ξ - ïîñëåäîâàòåëüíîñòü íåîòðèöà-
òåëüíûõ ñëó÷àéíûõ âåëè÷èí, òî

lim
n→∞

Eξn = Eξ

Òåîðåìà 6 (ëåììà Ôàòó): Ïóñòü ξn - ïîñëåäîâàòåëüíîñòü íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí,
òîãäà

E( lim
n→∞

ξn) 6 lim
n→∞

Eξn

Òåîðåìà 7 (òåîðåìà Ëåáåãà î ïðåäåëüíîì ïåðåõîäå): Ïóñòü ξn - ïðîèçâîëüíàÿ ïîñëåäîâà-
òåëüíîñòü ñëó÷àéíûõ âåëè÷èí. |ξn(ω)| 6 η(ω), Eη <∞ è ξn → ξ (ïî÷òè íàâåðíîå). Òîãäà

lim
n→∞

Eξn = Eξ

ξ : Ω→ R
Ñ êàæäîé ñëó÷àéíîé âåëè÷èíîé ìîæíî ñâÿçàòü èçìåðèìîå ïðîñòðàíñòâî (R, B).
B ∈ B ξ−1(B) ∈ A P(ξ−1(B)) = Pξ(B)
Êàæäîìó áîðåëåâñêîìó ìíîæåñòâó ñ ïîìîùüþ ñëó÷àéíîé âåëè÷èíû ìîæíî ïðèïèñàòü âåðîÿòíîñòü.

Pξ(R) = 1
Âñå âû÷èñëåíèÿ, ñâÿçàííûå ñî ñëó÷àéíîé âåëè÷èíîé, ïåðåíîñÿòñÿ â íîâîå âåðîÿòíîñòíîå ïðîñòðàíñòâî -
(R, B, Pξ), R- ÷èñëîâàÿ îñü, B- áîðåëåâñêàÿ σ-àëãåáðà, Pξ - ìåðà âåðîÿòíîñòè.
P((−∞, 1]) = Fξ(x)
P((a, b]) = Fξ(b)− Fξ(a)

Eξ =
∫
R
x · dPξ(x) =

+∞∫
−∞

x · dFξ(x)

Åñëè ðàñïðåäåëåíèå âåðîÿòíîñòåé çàäàåòñÿ ïëîòíîñòüþ fξ, òî Eξ =
+∞∫
−∞

xfξ(x)dx

Ëåêöèÿ 9
10.04.2015

9 Ñîâìåñòíîå ðàñïðåäåëåíèå è íåçàâèñèìîñòü ñëó÷àéíîé âåëè÷èíû

ξ, η, - ïðîñòûå ñëó÷àéíûå âåëè÷èíû â (Ω,A,P)

ξ =
n∑
i=1

xiIDi

η =
m∑
i=1

yjIHj
Dξη = {DiHj : i = 1, n, j = 1,m}

(ξ, η)

ξ \ η y1 y2 . . . ym
x1 p11 p12 . . . p1m

x2 p21 p22 . . . p2m
...

...
...

. . .
...

xn pn1 pn2 . . . pnm

pij = P(DiHj) = P(ξ = xi, η = yj)∑
i, j

pij = 1

Ïóñòü òåïåðü ξ, η - ñëó÷àéíûå âåëè÷èíû.
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Fξη(x, y) = P(ξ 6 x, η 6 y)

Õàðàêòåðèñòè÷åñêèå ñâîéñòâà:
1) Fξη(x, y)↗
2) Fξη(x, y) íåïðåðûâíà ñïðàâà
3) Fξη(−∞, y) = Fξη(x,−∞) = 0
Fξη(+∞,+∞) = 1
∀x, y ∈ R ∀∆x,∆y > 0→ Fξη(x+ ∆x, y + ∆y)− Fξη(x+ ∆x, y)− Fξη(x, y + ∆y) + Fξη(x, y) > 0

Fξη(x, y) fξη(x, y) > 0 - ôóíêöèÿ ðàñïðåäåëåíèÿ
+∞∫
−∞

+∞∫
−∞

fξη(x, y)dxdy = 1

P((ξ, η) ∈ D) =
∫∫
D

fξη(x, y)dxdy, D ∈ R2

Fξη(x, y) =
x∫
−∞

y∫
−∞

fξη(u, v)dudv

δ2fξη(x, y)

δxδy
= fξη(x, y)

ξ, Pξ, (R,B,Pξ)
Âîçüìåì B ∈ B, òîãäà Pξ(B) = P(ξ ∈ B)

Eξ =
∫
R
xdPξ(x) =

+∞∫
−∞

xfξ(x)dx

Åñëè åñòü ôóíêöèÿ η = ϕ(ξ), òîãäà Eϕ(ξ) =
∫
R
ϕ(x)dPξ(x) =

+∞∫
−∞

ϕ(x)fξ(x)dx

ϕ(x, y) Eϕ(x, y) =
+∞∫
−∞

+∞∫
−∞

ϕ(x, y)fξη(x, y)dxdy

ϕ(ξ, η) =
∑
i, j

ϕ(xi, yj)pij

9.1 Íåçàâèñèìîñòü ñëó÷àéíîé âåëè÷èíû

Îïðåäåëåíèå: Ñëó÷àéíàÿ âåëè÷èíà ξ : Ω→ R îïðåäåëåíà íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,A,P).
σ(ξ) = Aξ = {ξ−1(B) : B ∈ B}

Îïðåäåëåíèå: ξ, η â (Ω,A,P) íàçûâàþòñÿ íåçàâèñèìûìè, åñëè σ(ξ) è σ(η) íåçàâèñèìûå.
(A ∈ σ(ξ), B ∈ ξ(η) : P(AB) = P(A)P(B))

Fξη(x, y) = P{ξ 6 x}{η 6 y} = P(ξ 6 x)P(η 6 y) = Fξ(x) Fη(y) ({ξ 6 x} = ξ−1((−∞, x]))
Â ñëó÷àå àáñîëþòíî íåïðåðûâíûõ ðàñïðåäåëåíèé: fξη(x, y) = fξ(x)fη(y)

Òåîðåìà 1 (ìóëüòèïëèêàòèâíîå ñâîéñòâî ìàò. îæèäàíèÿ): Ïóñòü ξ, η - íåçàâèñèìûå ñëó÷àé-
íûå âåëè÷èíû èç îäíîãî ïðîñòðàíñòâà ñ êîíå÷íûìè ìàò. îæèäàíèÿìè.

E(ξη) = E(ξ)E(η)

Äîêàçàòåëüñòâî:

ξ =
n∑
i=1

xiIDi
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η =
m∑
j=1

yjIHj

E(ξη) =
∑
i,j
xiyjP(DiHj) =

∑
i,j
xiyjP(Di)P(Hj) = (

n∑
i=1

xiP(Di))(
m∑
j=1

yjP(Hj)) = E(ξ)E(η)

Äëÿ íåîòðèöàòåëüíûõ âåëè÷èí ξ, η > 0 ìîæåì âûáðàòü ξn ↗ ξ, ηn ↗ η
Eξn ↗ Eξ Eηn ↗ Eη
σ(ξn) ⊂ σ(ξ) σ(ηn) ⊂ σ(η)

ξnηn - ïðîñòàÿ ñëó÷àéíàÿ âåëè÷èíà
ξnηn ↗ ξη
E(ξnηn)↗ E(ξη) (Eξn)(Eηn)→ (Eξ)(Eη)
Ïóñòü ξ = ξ+ − ξ−, η = η+ − η−
Eξ = Eξ+ − Eξ−
Eη = Eη+ − Eη−
E(ξη) = E(ξ+ − ξ−)(η+ − η−) = Eξ+η− − Eξ+η− − Eξ−η+ + Eξ−η− = Eξ+Eη+ − Eξ+Eη− − Eξ−Eη+ +
Eξ−Eη− = (Eξ+ − Eξ−)(Eη+ − Eη−) = Eξ · Eη
Ñëåäñòâèå:
ξ, η - öåëî÷èñëåííûå ñëó÷àéíûå âåëè÷èíû
gξ(x), gη(x) - ïðîèçâîäÿùèå ôóíêöèè
ξ + η gξ+η(x) = Exξ+η = Exξxη = Exξ · Exη = gξ(x) · gη(x)

Òåîðåìà 2: ξ, η - íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû.

D(ξ, η) = Dξ + Dη

Äîêàçàòåëüñòâî:
D(ξ+η) = E(ξ+η)2−(E(ξ+η))2 = Eξ2 +Eη2 +2Eξη−(Eξ)2−2EξEη−(Eη)2 = Dξ+Dη+2[Eξη−EξEη] =
Dξ + Dη

9.2 Êîâàðèàöèÿ è êîýôôèöèåíò êîððåëÿöèè

D(ξ + η) = E((ξ + η)− (Eξ + Eη))2 = E((ξ − Eξ) + (η − Eη))2 = Dξ + Dη + 2E[(ξ − Eξ)(η − Eη)]

Îïðåäåëåíèå: Ïóñòü ξ, η - äâå ñëó÷àéíûå âåëè÷èíû, îïðåäåëåííûå íà âåðîÿòíîñòíîì ïðîñòðàíñòâå.

Òîãäà ïîä êîâàðèàöèåé ïîíèìàþò cov(ξ, η)
def
= E(ξ − Eξ)(η − Eη)

Dξ > 0, Dη > 0

Îïðåäåëåíèå: ξ̂ - íîðìèðîâàííàÿ ñëó÷àéíàÿ âåëè÷èíû ξ̂ =
ξ − Eξ√

Dξ
Eξ̂ = 0
Dξ̂ = Eξ̂2 = 1

η̂ =
η − Eη√

Dη

Îïðåäåëåíèå: ρ(ξ, η) - êîýôôèöèåíò êîððåëÿöèè ρ(ξ, η) = E(ξ̂, η̂) =
cov(ξ, η)√
Dξ
√
Dη

Ëåêöèÿ 10
17.04.2015

Ñâîéñòâà:

1. cov(ξ, η) = E(ξη)− EξEη

2. Åñëè ξ, η íåçàâèñèìû, òî cov(ξ, η) = 0

3. |ρ(ξ, η)| 6 1 (= åñëè ξ è η ëèíåéíî çàâèñèìû)

Äîêàçàòåëüñòâà:
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1. cov(ξ, η) = E(ξ − Eξ)(η − Eη) = E(ξη)− EξEη + EξEη − EξEη = E(ξη)− EξEη

2. Åñëè ξ, η íåçàâèñèìû, òî E(ξη) = EξEηcov(ξ, η) = 0

3. 0 6 D(ξ̂ ± η̂) = E(ξ̂ ± η̂)2 = 1 + 1± 2Eξ̂η̂ = 2(1± ρ(ξ, η))⇒ |ρ(ξ, η)| 6 1
Äîñòàòî÷íîñòü:
η = aξ + b

η̂ =
η − Eη√

Dη
η̂ =

aξ + b− aEξ − b√
a2Dξ

=
a

|a|
ξ̂

ρ(ξ, η) = E(ξ̂η̂) =
a

|a|
Eξ̂2 =

a

|a|
Dξ̂ =

a

|a|
= sign(a)

Íåîáõîäèìîñòü:
ρ(ξ, η) = 1⇒ D(ξ̂ + η̂) = 0⇔ ξ̂ + η̂ = 0⇒ η = aξ + b

Çàìå÷àíèå : Èç cov(ξ, η) = 0 íå ñëåäóåò íåçàâèñèìîñòü.
Ïðèìåð:
Áåðåì z: z = 0, π2 , π ñ P = 1

3 .
ξ = cos(z) è η = sin(z) î÷åâèäíî çàâèñèìû.
cov(ξ, η) = E(ξ − Eξ)(η − Eη) = Eξη − EξEη
Eξ = 1

3(cos(0) + cos(π2 ) + cos(π))
Eη = 1

3(sin(0) + sin(π2 ) + sin(π))
ξη = 1

2sin(2z)⇒ Eξη = 1
6(sin(0) + sin(π) + sin(2π)) = 0⇒

cov(ξ, η) = 0, íî îíè çàâèñèìû.
Âû÷èñëåíèå:

ρ(ξ, η) =
cov(ξ, η)√
Dξ
√
Dη

1)
ξ \ η y1 y2 . . . ym
x1 p11 p12 . . . p1m

x2 p21 p22 . . . p2m
...

...
...

. . .
...

xn pn1 pn2 . . . pnm

Eξη =
∑
i,j
xiyjpij

2)
Åñëè çàäàíî fξ,η(x, y) :

Eξη =
+∞∫
−∞

+∞∫
−∞

xyfξ,η(x, y)dxdy

9.3 Çàäà÷à ëèíåéíîãî îöåíèâàíèÿ

ξ - íàáëþäàåìàÿ
η - íåíàáëþäàåìàÿ
ϕ(x) - îöåíêà, ò.å. âìåñòî η ñìîòðèì ϕ(ξ). ϕ èç êëàññà ôóíêöèé K.
ϕ∗ - íàèëó÷øàÿ îöåíêà â ñìûñëå ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèÿ, åñëè: E(η−ϕ∗(ξ))2 = inf

ϕ∈K
E(η−ϕ(ξ))2

Ðàññìàòðèâàåì ϕ(x) = ax+ b. Èùåì a∗, b∗.
ψ(a, b) = E(η − (aξ + b))2 = Eη2 + a2Eξ2 + b2 − 2aEξη − 2bEη + 2abEξ
δψ

δa
> 0

δψ

δb
> 0{

aEξ2 − E + bEξ = 0

b− Eη + aEξ = 0
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{
aEξ2 + bEξ = Eξη

b+ aEξ = Eη

∣∣∣∣∣ · Eξ
a∗Dξ = cov(ξ, η)
b = Eη − aEξ

a∗ =
cov(ξ, η)

Dξ

b∗ = Eη − cov(ξ, η)

Dξ
Eξ

Íàèëó÷øàÿ îöåíêà â êëàññå ëèíåéíûõ ôóíêöèé:

η∗ = ϕ∗(ξ) =
cov(ξ, η)

Dξ
ξ + Eη − cov(ξ, η)

Dξ
Eξ

ϕ∗(ξ) = Eη +
cov(ξ, η)

Dξ
(ξ − Eξ)

Ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå:

E(η − η∗)2 = E((η − Eη)− cov(ξ, η)

Dξ
(ξ − Eξ))2 = Dη +

cov(ξ, η)

Dξ
− 2

cov(ξ, η)

Dξ
= Dη · [1− (ρ(ξ, η))2]

Îøèáêà=Dη · [1− (ρ(ξ, η))2]

Íàçâàíèå: ϕ∗(ξ) - óðàâíåíèå ëèíåéíîé ðåãðåññèè.
Ïðèìåð:
ξ - ðîñò îòöà
η - ðîñò ñûíà
Eξ = Eη = m, Dξ = Dη = σ2, ò.ê. îíè èç îäíîé ñåìüè.

η∗ −m =
cov(ξ, η)

σ2
(ξ −m) = ρ(ξ, η)(ξ −m)⇒

|ρ| < 1 ñîáñòâåííî, èç ýòîé çàäà÷è è ðåãðåññèè

9.4 Êîâàðèàöèîííàÿ ìàòðèöà

ξ1, ξ2, ..., ξn
vij = cov(ξi, ξj)
i = j ⇒ vij = Dξi
Ìàòðèöà V = (vij) - êîâàðèàöèîííàÿ ìàòðèöà.

Ñâîéñòâà:
1) ∀~x = (x1, ..., xn) ∈ Rn 6= ~0 : (~xT · V · ~x > 0)
2) Ñèììåòðè÷íà, ò.å. VT = V (î÷åâèäíî, ò.ê. vij = vji)

Äîêàçàòåëüñòâî 1:
ξ = (ξ1, ..., ξn)T

Eξ = (Eξ1, ...,Eξn)T

(ξ − Eξ)(ξ − Eξ)T = ((ξi − Eξi)(ξJ − Eξj))n x n

E((ξ − Eξ)(ξ − Eξ)T ) = V
xT · V · x = E(xT (ξ − Eξ)(ξ − Eξ)Tx) = E(xT (ξ − Eξ))2 > 0

9.5 Êîððåëÿöèîííàÿ ìàòðèöà

Åñëè ∀i ∈ [1, n] Dξi > 0, òî (ρ(ξi, ξj))n x n - êîððåëÿöèîííàÿ ìàòðèöà.
Êàê å¼ ïîëó÷èòü?
σ2
i = Dξi
Òîãäà (ρ(ξi, ξj)) =

(
vij
σiσj

)
⇒ íà äèàãîíàëè ðàñïîëîæåíû åäèíèöû.

Ñâîéñòâî ïðî xT · ρ(ξi, ξj) · x > 0 òîæå âåðíî.
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10 Íåðàâåíñòâî ×åáûøåâà. Çàêîí áîëüøèõ ÷èñåë

Òåîðåìà 1: Åñëè ξ - ñëó÷àéíàÿ âåëè÷èíà⇒ ∀ε > 0, òî

1) P(|ξ| > ε) 6
E|ξ|
ε

2) P(|ξ − Eξ| > ε) 6
Dξ
ε2

Äîêàçàòåëüñòâî:
1)
|ξ| = |ξ| · I{|ξ|>ε} + |ξ| · I{|ξ|<ε} ⇒
|ξ| > ε · I{|ξ|>ε} ⇒
E|ξ| > ε · P(|ξ| > ε) (ò.ê. EI{|ξ|>ε} = P(|ξ| > ε))
2)
P(|ξ − Eξ| > ε) = P((ξ − Eξ)2 > ε2)

Ïî íåðàâåíñòâó 1: P((ξ − Eξ)2 > ε2) 6
E(ξ − Eξ)2

ε2
=

Dξ
ε2

Çàìå÷àíèå : (E(ξη))2 6 Eξ2 · Eη2 - íåðàâåíñòâî Øâàðöà
ïðè η = 1 (E|ξ|)2 6 Eξ2

Ñëåäñòâèå íåðàâåíñòâà [ïðàâèëî òð¼õ ñèãìà]: ξ, σ2 = Dξ

P(|ξ − Eξ| > 3σ) 6
σ2

9σ2
=

1

9
Âåðíî äëÿ ëþáîãî ðàñïðåäåëåíèÿ.

Òåîðåìà 2: Ïóñòü ξ1, ξ2, ... - ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, òàêèõ ÷òî

Dξk 6 c ∀k, Sn =
n∑
k=1

ξk, òîãäà

lim
n→∞

P
(∣∣∣∣Snn − ESn

n

∣∣∣∣ > ε

)
= 0 ∀ε > 0

Ëåêöèÿ 11
24.04.2015

Äîêàçàòåëüñòâî:

P
(∣∣∣∣Snn − ESn

n

∣∣∣∣ > ξ

)
6

D
Sn
n
ε2

=
DSn
n2ε2

=

n∑
k=1

Dξk

n2ε2
6

C

nε2
→ 0, ïðè n→∞

Ñëåäñòâèå:
ξ1, ξ2, ...
Eξn = a
Dξn = σ2

Sn = ξ1 + ...+ ξn

∀ε > 0 lim
n→∞

P
(∣∣∣∣Snn − a

∣∣∣∣ > ε

)
= 0

10.1 Çàêîíû áîëüøèõ ÷èñåë:

Ò2 - çàêîí áîëüøèõ ÷èñåë â ôîðìå ×åáûøåâà

Òåîðåìà 3 [çàêîí áîëüøèõ ÷èñåë Áåðíóëëè]: Ïóñòü Sn - ÷èñëî óñïåõîâ â ñõåìå Áåðíóëëè èç
n íåçàâèñèìûõ èñïûòàíèé (ñ âåðîÿòíîñòüþ p óñïåõà â îòäåëüíîì èñïûòàíèè).

∀ε > 0 lim
n→∞

P
(∣∣∣∣Snn − p

∣∣∣∣ > ε

)
= 0
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Äîêàçàòåëüñòâî:

ξk =

{
1, åñëè â k-îì èñïûòàíèè óñïåõ

0, â ïðîòèâíîì ñëó÷àå
Sn = ξ1 + ...+ ξn

Eξk = p
Dξk = pq

11 Õàðàêòåðèñòè÷åñêèå ôóíêöèè. Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

ξ = ξ1 + iξ2 - êîìïëåêñíîçíà÷íàÿ ñëó÷àéíàÿ âåëè÷èíà
Eξ = Eξ1 + iEξ2

Äîêàæåì, ÷òî |Eξ| 6 E|ξ| (1) :
Íàïîìèíàíèå: z = |z|(cosϕ+ isinϕ) = |z|eiϕ
Eξ = |Eξ|eiϕ
|Eξ| = e−iϕEξ = E(e−iϕξ) 6 E|e−iϕξ| = E|ξ|

Îïðåäåëåíèå: ξ - ñëó÷àéíàÿ âåëè÷èíà, îïðåäåëåííàÿ íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,A,P),
òîãäà ïîä õàðàêòåðèñòè÷åñêîé ôóíêöèåé ïîíèìàþò: hξ(u) = Eeiuξ
Åñëè P(ξ = xk) = pk, òî hξ(u) =

∑
k

eiuxk · pk

Åñëè fξ(x), òî hξ(u) =
+∞∫
−∞

eiux · fξ(x)dx

Ñâîéñòâà:

1. |hξ(u)| 6 1
hξ(0) = 0

2. hξ(−u) = hξ(u)

3. ξ1, ..., ξn - íåçàâèñèìûå âåëè÷èíû
Sn = ξ1 + ...+ ξn

hSn(u) =
n∏
k=1

hξk(u)

4. η = aξ + b⇒ hη(u) = eiub · hξ(au)

5. hξ(u) íåïðåðûâíà íà R

Åñëè E(ξ)k <∞, òî Eξk =
1

ik
h

(k)
ξ (0)

Äîêàçàòåëüñòâà:

1. èç (1): |hξ(u)| = |Eeiuξ| 6 E|eiuξ| = 1

2. hξ(−u) = Ee−iuξ = E ˆeiuξ = ˆEeiuξ = ˆhξ(u)

3. eiuξk - íåçàâèñèìûå, ò.ê. hξk(u) - íåçàâèñèìûå è ξk - íåçàâèñèìûå

hSn(u) = Eeiu(ξ1+...+ξn) = E
n∏
k=1

eiuSk =
n∏
k=1

EeiuSk =
n∏
k=1

hξk(u)

4. hξ(u) = Eeiu(aξ+b) = EeiubEeiuaξ = eiubEeiuaξ = eiubhξ(au)

5. h′ξ(u) =
d

du
Eeiuξ = E(

d

du
eiuξ) = E(iξ)eiuξ = iE(ξeiuξ)

h′ξ(0) = iEξ
h′′ξ (u) = i2E(ξ2eiuξ)

h′′ξ (0) = i2Eξ2
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11.1 Òàáëèöà õàðàêòåðèñòè÷åñêèõ ôóíêöèé

1. Âûðîæäåííîå ðàñïðåäåëåíèå:
P(ξ = a) = 1
hξ(u) = eiau

2. Ðàâíîìåðíîå ðàñïðåäåëåíèå íà [a,b]:

fξ(x) =
1

b− a
I[a,b](x)

hξ(u) =
eibu − eiau

iu(b− a)

Åñëè [-a,a], òî hξ(u)
sin(au)

au

3. Ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå:
fξ(x) = λe−λxI(0,+∞)(x)

hξ(u) =
λ

λ− iu

4. Íîðìàëüíîå (Ãàóññîâî) ðàñïðåäåëåíèå N(a, σ2):

fξ(x) = 1
σ
√

2π
e
−(x−a)2

2σ2

hξ(u) = eiau−
σ2u2

2

Âû÷èñëåíèå:

1. hξ(u) = Eeiuξ = eiua

2. hξ(u) = Eeiuξ =
b∫
a

1

b− a
eiuxdx =

eiux

iu(b− a)

∣∣∣∣∣
x=b

x=a

=
eibu − eiau

iu(b− a)

Åñëè [-a,a], òî hξ(u) =
eiau − e−iau

iu2a
=
sin(au)

au

3. hξ(u) = λ
∞∫
0

eiux−λxdx = λ
∞∫
0

e−x(λ−iu)dx =
−λ

λ− iu
e−x(λ−iu)

∣∣∣∣∞
0

=
λ

λ− iu

4. Íàéäåì ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäåëåíèå N(0,1):

fη(x) =
1√
2π
e−

x2

2

hη(u) =
1√
2π

∞∫
−∞

eiuxe−
x2

2 dx =
1√
2π

∞∫
−∞

e−
x2

2 cos(ux)dx + i
1√
2π

∞∫
−∞

sin(ux)dx, i(...)=0, ò.ê. ýòî

èíòåãðàë íå÷åòíîé ôóíêöèè ïî ñèììåòðè÷íîìó ïðîìåæóòêó

h′η(u) = − 1√
2π

∞∫
−∞

e−
x2

2 x ·sin(ux)dx =
1√
2π

∞∫
−∞

sin(ux) ·d(e−
x2

2 )
ïî ÷àñòÿì

= 0− u√
2π

∞∫
−∞

e−
x2

2 cos(ux)dx

h′η(u) = −uhη(u)
[ln(hη(u))]′ = −u

ln(hη(u)) = −u
2

2
+ 0

hη(u) = e−
u2

2

Îáùèé ñëó÷àé:
ξ = ση + a

hξ(u)
ñâ-âî 4

= eiuahη(σu) = eiau−
σ2u2

2

Ëåêöèè 12-13
25.04.2015
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fξ(x) =
1

σ
√

2π
e−

(x−a)2

2σ2

hη(u) = e−
u2

2

ξ = ση + a

hξ(a) = eiahe−
σ2h2

2 = eiaue−
σ2u2

2

Fξ(x) = P(ξ 6 x) = P(ση + a 6 x) = P(η 6
x− a
σ

) = Fη(
x− a
σ

)

fξ(x) = F ′ξ(x) =
1

σ
fη(

x− a
σ

) =
1

σ
√

2π
e−

(x−a)2

2σ2

fη(x) =
1

2π
e−

x2

2

Eξ =
1

i
h′ξ(0)

Eξ2 = −h′′ξ (0)

Eη = −ih′η(0) = iue−
u2

2 |u=0 = 0 - ó ñòàíäàðòíîãî íîðìàëüíîãî ðàñïðåäåëåíèÿ
Dη = Eη2 = −h′′ξ (0) = u(hη(u))′ = [hη(u)u′ + u(h′ηu)] = 1
h′η(u) = −uhη(u)
Eξ = a
Dξ = σ2

Çàìå÷àíèå : Ïóñòü ξ - öåëî÷èñëåííàÿ ñëó÷àéíàÿ âåëè÷èíà ñ ïðîèçâîëüíîé ôóíêöèåé gξ(x) = Exξ
hξ(u) = gξ(e

iu)
hξ(u) = Eeiuξ

ξ (R,B,Pξ)
Pξ((a, b]) = Fξ(b)− Fξ(a)

Òåîðåìà 1: Ïóñòü ξ - ñëó÷àéíàÿ âåëè÷èíà è hξ(u) - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ∀a < b:

lim
R→∞

R∫
−R

e−iae−iub

iu
du =

1

2
(Pξ((a, b]) + Pξ([a, b)))

Òåîðåìà 2: Ïóñòü ξ - ñëó÷àéíàÿ âåëè÷èíà ñ õàðàêòåðèñòè÷åñêîé ôóíêöèåé hξ(u)
∞∫
−∞
|hξ(u)|du <∞. Òîãäà ξ èìååò àáñîëþòíî íåïðåðûâíîå ðàñïðåäåëåíèå è åãî ïëîòíîñòü

fξ(x) =
1

2π

∞∫
−∞

e−iuxhξ(u)du

Òåîðåìà 3: Ïóñòü h(u) íåïðåðûâíà íà R, h(0) = 1, h(u) = hξ(u) â òîì è òîëüêî òîì ñëó÷àå, åñëè
h(u) - ÿâëÿåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé ôóíêöèåé.
∀n u1, u2, ... un ∈ R, z1, ..., zn

n∑
k,l=1

h(uk−l)zkzl > 0

Äîêàçàòåëüñòâî:
Íåîáõîäèìîñòü
h(u) = hξ(u) = Eeiuξ
n∑

k,l=1

h(uk − ul)zkzl =
n∑

k,l=1

zkzlEei(uk−ul)ξ = E(
n∑

k,l=1

zkzle
iukξe−iulξ) = E(

n∑
k,l=1

zke
iukξ · zleiulξ) =

= E[(
n∑
k=1

zke
iukξ)(

n∑
l=1

zle
iulξ)] = E(|

n∑
k=1

zke
iukξ|2) > 0 e−iuξ = eiuξ
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Îïðåäåëåíèå: Fn(x)
ñõîäèòñÿ ñëàáî⇒ F (x), åñëè lim

n→∞
Fn(x) = F (x) â êàæäîé òî÷êå íåïðåðûâíîé ôóíê-

öèè F.
Òåîðåìà 4 (ñõîäèìîñòè): ξn, Fn(x), hn(u)

1) Åñëè Fn ⇒ F h, òî hn(u)→ h(u), n→∞ ∀u ∈ R
2) Ïóñòü hn(u)→ h(u), h - íåïðåðûâíà â íóëå
Òîãäà h - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ íåêîòîðîãî ðàñïðåäåëåíèÿ F è Fn ⇒ F

11.2 Âèäû ñõîäèìîñòè

Îïðåäåëåíèå: Ñõîäèìîñòü ïî âåðîÿòíîñòè. ξn
P→ ξ, åñëè ∀ε > 0 âûïîëíÿåòñÿ lim

n→∞
P(|ξn − ξ| > ε) = 0

Îïðåäåëåíèå: ξn
ïî÷òè íàâåðíîå→ ξ, åñëè P(ω : lim

n→∞
ξn(ω) = ξ(ω)) = 1

Îïðåäåëåíèå: ξn
Lp→ ξ ñõîäèòñÿ â ñðåäíåì ïîðÿäêà p, p>0, åñëè E|ξn − ξ|p → 0 ïðè n→∞

Îïðåäåëåíèå: Ïî ðàñïðåäåëåíèþ. ξn
d→ ξ, åñëè Fξn ⇒ Fξ

Òåîðåìà 5: Ïóñòü ξn, ξ îïðåäåëåíû íà îäíîì è òîì æå âåðîÿòíîñòíîì ïðîñòðàíñòâå.

(1) Åñëè ξn
ï.í.→ ξ, òî ξn

P→ ξ

(2) Åñëè ξn
Lp→ ξ, òî ξn

P→ ξ

(3) Åñëè ξn
P→ ξ, òî ξn

d→ ξ

Äîêàçàòåëüñòâî:
Äëÿ ε > 0
Aεn - ñîáûòèå
Aεn = ω : |ξn(ω)− ξ(ω)|
ξn

P→ ξ ⇔ P(Aεn)→ 0 ∀ > 0 ïðè n→∞
(1)
ξn

ï.í.→ ξ
ε > 0 Bε

n = ω : sup
k>n
|ξk(ω)− ξ(ω)| > ξ

Aεn ⊂ Bε
n

Bε
n ↘ Bε =

⋂
Bε
n ⊂ ω : ξn(ω) 9 ξ(ω)

P(Bε) = 0
P(Bε

n → Bε) = 0
0 6 P(Aεn) 6 P(Bε

n)
(2)

ξn
Lp→ ξ, p > 0

P(Aεn) = P(|ξn − ξ| > ε) = P(|ξn − ξ|p > εp) 6
E|ξn − ξ|p

εp
→ 0

(3)
Fn(x) = Fξn(x) F (x) = Fξ(x) Fn ⇒ F
F (x− ε) 6 lim

n→∞
Fn(x) 6 lim

n→∞
Fn(x) 6 F (x+ ε)

{ξ 6 x− ε} ⊂ {ξn 6 x} ∪Aεn
{ξn 6 x} ⊂ {ξ 6 x+ ε} ∪Aεn
F (x− ε) = P(ξ 6 x− ε) 6 P(ξn 6 x) + P(Aεn) = Fn(x) + P(Aεn)→ 0⇒
F (x− ε) 6 lim

n→∞
Fn(x)

Fn(x) 6 F (x+ ε) + P(Aεn)→ 0
lim
n→∞

Fn(x) 6 F (x+ ε)

F (x) = lim
n→∞

Fn(x)
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Ïðèìåð 1:

ξn
ï.í.→ ξ, íî ξn

Lp9 ξ
Ω = [0, 1], A = B, P
ξn(ω) = n

1
p I[0, 1

n
](ω)

ξn(ω)
ï.í.→ ξ(ω) ≡ 0

E|ξn − ξ|p = E|ξn|p = nP([0, 1
n ]) = 1

Ïðèìåð 2:

ξn
L1→ ξ, íî ξn

ï.í.9 ξ
Åäèíè÷íàÿ îêðóæíîñòü

Ω = π A = B

P =
mesA

2π

An =

{
ω = eiϕ :

n−1∑
k=1

1

k
6 ϕ 6

n∑
k=1

1

k

}
E|ξn| = P(An) =

1

2n
→ 0

ξn
L1→ ξ ≡ 0

Öåíòðàëüíàÿ òî÷êà áóäåò ïðèíàäëåæàòü áåñêîíå÷íîìó ÷èñëó ÷åãî-òî òàì.

11.3 Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

Ïóñòü ξ1, ξ2, ... - ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí, òà-
êèõ, ÷òî Eξn = a, Dξn = σ2

∀x ∈ R
Sn = ξ1 + ...+ ξn

lim
n→∞

P
(
Sn − na
σ
√
n

6 x

)
=

1√
2π

x∫
−∞

e−
u2

2 du = Φ(x)

Äîêàçàòåëüñòâî:

Íóæíî äîêàçàòü, ÷òî ζ =
Sn − na
σ
√
n

d→ η (êîòîðàÿ èìååò ñò. íîðìàëüíîå ðàñïðåäåëåíèå, η ∈ N(0, 1))

ζn → η ⇔ hζn(u)→ hη(u) = e−
u2

2 ∀u

ξ̂n =
ξn − a
σ

Eξ̂n = 0 Dξ̂n = Eξ̂n
2

= 1
h(u) = hξ̂n(u)
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h(0) = 1 h′(0) = 0
Eξ̂n = −h′′(0) h′′(0) = −1

h(u) = 1− u2

2 +O(u2)

1√
n

n∑
k=1

ξ̂n = ζn =
n∑
k=1

ξ̂n√
n

hζn(u) =

(
h ξ̂n√

n

(u)

)n
=

(
1− u2

2n
+O(

u2

n
)

)n
n→∞ u

n
→∞

lim
n→∞

hζn(u) = lim
n→∞

e
nln
(

1−u
2

2n
+O(u

2

n
)
)

= e−
u2

2

Eζn(x)→ Φ(x)

Òåîðåìà 7: Sn - ÷èñëî óñïåõîâ â ñõåìå Áåðíóëëè. 0 < p < 1 a < b

lim
n→∞

P(a 6
Sn − np√

npq
6 b) =

1√
2π

b∫
a

e−
x2

2 dx = Φ(b)− Φ(a)

Äîêàçàòåëüñòâî:
Eξn = p
Dξn = pq

Òåîðåìà 8 (Çàêîí Áîëüøèõ ÷èñåë â ôîðìå Õèí÷èíà): ξ1, ξ2, ... - ïîñëåäîâàòåëüíîñòü íåçà-
âèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí. Eξn = a, ∀ε > 0, Sn = ξ1 + ...+ ξn

lim
n→∞

P(|Sn
n
− a| > ε) = 0

Â çàêîíå ×åáûøåâà òðåáóåòñÿ îãðàíè÷èòü σ2

Äîêàçàòåëüñòâî:
Sn
n

P→ a

hSn
n

(u)→ eiau

h(u) = hξn(u)
h(u) = 1 h′(0) = iEξn = ia
h(u) = 1 + iau+O(u)
hSn(u) = (h(u))n

hSn
n

(u) =

(
1 +

iau

n
+O(

u

n
)

)n
= enln(1+ iau

n
+O(u

n
)) → eiau ïðè n→∞

FSn
n

(x)→ F (x)

P(η = a) = 1

a− ε, a+ ε - òî÷êè íåïðåðûâíîñòè
FSn

n
(a− ε)→ F (a− ε)

FSn
n

(a+ ε)→ F (a+ ε) = 1

ôèêñ. ξ > 0

P
(
|Sn
n
− a| > ε

)
6 P

(
Sn
n

6 a− ε
)

+ P
(
Sn
n

> a+ ε

)
= FSn

n
(a− ε) + (1− FSn

n
(a+ ε))→ 0 ïðè n→∞

Ëåêöèÿ 14
08.05.2015
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12 Ìàðêîâñêèå öåïè

x1, ..., xr - âîçìîæíûå ñîñòîÿíèÿ ñèñòåìû (ñîñòîÿíèÿ ìîãóò àññîöèèðîâàòüñÿ ñ íîìåðîì, íàïðèìåð
x1 ≡ 1, xr ≡ r).

τ = 0, 1, 2, ..., T - äèñêðåòíîå âðåìÿ

Ýëåìåíòàðíûé èñõîä ω = (ω0, ..., ωT ) - ïîñëåäîâàòåëüíîñòü ñîñòîÿíèé.
P((ω0, ..., ωT ) = (i0, ..., iT )) = P({ω0 = i0}) · P({ω1 = i1}|{ω0 = i0}) · ... · P({ωT = iT }|{ω0 = i0, ..., ωT−1 =
iT−1}), ij ∈ {x1, ..., xr}

Ìàðêîâñêîå ñâîéñòâî: ωT = iT çàâèñèò òîëüêî îò ïðåäûäóùåãî ñîñòîÿíèÿ ωT−1 = iT−1.
Òîãäà P((ω0, ..., ωT ) = (i0, ..., iT )) = P({ω0 = i0}) ·P({ω1 = i1}|{ω0 = i0}) · ... ·P({ωT = iT }|{ωT−1 = iT−1})

Îäíîðîäíîñòü (ïî âðåìåíè) - P(ωt+1 = it+1|ωt = it) íå çàâèñèò îò t. Ïåðåõîä èç îäíîãî ñîñòîÿíèÿ
â äðóãîå íå çàâèñèò îò âðåìåíè ðàçâèòèÿ ñèñòåìû.
pi(0) - âåðîÿòíîñòü òîãî, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè ñèñòåìà áóäåò íàõîäèòñÿ â ñîñòîÿíèè i,
i=1,...,r
pij = P(ωt+1 = i|ωt = i) - âåðîÿòíîñòü ïåðåõîäà ñèñòåìû èç ñîñòîÿíèÿ i â ñîñòîÿíèå j çà åäèíèöó âðåìåíè.

Ñòàõîñòè÷åñêàÿ ìàòðèöà - P = (pij) - îïðåäåëÿåò îäíîðîäíóþ öåïü Ìàðêîâà.
Ñâîéñòâà ìàòðèöû:
1) pij > 0

2)
r∑
j=1

pij = 1

pi(t) - âåðîÿòíîñòü òîãî, ÷òî â ìîìåíò âðåìåíè t ñèñòåìà áóäåò â ñîñòîÿíèè i.

pij(t) = P(ωt = j|ω0 = i) - âåðîÿòíîñòü òîãî, ÷òî, íàõîäÿñü â ñîñòîÿíèè i, ÷åðåç âðåìÿ t ñèñòåìà
ïåðåéäåò â ñîñòîÿíèå j.

Óðàâíåíèå Êîëìîãîðîâà-×åïêèíà:

pij(t+ s) =

r∑
k=1

pik(t) · pkj(s) (1)

Äîêàçàòåëüñòâî:
Ââåäåì ãèïîòåçû H1, ...,Hn.

P(A|B) =
P(AB)

P(B)
=

n∑
k=1

P(ABHk)

P(B)
=

n∑
k=1

P(A|BHk)P(BHk)

P(B)
=

n∑
k=1

P(Hk|B)P(A|BHk)

pij(t+ s) = P(ωt+s = j|ω0 = i) =
r∑

k=1

P(ωt = k|ω0 = i) · P(ωt+s = j|{ω0 = i}{ωt = k}) =!!!

P(ωt+s = j|{ω0 = i}{ωt = k}) = P(ωt+s = j|ωt = k) (ïî ìàðêîâñêîìó ñâîéñòâó)
P(ωt+s = j|ωt = k) = pkj(s) (ïî óñëîâèþ îäíîðîäíîñòè)

!!! =
r∑

k=1

pik(t)pkj(s)

P (t+ s) = P (t) · P (s)
P (t) = P t

pi(t) =
r∑

k=1

pk(0)pki(t)

12.1 Òåîðåìà î ïðåäåëüíûõ âåðîÿòíîñòÿõ

Ïóñòü P (t) = (pij(t)) è ïðè t0 : pij(t0) > 0. Òîãäà ∀j = 1, ..., r

∃ lim
t→∞

pij(t) = pj (*)
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pj > 0, íå çàâèñèò îò i è ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñèñòåìû:

r∑
k=1

pkjλk = λj

r∑
k=1

λj = 1

(2)

Äîêàçàòåëüñòâî:
mj(t) = min

16k6r
pkj(t)

Mj(t) = max
16k6r

pkj(t)

pij(t+ 1) =
r∑

k=1

pik · pkj(t) 6Mj(t)
r∑

k=1

pik = Mj(t)

Mj(t+ 1) 6Mj(t)
mj(t) 6 mj(t+ 1) 6Mj(t+ 1) 6Mj(t)
Åñëè [Mj(t)−mj(t)]→ 0, òî èç mj(t) 6 pij(t) 6Mj(t) ñëåäóåò, ÷òî pij(t) ñõîäèòñÿ. Äîêàæåì ýòî:
Âîçüìåì ïðîèçâîëüíîå t0.
ε = min

16i,j6r
pij(t0), 0 < ε < 1

pij(t0+t) =
r∑

k=1

pik(t0)pkj(t) =
r∑

k=1

(pik(t0)−εpjk(t))pkj(t)+ε
r∑

k=1

pjk(t)pkj(t) 6Mj(t)·
r∑

k=1

(pik(t0)−εpjk(t0))+

εpjj(2t)
pij(t0 + t) 6 (1− ε)Mj(t) + εpjj(2t)
Àíàëîãè÷íûì ñïîñîáîì ïîëó÷èì:
pij(t0 + t) > (1− ε)mj(t) + εpjj(2t)
Ò.ê. âûøåóêàçàííûå âûðàæåíèÿ âåðíû äëÿ ëþáûõ i, òî è äëÿ max è min.
Mj(t0 + t) 6 (1− ε)Mj(t) + εpjj(2t)
mj(t0 + t) > (1− ε)mj(t) + εpjj(2t)
Mj(t0 + t)−mj(t0 + t) 6 (1− ε)(Mj(t)−mj(t))
Âîçüì¼ì ïðîèçâîëüíîå k.
Mj(kt0 + t)−mj(kt0 + t) 6 (1− ε)(Mj((k − 1)t0 + t)−mj((k − 1)t0 + t)) 6 ... 6 (1− ε)k(Mj(t)−mj(t))
(1− ε)k → 0, ïðè k →∞
Ìû íàøëè ïîñëåäîâàòåëüíîñòü ÷èñåë tk = kt0 + t→∞ è Mj(tk)−mj(tk)→ 0. Ñóùåñòâîâàíèå ïðåäåëà
äîêàçàíî.

pij(t0) > mj(t0) > ε
pj = lim

t→∞
pij(t) > ε

r∑
j=1

pj = lim
t→∞

r∑
j=1

pij(t) = 1

Âòîðîå ðàâåíñòâî äîêàçàíî.

Ëåêöèÿ 15
22.05.2015

13 Âåòâÿùèåñÿ ïðîöåññû

Ðàññìîòðèì ìîäåëü Ãàëüòîíà-Âàòñîíà.
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ξk - êîëè÷åñòâî ýëåìåíòîâ íà k-îì øàãå.
ξ0 = 1, ξ1, ξ2, ...

P(ξ1 = k) = pk, pk > 0,
∞∑
k=0

pk = 1

An = {ξn = 0}
A =

∞⋃
n=1

An - ïðîöåññ âûðîäèëñÿ

P(A) = q - âåðîÿòíîñòü âûðîæäåíèÿ ïðîöåññà
An ↗ A P(A) = lim

n→∞
P(An)

m = Eξ1

m=1 - êðèòè÷åñêèé ïðîöåññ
m>1(=∞) - íàäêðèòè÷åñêèé ïðîöåññ
m<1 - äîêðèòè÷åñêèé ïðîöåññ

f(x) =
∞∑
k=0

pkx
k = gξ1(x) = Exξ1

Òåîðåìà 1 [î ñëó÷àéíîé ñóììå ñëó÷àéíûõ âåëè÷èí]: Ïóñòü η1, η2, ... - ïîñëåäîâàòåëüíîñòü
íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí. gη(x) - èõ ïðîèçâîäÿùÿÿ ôóíêöèÿ. ν -
ñëó÷àéíàÿ âåëè÷èíà, íå çàâèñèìàÿ ñ ïðåäûäóùèìè. Å¼ ïðîèçâîäÿùÿÿ ôóíêöèÿ gν(x).
Sν = η1 + η2 + ...+ ην . Òîãäà

gSν (x) = gν ◦ gη(x) = gν(gη(x))

Äîêàçàòåëüñòâî:

gSν (x) = ExSν =
∞∑
k=0

E(xSν I{ν=k}) =
∞∑
k=0

E(xSkIν=k) =
∞∑
k=0

(
k∏
j=1

Exηj ) · (P(ν = k)) =
∞∑
k=0

(gη(x))k · P(ν = k) =

gν(gη(x))

Òåîðåìà 2 [Âàòñîíà]: ξ0 = 1, ξ1, ξ2, ... f(x) = Exξ1 Òîãäà

gξn(x) =

n ðàç︷ ︸︸ ︷
f ◦ f ◦ ... ◦ f(x)

Äîêàçàòåëüñòâî:

ξn = η1 + ...+ ηξn−1

gηk(x) = f(x)
gξn(x) = gξn−1(x) ◦ f(x) = gξn−2 ◦ f ◦ f(x) è ò.ä.

Òåîðåìà 3: Ïóñòü ξ0 = 1, ξ1, ξ2 - ïðîöåññ Ãàëüòîíà-Âàòñîíà ñ ïðîèçâîäÿùåé ôóíêöèåé
f(x) = gξ1(x) = Exξ1 . Òîãäà

q = lim
n→∞

fn(0) è q - íàèìåíüøèé íåîòðèöàòåëüíûé êîðåíü óð-íèÿ f(x)=x

Äîêàçàòåëüñòâî:
P(An) = P(ξn = 0) = gξn(0) = fn(0)

f ′(x) =
∞∑
k=1

kpkx
k−1 > 0 (0 < x < 1)

f ′′(x) > 0
· · ·
f(0) = po > 0
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f(α) = α
0 < α < 1
f(0) < α < f(1) = 1
f2(0) < α < 1
· · ·
fn(0) < α ∀n

Òåîðåìà 4: Ïóñòü ξ0 = 1, ξ1, ξ2, ... - ïðîöåññ Ãàëüòîíà-Âàòñîíà f(x) = Exξ1 . Òîãäà, åñëè ïðîöåññ
êðèòè÷åñêèé èëè äîêðèòè÷åñêèé, òî q=1, åñëè íàäêðèòè÷åñêèé, òî 0 6 q < 1.
Äîêàçàòåëüñòâî:
Eξn = g′ξn(1) = (fn)′(1) = f ′(fn−1(1)) · f ′(fn−2(1)) · ... · f ′(1) = mn

1)
m = f ′(1) 6 1, 0 6 x < 1
0 < f ′(x) < 1
1− f(x) = f ′(θ) · (1− x) < 1− x, x < θ < 1
Êîðíåé íåò è q=1.
2)
m=f'(1)>1
Åñëè p0 = f(0) = 0, òî q=0
Åñëè p0 = f(0) > 0, òî f ′(x0) > 1
1− f(x0) = f(0)(1− x0) > 1− x0

f(x0) < x0

Ðàññìîòðèì ϕ(x) = f(x)− x
ϕ(0) > 0

ϕ(x0) < 0

∣∣∣∣∣⇒ ∃q ∈ (0, x0) : ϕ(q) = 0

Òî q - êîðåíü óðàâíåíèÿ è 0 6 q < 1.
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