JIEKIIN Y 19

IN®PEPEHIIVAJIBHBIE
YPABHEHUYA AHAJIUTUYECKOMN
INHAMUKMN.
IIPEOBPA3OBAHUE JIEXKAHJIPA.
YPABHEHUYA TAMUJIBTOHA.
MHTETPAJI IKOBU

1. JTuddepennmaabHble YypaBHEHUSI AaHAJINTUYIECKOMN IH-
HaMUKU

Hauném 3Ty JIeKnuio ¢ TeMbl, KOTOpas ObLIa YaCTUYHO PACCMOTPEHA B IIPOIILIOM CEMECTPE —
¢ andpdepeHInaIbHbIX YPAaBHEHU aHAJINTUYECKON AJUHAMUKW. Bl 10BOJIBHO 110~
JpoOHO M3ydeHbl ypaBHeHus Jlarpanka Broporo poja. HamoMHIM HEKOTOPBIE BayKHbBIE JJIS
IIOCJIETYIOIIETO MaTepruaJsia CBeJIeHUs.

PaccmarpuBaercsa romonoMHasa cucremMa, B KOTOPOU BBEJIEHBI 0OOOIEHHBIE KOO IMHATHI
41595, - q,- Pyaxmua Jlarpanka 3aBUCHT OT OOOOIIEHHBIX KOOPJAUHAT, CKOPOCTEH 1, MOXKET
OBbITH, BpeMeHu. Bpimuiem ypaBuenus Jlarpan:ka BTOPOTo pojia, KOTOPbIe MOXKHO JIjIsd KpaT-
KOCTU Ha3bIBaTh ypaBHeHUAMH Jlarpamxa:

iaL B oL
dtdq;  0g; -

i=1,2,..,n. (19.1)

Ecmu nanbl HavaabHBIE YCJIOBUSA, TO €CTh BCE ¢; U ¢; B MOMEHT BPEeMeHH %, 3aJlaHbl, TO,
unTerpupys ypasuerus (20.33), MOKHO HAATH 0OOOIIEHHBIE KOOPJMHATHI B JIFOOOM 1IOCIIETy-
IOIUit MOMEHT BpeMeHU. [y1aBHbIe TepeMenHble B ypaBHeHuax Jlarpamxa — 310 ¢; u t. Ecin
PENNTH 3Ty CUCTEMY YPaBHEHHU, KOHEYHO, MOYKHO IIOJIyYUTh U OOOOIIEHHBIE CKOPOCTH ¢,;. B
N-MEPHOM TPOCTPAHCTBE OOOOIEHHBIX KOOPJAUHAT MOJIOKEHNE CUCTEMBI B OIPEIEIEHHBIA MO-
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¢ Puc. 19.1

MEHT BpeEMEHU COOTBETCTBYET TOYKE B 9TOM IIPOCTPAHCTBE, a ABU2KCHHUEC CUCTEMbI IIPOUCXOAUT
[0 HEKOTOPOIi TPaeKTOpUH B 9TOM TpocTpancTse (puc. 19.1).

q Puc. 19.2

MozKkHO Tak»kKe paccMaTPpUBATH JIBUKEHUE CUCTEMbBI B PACIIMPEHHOM KOOPIWHATHOM IIPO-
CTPAHCTBe, TJie KpoMe OOOOIIEHHBIX KOODIMHAT MMEeTCsl TakyKe nepeMmenHas t (puc. 19.2).
Eciin B MOMeHT BpeMeHU ¢, 3aJJaHBI BCE ¢;, TO TPAEKTOPUs B 3TOM IIPOCTPAHCTBE, COOTBET-
CTBYIOIIAsI IBUZKEHUIO CUCTEMbI, HAUUHAETCSI B TOUKe (q;,t,) U TAKOBa, 9TO BpeMs | Ha Heil
MOHOTOHHO.

Yepes KaxKIyo TOYKY U B TOM, U B JIPYTOM IIPOCTPAHCTBE MOXKHO IIPOBECTH OECKOHEYHOE
YHUCJI0 KPUBBIX, IIOTOMY 9TO OOOOIEHHBIE CKOPOCTU OCTAIOTCsA ¢BOOOHBIMU. [[oaTOMY HATIISA -
HO TIPEJICTABUTDH cede JIBUXKEHHME CUCTEMbI B KOOPIMHATHOM W/ PACITUPEHHOM KOOPIMHATHOM
IIPOCTPAHCTBE He MPEJICTABJIAETCS BO3MOXKHBIM: PEIIeHHe OIPEIe/ISIeTCs He TOJIbKO HavaIbHbI-
MM KOODJIMHATAMU, HO U CKOPOCTSIMU, KOTOPBIE, BOOOIIE TOBOPsI, MOTYT OBITH IIPOU3BOJIbHBIMH.

Beeném HOBYIO mepeMeHHYO: 0003HAYNM O0OOOIIEHHBIE CKOPOCTH ¢; Kak 7,. Torma cucrema
ypaBHEHUH Oy/IeT BBITVISIETh TaK:

q;, =715, 1=1,2,...,n;

d 0L 0L 19 (19.2)
—_— = 1= e, T

dtor, 9dq; T

Cucrema ypaptenuii (19.2) comep:kut 2n ypaBHEHU TEPBOTO MOPSIIKA, HEM3BECTHBIE B
Hell — BeJIMYUHBI ¢; U ;. Terepb MOKHO IIPEJICTABIATH JIBUKEHNE B IIPOCTPAHCTBE KOODIMHAT
U CKOPOCTEl, TOTIa KapTuHa OyaeT 0oJiee HATJIsATHOM.

B kmaccuyeckoit MexaHuKe, ecjiv 3aJlaHbl BEJIMYUHBI ¢ U ¢, TO OOOOIEHHBIE YCKOPEHUST
OTIPEJIC/IAIOTCH YPABHEHUSMHU JIBUKEHU, IIOTOMY YTO MOYKHO BBIYUCJIUTH BCE CHUJIbI, JIEACTBY-
folye Ha cucTteMy. TakuM o0pa3oM, 3Hasi HaYaJIbHbIE KOOPAWMHATHI U CKOPOCTH, MOYKHO y3HATD
BCE JTaJibHEllIee IBUKeHrne cucteMbl. [103TOMy TpaekTopun B TPOCTPAHCTBE KOOPJIMHAT M CKO-
pOCTefI 6y,ZLYT Y2Ke He CTOJIb 3allyTaHHBIMH, KaK B YMCTO KOOPDAWHATHOM IIPEACTaBJICHUU. €CJIN
3a/1aHO, UTO OIPEJIeIEHHAsT TOYKA MPUHAIEKUT TPAEKTOPHUHU, TO aBTOMATUIECK M3BECTHA U
Bcd TpaekTopus. [lepemennbie q, ¢, t Ha3bIBalOTCA IIepeMeHHbIMU JlarpaH»ka, moroMmy 4To
OT HUX 3aBUCAT ypaBHeHHd Jlarpamxa.

Kpowme 7, = ¢;, MO2KHO BBeCTH U JPyTHe 3aMeHBI IEPEMEHHBIX, YTOOBI CBECTH yPaBHEHN
Jlarpanka K ypaBHEHUSM IEPBOTO MOPSIKA.
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By,HeM opearoJiararb, 9TO OIIpeae/InTe/Ib I'ecca oTymmuen ot HYJIA:

oL "

9q; Oy, 7 ( )

i,k=1

B ciydae HaATYpaJIbHOI CHCTEMBI 3TO YCIOBUE BCET/a BBIOJHAETCA. BBEIEM Cie Iy ronTyio
BEJIMYNHY

oL
b = 5=
9q;
Bennunaa p; — 3T0 000OHIEHHBIA MMITYJIbC, COOTBETCTBYIONINIT 0OOOIIEHHON KOOPIHU-
HaTe ¢;. DTO OYeHb €CTECTBEHHOE IOHSATHUE, U €0 (PU3NIECKUN CMBICT CKOPO CTAHET ITOHSITEH.
st 9TOrO MpUBESIEM JIBA IIPUMEDA.
1). Paccmorpum cBOGO/IHOE JIBUZKEHNE MATEpUAJILHON TOYKU BJIOJIb ocu x. Fé dyHKIims
oL
. .. oz
ma. Takum oO6pazom, 00OOIIEHHBIN UMITYIbC TOYKHU 110 KOOPJIMHATE T — ITO OOBIYHBINA UMILYJIHC
9TOU TOYKHU.

i=1,2,...,n. (19.4)

. . 2 .. [y 2 . —_—
Jlarpamxka L = §mx . OGOOIIEHHBIN UMITYJIbC, COOTBETCTBYIOMINN KOODIUHATE T: P, =

2). IlycTb TBEPHOE TEIO CBOGOIHO BpAIAETCS BOKPYT HEIMOJBUXKHOM ocu. J — MOMEHT

1 .
WHEPITUH STOTO TeJsia BOKPYT ocu Bpamennd. Oyukiumda Jlarpamxka TBépmoro Tena L = §J 2,

re ¢ — yroJi MOBOpOTa TeJjia BOKPYT HEMOJBUXKHOI ocu. Paccuntaem oOOOIIEHHDBIN UMITYJIHC

1O KOOPJIMHATE @8 Py = 8_g25 = J¢. D10 He 9TO MHOEe, KAK KUHETUIECKUI MOMEHT TeJia OTHO-

CUTETbHO OCU BPAIIEHUSI.

Takum obpazom, MoHATHE OOOOIIEHHOTO UMITYJIBCA PACIIUPSIET TOHATHE UMITYJIbCA JIjI 0000-
MIEHHBIX KOOPJAWHAT IIPOU3BOJILHOIO BUJa. Kpome Toro, BBeJieHUE 3TOrO MOHATHS B MEXaHUKE
OKa3aJI0Ch OYeHb ILJIOIOTBOPHO. [Ipu BeimosiHenun yeaoBust (19.3) MOXKHO paspemuTb OTHO-
cuTeNbHO CKopocteil pasencrsa (19.4):

(ii :q.i(qh"'aqn7p17"'7pn7t)' (195)

[Tepemennbie ¢, p u t HA3BIBAIOTCHA MTePEMEHHbIMU ['aMUIbTOHA WM KAHOHUYECKUMU
IIEPEMEHHBIMHU. ¢; U P, DU STOM HA3bIBAIOTCS KAHOHUYECKU COMPSI>KEHHBIMU II€PEMEH-
abiMu. [lepemennubie [aMuIbTOoHA MOYKHO BBIDA3UTh Yepe3 mepeMeHHble Jlarpamxka (paBen-
ctBo (19.4)), a npu BeinoHeHuu yciaosust (19.3) u nepemenusie Jlarpanka MOYKHO BbIPA3UTh
qepes repeMenHbie ['aMuibToHA.

[TokazkeMm, ouemMy BBejleHHE OOOOIEHHBIX UMILYJILCOB BaXKHO JIJI TEOPETHUIECKON MeXa-
HUKU. B KOHIIE TPeIblIyIero ceMecTpa Ijia pedb 006 MHTerpajax ypaBHeHuil Jlarpamxka.
BBomuitocs nousTHE NuKIMYecKUX KoopauHaT. Hamomunm, 0600mEHRAsT KOODINHATA ¢, Ha-

3bIBaeTCd IMUKJIm4deckom, eciim — = (0. Takux KoopJmHAT MOXKET ObITh HECKOJIBbKO. Jljis
(0%
MUKJIUIECKAX KOOPJAMHAT CIPABEIJIMBO BaXKHOE YTBEPKIECHUE.

Teopema 27 OO600mIEHHBIII UMITYJIbC, COOTBETCTBYIOIINI IUKJIMIECKON KOOpAUHATE ¢, , IO-
CTOdAHEH: p, = ¢, = const. *

Hoxk-Bo: Hanumewm ypasuenne Jlarpamxka (20.33) mo koopjuHare i = «:

d OL oL d OL d
J— - —_ = — - = —pa = 0, (19.6)
dtdq, 0Oq dtdq, dt
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ITockosbKy mpon3BO/IHASI IO BPEMEHU OT P, PaBHA HYJIIO, TO 3TOT OOOOIIEHHBII NMITYJIBC
IIOCTOSIHEH BO BPEMEHM. [ |

BaMeTI/IM, 9TO 9Ty TeOpeMy MOXKHO IIPDUMMEHHUTDH K JIBYM HCEJIaBHO PAaCCMOTPEHHBIM IIpUME-
paM. B IIEPBOM M3 HUX KOOpAHWHaTa TOYKH T — HUKJIMYIECKad KOOpAUHATa, II03TOMY MMIIYJILC
BJIOJIb OCU & COXpaHsgeTcd. Bo BTOpOM yToJ1 IMOBOpPOTa TBEPJIOTO TeJia ¢ BOKPYT HEIOIBUK-
HOI OCH gBJIACTCH HUKJIMYECKON KOOPAMHATOMN, II03TOMY KMHETUYECKUI MOMEHT OTHOCUTEJIbBHO
3TOI OCU COXPaHAETCA.

2. O npeobpazoBanum Jlexkanapa

IIpeobpazoBanue Jlexkanpa Ba)KHO HE TOJBKO B pa3/iejie aHAJIUTUIECKON TUHAMUKU, HO U
B €CTECTBO3HAHWU B 1eJIOM. Jlexkanip, dppaniy3ckuit MmaremaTnk, B Konie X VIII Beka mpu
n3ydeHun JruddepeHImaabHbIX YPaBHEHUN PEIOXKUIT TTPeodpPa3oBaHue, KOTOPOE MOJIYIUIIO0
IIpUMEHEeHnEe KaK B MaTeMaTHKe, TaK U B (PUIUKE.

Paccmorpum HekoTOpy1o dyHKIHIO X, KOTOpas 3aBUCUT OT apryMeHTOB Ty, Ty, ..., T, H,
MOZKET OBITh, OT IAPaMETPOB vy, Oy, ..., &, . lIpeanonoxum, uro onpenenurens lecca s
9TOI (PYHKIMU HE paBeH HYJIIO:

X "
det || m——— 0. 19.7
¢ Ox,; Oz, 7 (197)
i,k=1
Bseniém nepemennbie y Takue, 4TO
0X
yl_a_:ci’i:LQ""’n' (19.8)
Tak:xe BBeIEM PyHKIINIO Y TaKyio, UTO
Y =) yz —X. (19.9)
i—1

IIpraém Y — 910 byHKIMS HOBBIX MEPEMEHHBIX Y; W ADAMETPOB (r;, €CJIM TAKOBbIE ObLIN
y dyukmun X. B Beipaxkennn (19.9) mpesgmosaraercs, 9To BETHUUHBI T; 3aMEHEHBI CBOW-
MW BBIPAKEHUSIMU 9epe3 IMePeMEeHHbBIE Y, a 9TO BCErIa MOYXKHO CIe/aTh, IIOTOMY YTO BBITOJI-
ustercst ycqopue (19.7). @yuruus Y (yy, .., Y,; Oy, .- , O, ) HA3bIBAETCS TIPeobpa3oBaHUEM
JIexxauapa dysxnun X (2, ..., 2,504, ..., «, ). Takxke npeobpazoanuem Jlexkanapa HA3bI-
BaeTCs Iepexo] OT BendnH X, © K BeJuduHaMm Y, y.

0X
IIpumep 14 Ilycts X = x%, napameTpos HeT. BBoauM IepeMeHHYIO i = e 2x. YcioBue
x
2
1
(19.7), KOHEYHO, BBINOJHSAETCS, TIOTOMY YTO o 2 # 0. Orcroga osrydaeM, 9To T = 3 Y-
x
1 1 2 y2
CocraBnsgem byukiuio ¥ =yr — X =y v—\3v) =7 *

Teopema 28 (Teopema Toukunua) IlpeoGpazosanue Jlexanapa X,z — Y,y umeer 06-
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paTHOe peoOpa3oBaHre, IPUIEM B 00OpaTHOM ITPe0OPaA30BaAHUN

oY
g, =, i=1,2,...,n, (19.10)
ayi
a IPOM3BOJHLIE II0 IIapaMeTPaM CBA3AHbI COOTHOIICHUAMMU
5)4 o0X
el i=1,2,...,m. 19.11
6aj 8aj J m ( )

*

Hok-Bo: Boruuciaum npuparienvne GyHKIuu Y Kak (QYyHKIIUIO TPUPAIIEHTI TEPEMEHHBIX Y U
mapamMeTpoB «:

"L Y T Y n " 9X m_o9xX
5Y:Z;8—yi5yi+ b, =) (y; 6w, + 2, 0y,) — Y 0w, — Y 0. (19.12)

j=1 ao‘j i=1 i=1 Oz, j=1 aaj

0X

Benmwaune!l y;, 0r 1 ———0dx, B3aUMHO YHHYTOXKAIOTCSH, TaK KaK CIpaBenBa (QOpMy-
i
ga (19.8) Tenepp npupaBHsieM BeJIUYWHBI B TPaBoil u JjieBoil dactsax (19.12) mpu coorBer-

crBytomux guddepennnanax. Ecin npupaBaaTs KoabdUImenTsl 1pu §y,, TO MOJYyIUTCA CO-
ornomternue (20.17), a ecn npupaBHATL Ko burmenTs npu da; — coornonrenne (19.11). W

[IpeobpaszoBanue Jlexkanapa obJiamaeT CBOCTBOM MHBOJIIOTUBHOCTH, TO €CThb €CJIA JIBa-
2KJIbI TIOCJIE/IOBATEILHO IPUMEHUTH IpeobpaszoBanue Jlexkanapa, TO pe3yabTaToM OyIeT uc-
xomHas pyHKIuUdA. UHbIME clioBaMu, JIBaxKIbl TpUMEeHEHHOE ITpeobpasoBanue Jlexkanapa sB-
JISIETCsI TOXK/IECTBEHHBIM TPeoOPa30BaHUEM.

B ¢dusuke npeodbpazosanue Jlexkanapa BcTpedaeTcs, HAIIPUMEDP, B TEPMOINHAMUKE IIPU Pac-
CMOTpEeHHNU COOTHOIIIEHUN MeEKy TEPpMOJAMHAMUYICCKUMU (byHKHI/IHMI/I, a B MaTeéMaTHUKE — B
KOHTAaKTHOI reoMerpun. VIMeroTcs Tak:ke U JIPyTHe ONMpeIe/IeHds 9TOr0 Mpeodpa3oBaHusi, HO
JIJIST TieJieil TaHHOM JIeKIuy TpebyeTcss MMEHHO TO, 9TO OBLJIO JIAHO BBIIIIE.

3. YpaBuenusa I'amnjabTOoHa

[Tonyunm muddepenrmanbubie ypaBHeHUs JBUXKEHUA B IepeMeHHbIX ['amuibrona. /lana
dyuknus Jlarpanxka L B nepemennbix Jlarpanxka: L = L(q,q,t). IIpumenum npeobpaso-
Banue Jlexkanmipa, cunras dynkimio L dynkiueit X, apryMenTsl ¢ u t — rmapaMeTpaMu o,
a BEJIMYUHBI § — MepeMeHHbIMU Z. TOorja coryiacHO ONpeIesIeHII0 ODOOIEHHOTO UMITYIbCA
(19.4), BeMYUHBI p; UTPAIOT POJIH HOBBIX IepeMeHHbIX Y. COCTaBUM CyMMY, COOTBETCTBYIO-

myto pyHkimu Y:
H =Y pid; — L(g,4,1). (19.13)
i=1

B cymme (19.13) dyuknuio L TpebyeTcs BHIPA3UTh Yepe3 TaMIIBTOHOBBI TIEPEMEHHBIE ¢, P, t.
DTO MOXKHO CJIeJIaTh, TaK Kak BbINOsHsIeTcst yeaosue (19.3). B urore Bcero npeobpasoBanus
nonyyaercsa dyukmus H(q,p,t), koropas HazeiBaercs pyHkimeit l'amuiabToHa.

ITo Teopeme oukuna npeobpaszoBanue Jlexkanapa obparumo; pasenctso (20.17) mpespa-
aeTcsd B

dg; _ 8_H
dt  Op;
/ Zlas nodzomosku k 9K3aMEHAM TNOAB3YUMECH Y4ebHOoU aumepamypot.
. 06 obHapysHCEHHBIT HEMOUYHOCTNAT U 3AMEUAHUAT NPOCHOA nNucams Ha

pulsar@phystech. edu

(19.14)



http://lectoriy.mipt.ru/
pulsar@phystech.edu

/ Koncnexm ne npoxodua npod. pedaxmypy, coddar cmydenmamu u,
. 803MOINHCHO, COOEPHCUM CMDBLCAOBBLE OWUOKU. 6
Caedume 3a obnosaenuamu Ha lectoriy.mipt.ru.

Kpowme Toro, coornomenne (19.11) mpespaiaercss B paBeHCTBa

OH oL 9H 0L

_— = —— = ——. 19.15
Jq; dq;, Ot ot ( )
[Toncrasum B ypasaenus Jlarpanzka (20.33) 0600IEHHBIN UMITYJIBC P, :
dp; 0L OH
L= = 19.16
dt  9g; 9q; ( )
Urak, momyyena cucreMa ypaBHEHUI
dg;, OH dp, OH .
L= — t= - =1,2,...,n. 19.17
dt  9Op,’ dt dq;’ TSl ( )

Ypasuenus (23.1) maspiBaorcs ypaBHeHUsiMu LamMuabToHA. DTO cucrema 2n ypas-
HEHU 1epBOro nopsjaka. HemsBecTHble B 9TUX ypaBHEHUSAX — T'aMUJIBTOHOBBI II€PEMEHHBIE.
Cucrema ypaBHEHUIl BBITJISIIAT CUMMETPUIHO OTHOCUTEIHLHO ITepeMeHHbIX p u ¢. CyInecTBeH-
Has 110JIb3a 3aKJII0YAETCAd B TOM, YTO 3TH YPaBHEHUS Pa3PeENIeHbl OTHOCUTEJIBHO CTaPIINX
ITPOU3BO/THBIX.

Pagencrsa (19.15) mokas3eIBaioT, 9TO €CJIU KaKas-TO IepEeMEeHHas He BXOAUT B (DYHKIMIO
Jlarpanka, TO OHa He BXOJUT 1 B (pyHKIUO ['aMuabTOoHA, 1 HA0OOPOT. DTO KACAETCA U Bpe-
MEHU.

VYpasuenusi 'aMmiibToHa UCIOIB3YIOTCA B TEOPETHYECKOHN (DU3MKE NMPU M3yUYEeHUN KBaH-
TOBOW U CTATUCTHUYIECKOU MEXaHUKHU. TaKKe 3TH ypaBHEHUS MO3BOJISAIOT IIOCTPOUTH TEOPUIO,
Ha3bIBAEMYIO Teopueir Bo3myiiennii. OHa OTTAJIKUBAETCS OT TOTO, YTO U3BECTHO TOYHOE pe-
IIeHne TPUOIUZKEHHON CUCTEMBI; TIOCJIE€ STOIO CTPOUTCS BO3MYIIEHHAS CUCTEMa, ITapaMeTphl
KOTOPOW HEMHOT'O OTJIMYAIOTCA OT IMapaMeTPOB MCXOJIHON, M HA OCHOBAHUU ypaBHeHU ['amMuiib-
TOHA& MOKHO BBIYHCJIUTH MOIPABKU K MCXOJHOMY PeIIeHUI0. BOJIBITMHCTBO JIEKINI 0 KOHIIA
Kypca OyJieT IMOCBHAIIEHO alllapaTy TaMUJIbTOHOBOI MEXAaHUKH. DTO IIOMOXKET CTYJIEHTaM IIpU
U3YYIE€HUN TEOPETUIECKON (DUBUKHU.

IIpumep 15 Ilycts MarepuabHasg TOYKa JIBUKETCS BAOJb ocu q. Oyukims Jlarpamxka 3Toit
Touku L = imq'2 — I1(q). Heobxomumo nonyuanth ypasherusi [amusbrona. 3anuiem 0606-

MIEHHBIN UMILYJIbC (PABHBIA B 9TOM IPUMEPE OOBIYHOMY UMILYJIBCY ):

oL P
P=gs =™ ¢=_ (19.18)
Beném dpyunkmuio ['amMmuiabrona:
2 2
: p- 1 rpy? p
H=pj—L=2 = (—) T(q) = 2 +TI(q). 19.19
pq ——gm( ) +1g) =5~ +1q) (19.19)

Bugno, uto 3mech dpyuknuga 'aMuabrona — cyMMa MOTEHITUATILHON M KUHETUYIECKON dHED-
MU, TO €CTHb IOJTHAS YHEPIHs, 3alnucanias B nepemenabix [amuabrona. Hakower, 3amurmem
ypaBHeHus ['amMmiabToHA:

dg O0H p

-2 2 19.2

dt  op m’ (19.20)
dp __OH OO (19.21)

dt  Oq dq

*
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4. Pusnvdeckuii cMmbIic pyHkKInn 'amMuiabToHA

[Iycth paccmarpuBaemasi cucTeMa HaTypaJibHa. DTO O3HAYaeT, 9To eé pyHKIuda Jlarpanxka
npejcrasagercd B sune L = Ly + L, + L, tne L, — nocrognnasg, L, — juneiinad, a Ly, —
KBaJIDATHIHASA 10 CKOPOCTSAM COCTABJISIONAs. AHAJOTUIHO, KUHeTHIecKas sueprus 1 = T, +
T, 4+ T;,. 3anumem dynkiuio amuibrona:

~0(Ly + Ly + L) .
H = Zl 56, G — (Lo + Ly + Ly). (19.22)
o 8L2 . aLl .
[To Teopeme Ditepa 06 OTHOPOTHBIX DYHKITAAX 5’_'% = 2L,, 8_'% = L,. 3nauur,
4; 4;
H=2L,+L,—L,—L,—Ly=1L,— L, (19.23)

ITycre cucrema norennuanbaa. Torna Ly = T, — II, a dysknua l'ammisrona npegcrasis-

€TCs B CJIEJIYIONEM BUJIE:
H=T,-1T,+1IL (19.24)

Ilycts cucTrema He TOIBKO HATypaJlbHA, HO U cKyepoHOMHa. Torma T'=T,, T, = 0. Ina

dyuknuu amuibToHa Oy YaeM
H=T+1L (19.25)

Takum obpazoMm, y HAMYPAALHOT CKAEPOHOMHOT cucmemy, Gyrkyus I amuivbmona pasHa
NOAHOT METAHUMECKOT IHEP2UU.

5. NaTerpan Axobdbu

[TycTh nBUzKeHHE HEKOTOPOI CUCTEMBI ONUChIBaeTCs ypaBHeHusMu [amuiabrona (23.1), H =
H(q,p,t). Haiiném, kak mMensiercs byHKius [aMUIbTOHA CO BPEMEHEM.

dH <~ (0Hdg, OH dp, OH <~ (0HOH OHOH 0H O0H
_Z( QZ+_pl>+_:Z( — >—|— = (19.26)

dt 4 \dq; dt ' Op; dt ot < \0q; dp; Op; 0q; ot ot

Takum obpazom, noaras npoudeodnasn no epemenu om Gyruryuu Iamusvmona pasha eé
YacmHot nNpoudsodHotl No 8peMeHU.

Onpedeaernue 57: Mamepuaroras cucmema Ha3vieaemcs 0000ULEHHO-KOHCEPBAMUBHOT,
ecau €€ pynrkyua Lamusvmona ne 3asucum sasno om epemenu: H = H(q,p). s

Y 0006IIEHHO-KOHCEPBATUBHON cucTeMbl nMeercst uarerpasi H(p, q) = const. 9o ciemyer

0
u3 pasencTsa (19.26), Tak Kax i 0.

[Ipenmosoxkum, 4To cucTeMa HaTypaabHa. Torga, Kak TOJbKO 4TO ObLIO MoKa3ano, H =
T, —T,+ Il = h = const. 91o u ectb nHTerpaa HAxodbu. Eciau cucrema KoHCEpBATHBHA, TO
T=T, T =0, T, =0. Torna uarerpan fxodu — 310 OOBIYHBII MHTErPAJ SHEPTUM.

KoncepBaTuBHasi cucreMa — 3TO YaCTHBIN ciiydail 0600IMEHHO-KOHCEPBATUBHONW CUCTEMBI.
MozxHO TIpuBeCTH TpUMeEPHI, KOT/ia UHTerpaja fKodu ecTh, a MHTerpaJsa Hepruu Her. Pac-
CMOTPHM CJIeIYIONUi TpuMep 0O0OIEHHO-KOHCEPBATUBHOW CUCTEMBI.
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IIpumep 16 IlycTh cTepkeHb BpaIaeTcs B IJIOCKOCTH C TMOCTOSHHOM YTJIOBO# CKOPOCTHIO W,
CUJTBI TSIZKECTU HET. YTOJI MEXKJIY CTEPXKHEM M IOPU30HTAJIBbHOM OChblo: ¢ = wt. Ha cTepkeHb
Hajlera OycuHa maccoit m (puc. 19.3). Paccrosinue 1o ocu BpaieHusi paBHO T

1 .

Kunernyeckas sueprus oycuuer 1 = 3™m ([h]2 + w2r2>. [TorennpaibHas SHEPTrus paBHa,
HYJIIO, TIOTOMY YTO Ha OyCWHY HE JeHCTBYIOT MOTEHIMAJIbHBIE CUIbl. COCTABJISIONINE KIHETH-
YecKOi 3Hepruu TakoBbl: T, = §m[h]2, T, = imwgr?

[Tockonbky dyukiug Jlarpanka He 3aBUCHUT OT BpeMeHHU, TO U PyHKIMA ['aMuiabToHA

HE 3aBUCHAT OT BpEMEHU. SHAYUT, CUCTEMa 0O0DIIEHHO-KOHCEPBATUBHA, M MMEETCsT MHTEIPAJI
Axobu:

1 1
—ml[h]? — =mw?r? = const. (19.27)

2 2
Opnako unrerpasa suepruu uet, T + I # const. 3Ha4uuT, paccMOTpeHHAsl cuCTeMa He
ABJIACTCA KOHcepBaTI/IBHOf/'I. *

6. BpeMﬂ N 9HEPIrmd KakK KaHOHUYECKU COprI}KéHHBIe I1e-
pPeMEHHBbIE

Korna nz dynknun Jlarpanxka BbiBojimIach yHKIMS ['aMIIbTOHA TIOCPEACTBOM IIPEOOPA30-
Banus Jlexkanjpa, KOOpAMHATHI U BpeMs CUNTAJINCH napamerpamu «. Kak yke ObLIO cKa3a-
HO, €CJIU KaKad-TO KOOP/JMHATA SABJISIETCHA MUKJINIECKON, TO UMITYJIbC 110 Hell mocTogHeH. Eemmn
BpeMs He BXOJUT B pyHKImio Jlarpanxka, To sneprug nocrosiuaa. HampammBaeTcs: anaiorus
MEK/Ty KOOP/IMHATON M UMITYJIbCOM C OJTHO CTOPOHBI, U BpeMeHeM U SHeprueii ¢ japyroi. B
TEOPUU OTHOCUTEJIbHOCTH, HAIIPUMED, pacCMaTpuBaeTcs 4eThIPEXMePHOe IIPOCTPAHCTBO KOOP-
JUHAT U BpeMeHu ¢ MeTpukoil MuukoBckoro. IlocmoTpuM, Kak MOYKHO BBIBECTU yPaBHEHUSI
JBUKEHUA, CUUTad BpeMd OJHON M3 KOOPJAUHAT.

[Tycrs mmeercs dyurnus Lavunbrona H = H(qy, ..., G, D1y - Py, t). JobaBuM KOOPIT-
HATy C HOMEPOM 7 + 1 m moJIozKuM e€ paBHOIl BpeMeHH: ¢, ; = t. PaccMorpmm cmcremy
¢ dynknueit lamunbrona H* = H(qy, ..., ¢y, P15 s Prs Gpp1) + Pry1- SAIAIIEM yDABHEHHS

OBUKEHUS IJIsI 9TON CUCTEMBIL:

da; _ OH" dp; _ OH

dt — dp; dt — dq;’

s j < n 310 ypaBHeHus ['aMuIbToHa /I IIEPBOHAYAJIBHON CHCTEMBI:

j=1,2,...,n+1. (19.28)

dqg, OH dp, OH .
—t = — — = =12, ..,n. 19.29
dt  9dp,’ dt dq;’ PTG ( )
Nuanexcy n + 1 orBevaroT ypaBHEHUS
d OH* dt
Gni1 _ ~ % (19.30)

dt — 9dp,., dt
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dp, ., OH* OH  dH

— - _ - 19.31
dt 04,1 ot dt ( )
Takum o6pazomM, 0000OIIEHHBIT UMITYJIbC, COOTBETCTBYOMM (1 + 1)-0i KOOpaAMHATE, — ITO
dbyuknus Nammibrona ¢ obparHbiM 3HaKOM: p, = —H. W13 (21.28) crenyer, uro H* =
const — 00obménnbilt uaTerpas sneprun. Ipuuém H* = 0, nockonsky p,, ., = —H.

7. Iloun>kenwne nopgaaka cucreMbl AudpepeHInaIbHbIX
YPaBHEHUN JABU>KEHUS B CJIydae CYIIIeCTBOBAaHUA ITNK-
JIMYIECKON KOOPAMUHATHI

Ucnonb3yem ypaBHeHus ['aMUIbTOHA JIJIs TIOHUYKEHU TTOPsIIKa CUCTeMbl ypaBHenuii. I[Tycrsb
KOODJIMHATA ¢, SABJISETCS IUKJINIeCKON. 3HaduuT, (PyHKIUs [aMUIbTOHA TAKON CHUCTEMBI
H=H(q, 941,941 90> P1s - >Pa1>Pa>Pai1 -1 Pn,t). BHOBB 3anumiem ypasHenus [a-
MUJILTOHA

dg; OH dp;  OH
dt — Op;’ dt — 9q;’

i=1,2,...,n. (19.32)

D;

dt

s ¢ = o moytydaeM, 9T0 =0, up, = c, = const. C y4éTOM 3TOr0 MOXKHO IIEPENNCATH

CHUCTEeMY ypaBHEHU Tak:

q _oH  dp oM
dt  Op;’ dt — 9q;’

i=1,...,a—1,a+1,..,n, (19.33)

npuaéM H = H(qy, .. ,04_1,9041 > Gn>P1s - sPa—1sCas Pat1 -+ » Pns ). B cucreme rammabroHo-
BLIX YPABHEHUII CTAJIO HA JBA YPABHEHUS MEHbIIE: UCKJIIOYEHbl YPABHEHU, COOTBETCTBYOIIIE
HUKJINYIeCKOil KoopauHaTe. Tak, HaJIu4due NUKJIMYECKONH KOOPAUHATHI IO3BOJIMIO IIOHU3UTh
HOPSAJOK CUCTEMbI YPABHEHUI Ha, JIBe €MHUIIbL.

[Tpeanonoxum, uro cucrema ypasaenuii (19.33) npounTerpupoBana:

@ = q;(t,Coy €y e s Copa),s (19.34)
pi :pz’<taca7617'"702n_2)- (1935)
Yro6bl HANTH, KAK MEHSAETCS IIUKJINIeCcKas KOOpMHATA, HyKHO nojcTaBuThb (19.34) u (19.35)
0H
B YpaBHEHUE % =50 Torma
CCM
0H
qa = % dt + anfl- (1936)

Ecim muknmyecknx KOOpPIUHAT 1M, TO MOXKHO TaKUM CIIOCOOOM ITOHU3HUTH ITOPAIOK CHU-
cTeMbl ypaBHEHU Ha 2m. BOJBIIUHCTBO yKe MPOMHTErPUPOBAHHBIX 3319 B TEOPETUIECKON
MeXaHWKe COJlepKaT BCe N IMUKJINYECKUX KOOpAuHaT. Fcam n3HavabHO UX HET, TO UX WHOT/IA
MOKHO BBECTH IIOCPEJICTBOM KaKON-HUOY/Ib CJIOXKHOI 3aMeHbI ITepEeMEHHBIX.

Ecnu dbynakmus ['amMuibToHa cucTeMbl HE 3aBUCUAT sIBHO OT BPEMEHH, €CJIM CUCTEMa MMEeT
JIBE CTeleHU CBOOOJIbI M OJIHY IUKJINYECKYIO KOOD/IMHATY, TO MOYKHO CBECTU PEIIEHHUE CUCTE-
MBI ypaBHeHUH ['aMuIbTOHA K KBaJpaTypaM. DTO OYEBUIHO, IOTOMY 9TO MOXKHO ITOHU3UTh
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7/

ﬁi.}(ge.._lg..zp_-

IOPSAI0K CUCTEMbI YPABHEHUM 10 JBYX; TOTJIa CYIIECTBYeT MHTerpaJ Hepruu H = const, u
OCTaBIITUECH JIBA YPABHEHUS JIETKO UHTETPUPYIOTCS.
[IponsurocTpupyeM CKa3aHHOE Ha IIPUMeEpE.

IIpumep 17 3amaua aByx Ten. IlycTh B mpocTpaHCTBE MMOKOUTCS MaTepuajbHas TOYKA C
boabioit maccoit M. TakxKe mMeeTcss TOUYKa ¢ MaCCOR M, HAMHOI'O MeHbIei deM M, Tak 9ITo
MOKHO CUYUTATDb, YTO HEPBas TOYKA BOOOIIE HENOABUKHA. Kak ObLJIO MOKA3aHO B IIPOIILIOM
ceMecTpe, JBUKEHUE CUCTEMBI II0CKoe. [IycTh 9Ta mIocKoCcTh — MII0CKOCTh pucyHka 19.4. 3a
000OIIEHHBIE KOOP/IMHATHI IIPUMEM KOOPJIUHATHI 7" U .

Broimummem neobxouMbre (DyHKITUN:

1 : M
T=om (WP +uw??),  T= —7—[mh]. (19.37)
L=T-—1I, H=T+I1IL (19.38)
[Tocniegnee paBeHCTBO BEPHO, TaK KaK CHCTEMa KOHCEepBaTUBHa. BBeaéM 0OOOIEHHBIE M-
IIyJIbCBI:
oL :
p, = —— = m|h], (19.39)
o[h]
oL 9
= — =mro. 19.40
Py 96 ¢ ( )
Pazpemm stu hopmysibl OTHOCHTETEHO OOOOIIEHHBIX CKOPOCTEI:
i P, / Py
h|=— = —. 19.41
=t =ty (19.41)
[ToxcraBisiem HaiieHHBIE BhipaskeHus B pyHKIUO H:
2 2
b Mm Py
H=—— h . 19.42
2m i [ I+ mr? ( )

Tak Kaxk KOOpAMHATa ¢ — MUKJINIECKasd, TO Py = C,. PaBeHcTBO py = const ompenenser

UHTETPaJI ILJIOIIAJIENA.
2 2

p Mm Co
=— —~yv——h . 19.43
2m [ I+ 2mr? ( )

BroimuceiBaem ypauenust ['amuibTona:

dr _OH _p  dp,_ _OH,  Mm
dat  9dp, m’ dt )| 72 mr3’
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9TO0 /1Ba ypaBHEHHs OTHOCUTEJIBHO I U p,. VI3BecTHO, 4TO 3Ta 3a/a4a UHTEIPUPYETCH,

¥ UTOrOBble (DYHKIIMU HE CJIUIIKOM CJIOXKHBI. [IpuHnunuaabHo BaxkHO, uT0 —— = 0, 3HA-

ot

qur, H = const, ciegoBaresbio, pasencTso (19.43) 3amaér cBs3b Mexay p, u r. lomcrasum
B nepBoe ypasHenue (19.44) dbyHKuuio p,.(r) u MOJIyIUM JiBa YPABHEHUSI C PA3IEJIAIOIIUMUICS
IepeMeHHbIMH.

DTO pUMepP peabHON CHCTEMBI C JIBYMsI CTEIIEHSIMEU CBOOOIbI, KOTOPYIO BBIIIEONCAHHBIM
CIT0CODOM MOXKHO TPOMHTEI'PUPOBATH B KBaJIpaTypax. *

B zakmaiouenune BepHéMcda K TeMe, pacCMaTpPUBABIIEHCA B HadaJle 9TOH JIeKInu. 1 0BOPMJIOCh,
YTO CJIOXKHO IIPEJICTaBUTh ceOe IBUKEHNE CUCTEMBI B IIPOCTPAHCTBE OOOOIEHHBIX KOOPIMHAT.
MozkHO 1IepeiiTi B IPOCTPAHCTBO ¢;, P; — (Pa30BO€ MPOCTPAHCTBO, B KOTOPOM TPaeKTOPUU
HaIJIsiTHee, TTIOCKOJIbKY Yepe3 OJIHY TOYKY HE MOXKET IMPOXOJIUTh OOJIbIIE OTHOU TPACKTOPUU.
MozxHO Tak:Ke IepeiiT B pacuimpenHoe (pa3oBoe MPOCTPAHCTBO, Cojep:Kaliiee ImepeMeH-
Hele ¢,p,t. I Tam, u TaM JBUKEHUE CUCTEMBI IIPEJICTABJIACTCA KPUBOM, UMEIOIIEH BIIOJTHE
OOHO3HAYHBINA BUJI.
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