JIEKIIUS 23

KAHOHNUYECKUE
ITIPEOBPA3OBAHUS. TEOPEMA
JINYBUJIJIIA O COXPAHEHUU
®A30BOT'O OB bEMA.
[TPOMU3BOOIIIIAYL ®VHKIINYI
CBOBOJJIHOTO
ITPEOBPA3OBAHUSI

[TpomomkuM n3ydars KaHOHUUIECKHE 1TpeodOpa3oBanus. CHadaa HATOMHUM OCHOBHBIE OTIpe-
JeJIeHus U (DOPMYJIBI.

[Iyctb mmeercs cucrema nuddepeHImanbHbIX ypaBHeHU B (popme ypaBuenuit ['amuibTo-
Ha:

dqg; OH dp, ~ OH

= = — ,=1,2,....n. 23.1
dt op,’ dt dq;’ ! A ( )

Oyukius Namuinbrona stoit cucrembl H = H(qy, ..., ¢, D1y s Ppyt). DTO 2n ypaBHe-
HUiT TIepBOro mopsijika. VX yJI00HO 3ammchiBaThb B BEKTOpPHO-MaTpudHOi dopme. BBeaém

 def q N . def E
2n-MepHBI BEKTOP I = (g) Torna H = H(Z,t). Begém marpumy J = (_OE ”) " CTPO-

0
oo (8H OH OH 8H)
Y Ha g, dq, Op, p,,

C yuérom BBesEHHBIX 0003HaUeHuil cucremy ypasuenuii [amuibrona (23.1) MoxHO niepe-

IInCaThb TakK: dﬁ

i
— = JHT 23.2
dt x ) ( )

[Iepeiiném B ha30BOM HMPOCTPAHCTBE ¢, P K HOBBIM II€EPEMEHHBIM:

Q,=Q,(q,Dp,t), P, =P, (q,p,t), 1=1,2,...,n. (23.3)
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Bynem npemnosarath, 9To 9Ta 3aMeHa IepeMeHHbIX oOpaTuMa, a Bce dpyHkiun Q; u P,
JIBazK/IbI HenpepbIBHO JuddepeHnupyemsl Mo BceMm cBouM aprymentam. Coornomienus (23.3)

TOXKe MOYKHO 3allicaTh B BeKTOpHOI dopme. Beeném obosHaueHue 3 = (%) . Tornma 3amena

IepeMeHHbIX OyJIeT UMEeTh BU/I

J=y(z,1). (23.4)
CocraBuM MaTpPHUILY . .
0Q 0Q
_oi_|ag
=9 Tt (23.5)
dq 0p

Torna 06paTUMOCTb 3aMeHbI TIEPEMEHHBIX dKBUBajieHTHA paBeHcTBY det M # 0. O6parHoe
mpeobpa3oBaHue OyIeT UMEThb BUI,

T =Z(y,t). (23.6)
[Ipu sToM MaTpuiia oOpaTHON 3aMeHbI OyIeT paBHA
aﬁ
M= (23.7)
9y

Ha mporuioit jiekium ObLIO TaHO HECKOJIBKO KPUTEPUEB KAHOHUIHOCTH ITPEOOPa30BAHUSI.
Osun u3 HUX (DOPMYIIMPYETCs Tak: 04sa Mo20, ¥mobv, 3amena nepemernoir (23.4) 6viaa Ka-
HOHUYECKOT, HEOOTLOOUMO U JOCTNAMOYHO, YMObbL CYUECMB08aA0 Hucso ¢ -+ 0 makoe, wmo

MTJM = cJ, (23.8)

nJjin, 9TO 3KBUBAJIEHTHO,

MJMT =cJ. (23.9)

Emé tpu xkpurepusi kKanoHudHOCTH ObLIU CHOPMYIUPOBAHBI Uepe3 ckoOku Jlarpamxa,
ckoOkm Ilyaccona u muddepennuaibayio dpopmy.

YrBepxkaenue 7 Ilycts numeercs: 1Ba KaHOHWYECKUX IpeobpasoBanus §; = Y, (Z,t), Y, =
Us(Yy,t). Ecim npuMeHnTH UX [IOCTIEI0BATEIBHO, TO PE3YJIBTHPYIOINIee IPeodpa3oBanne §j =
Us (Y, (Z,t),t) Toxke Oymer KanonmdeckuM. [Ipmaém, ecm BaJI€EHTHOCTH IEPBOTO IIPEO6PA30-
BaHUs PaBHA C;, BTOPOIO — Cy, TO BAJIEHTHOCTb PE3YJIBTUPYIOIIErO IIPe0OPA30BAHUS PABHA
€1Cy- *

Hok-Bo: Ilocuntaem marpuity M uTOroBOro nmpeodpasoBaHus:
o O, o

M=% _%
9% 0y, 07

= M,M,. (23.10)

Y6enumcst, ato Kpurepuit KanoHuIHOCTH (23.8) 11t M BBINOJIHSIETCS, TTOJIB3YSICh TEM, 9TO
Ipeo0Pa3oBaHUA Y, U Y, KAHOHUYIECKUE:

(MyM)TTMyM, = M (M$JMy) M, = M{ (co )M, = coM{ETM, = cqcyJ. (23.11)

W3 mociieqaero paBeHCTBa TaKXKe CJIEIyeT, YTO BaJeHTHOCTH Pe3yJIbTHPYIOMIETO Ipeobpa-
30BaHUS PABHA C;Cy. |
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VYrBepxkaenue 8 Eciu npeobpasoanue (23.4) siBisieTcss KAHOHUIECKUM € BAJIEHTHOCTBIO C,

TO U obpaTHOe peobpazoBanue (23.6) TakKe KAHOHUYIECKOE, IIPUIEM €r0 BAJEHTHOCTb PaBHA
1
iy *
c
Hox-Bo: [ls nmpsimoro npeobpa3oBaHust BBIIOTHICTCS KpUTepuil KaHoHrIHOCTH (23.8). YMHO-

—1 _
JKMM 9TO paBeHCTBO caeBa Ha (MT) ", a cipasa — na M

J=c(MT) "M =c(M ) M, (23.12)
_1\T 1 1
(MY JM 1t =—J. (23.13)
c
ox 1
Marpuria obpaTHOoro mpeodpa3oBaHus — ITO 77 = M~". Ona yaoBJIeTBOpsiET COOTHOIIIE-
Y
Huio (23.13), KoTopoe sIBJIsieTCs I Heé KpurepueM KaHoHWYHOCTU. 13 910l hopmMysibl Takxke
1
BUJIHO, YTO BAJEHTHOCTH OOPATHOTO peodpa3oBaHus PaBHA —. |
c

1. NaBapuanTHOCTh cKOOOK IlyaccoHa mpu yHUBaJIEHT-
HbIX KAHOHUYECKUX IMPeodpa3oBaHUIAX

Paccmorpum ermné oHo BazkHOE cBoiicTBO ck0OOK [lyaccona. [lycrs mvetorest bynakmmnm u(qy, ... , q,,, Pqs ---

V(Gyy oo s @y Py ooe s Py t), mim u(Z,t), v(Z,t) B MaTpuaabix oboznadenusax. Ckookoit [lyaccona
9TUX ABYX (PYHKIMI HAZBIBACTCS BEJIMINHA

“ (Ou 0 ou 0
W =3 (o= peae). (23.14)
Ckobky Ilyaccona MOXKHO KPaTKO 3aIIMCATH B MATPUIHOM BUJIE:

ou _[Ov\T

u,vV) = =5 J - . 23.15

(u,0) 0% (6w> ( )

Cosepium kaHOHIYECKOE TIpeobpasosanue (23.4). BeipasuM B HOBBIX IIEpEMEHHBIX T = T (Y)

U TMOJICTABUM 3TO B BbIparkeHus i MyHkmit v u v. [locme sroro dpyHKIuUS U mepexomaur

B dbyukimio U, a dyukmus v — B dyukmuio V. U u V paBubl cTapbiM DYHKIUAM, HO 3aIIU-
caHbl yepe3 HOBbIe nepeMenHble . Haiiném ckooky Ilyaccona or U u V:

" QU YV dU aV oU oV T
_ B _OU (VN 23.1
(U, V) Z_; <8Qi ap,  oP, 8Qi> o5 ‘]<8§> 210

YrBepxkaenue 9 (CBoiictBo nHBapuanTHocTu cKOOOK Ilyaccona)

(u,v) =c(U,V). (23.17)

*

B wactHocTH, eciin ipeobpa3zoBaHmne YHUBAJEHTHO, TO cKoOKa [lyaccona mpu mpeobpaso-
BaHUU HE MEHSIETCH.
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Hoxk-Bo: IIpeoGpasyem Boipaxkenue (23.15):

du _(ov\T AUy . /OV Iy\T U ov _\T oUu v T
=2 E) ==Y (YY) g (M) =M MT<—> .
(1,0) a:z‘](a:z> a9y 8:EJ<8§ a:z) 7y J(ag ) a5 1/ a7
(23.18)
Cornacno pasencrsy (23.9), MJM™ = cJ. 3nauur,
T
(u,v) = CZ—gJ (%) =c(U,V). (23.19)

2. KanoHnunuyeckue HpeOGPaSOBaHI/IH n 1mpounecc aABU2>KEeHN:A

O6o3Ha9YMM KakK T, HadaJbHble 3HAYEHWs MMEPeMeHHBbIX ¢ u p. Pemenue ypabrenwii (23.2)
MOXKHO 3aIUCATh TaK:

T =Z(Z,,1t). (23.20)
YrBepxkaenue 10 JIpukenne raMuibTOHOBOW CHUCTEMbBI 33a€T YHUBAJEHTHOE KAHOHUYE-
CKoe IpeobpasoBaHue T, — . *

Hoxk-Bo: Ecau noncrasurs perenne (23.20) B ypasuerusi lamusbrona (23.2), mosryaurcs
ToxK1ecTBO. [Ipomuddepennupyem ero 1o HadaIbLHOMY YCJIOBUIO T, MEHs MOPsIOK Judde-
DPEHIIMPOBAHUS:

d 0% ox
———=JH_ —. 23.21
dt 0%, oL, ( )
ox
BuaunT, MaTpuna npeobpaszosanus M = 57, YAOBIICTBOPSICT TAKOMY yPABHEHHIO:
Lo
dM
—=JH M. 23.22
Tpancnonupyem obe yactu pasercrsa (23.22):
dmM7™
- = MTH,JT = —M"H,,J. (23.23)
d(MTJM
Breraucamm Belpazkenue g, TOIIy THO MOJICTaBJIsist B Hero hopmyiibl (23.22) u (23.23)
U TOJIB3YsCh TeM, uto J - J = —FE,
d(MTJM) dM7T dM
= JM +MTJ— =—-M"H_JJM +MTJJH, M =
d a T dt v S = (23.24)

=M"H, M- M"H, M =0.
TaxuM 06pa3oM, Ha TPAEKTOPUSX, 33 [aBaeMbIX ypaBHenuamu Lamuibrona, marpuma M J M
MOCTOsiHHA. B MOMeHT BpeMmeHu, coBIaIaonuii ¢ HadabubiM, M = F, u
MTJM = J. (23.25)

Dra MaTpUIlA YIOBJIETBOPSET KpuTeprio KanounIHoctu (23.8) pu ¢ = 1. 3uaqur, B 110601
JIPYTOif MOMEHT BPEMEHH YCJOBUE KAHOHUYIHOCTU TOXKE OyJIeT BBITOJTHATHCS. |

2
U3 coorromenus (23.25) caeayer, aro (det M)” = 1. Marpuna M HenpepbIBHO MeHsieTCs
C TeUYeHWEeM BpPEMEHW, a B HadaJ bHBIN MoMeHT Bpemenu M = E. 3uaqunt, det M = 1.
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3. Teopema JInyBuiijga o coxpanenuu pa3zoBOro oobEma

4.76 cm

Breném 2n-mepHoe ¢a30Boe IPOCTPAHCTBO ¢, P U BBLIEJIUM B HEM B MOMEHT BPEMEHH 1
HEKOTOpPOe MHOKeCTBO {),. MOXKHO CcUMTaTh €r0 MHOXKECTBOM HadaJIbHBIX ycjaoBuil. O0béM
9TOr0 MHOYKECTBa paBeH

VOZ/ / gy - dq, 0 dpyg - dp, . (23.26)
QO

M3 Kazk 1011 TOYKHU T, MHOXKECTBa, (), IIPOBEJIEM TPAEKTOPUIO, COOTBETCTBYIONLYIO JIBUKE-
HUIO CHCTEMBI IIPU HAYaJIbHBIX YCIOBHAX Z,. B MOMEHT BpeMeHHU { IO STHM TPAEKTOPHAM
MHOXKECTBO {}; mepexonuT Bo MHOXKecTBO §2,. O0BEM 3TOr0 MHOXKECTBa paBeH

V;:/ / dq, ...dq, dp, ...dp, . (23.27)
Qt

Teopema 31 (Teopema JInyBusiisa o coxpanenun ¢dazoBoro obbéma) B so6oit MomenT
BpeMeHU {
V,=V,. (23.28)

*

Hoxk-Bo: Ilepeiiném o dopmyre (23.20) oT mepeMeHHBIX T K HEpEMEHHBIM Z,. Torma obbém
MHOZKECTBa Qt 3alluieTcd B BHIE

Vi :/ / |detM|dq10...dqn0 dpm---dpno :/ / dcho---dqno dpm---dpno =VW.
Qg Qg
(23.29)

Ora pyHIaMEHTabHAS TeopeMa HaXOIUT IMUPOKOoe IpuMeHeHne B ¢pusnke. VI3 Boimens-
JIO2KCHHOT'O BUJTHO, 9TO OHA ABJIACTCHA IIPOCTBHIM CJICACTBACM I'aMUJIbTOHOBON MEXAHUKH.

VYr1BepxkaeHue 11 B raMuibTOHOBBIX CHCTEMAaX HEBO3MOXKHA ACHMIITOTHYECKAs YCTOWIH-
BOCTb. *
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OTO yTBep:KIeHUE CJIeyeT U3 TeopeMbl JInyBuiis o coxpanennn (pa3oBoro oobema. s
ACUMIITOTHYECKON YCTOMIMBOCTH HEOOXOAUMO, YTOOBI ¢ TE€YEHHEM BPEMEHM BCE TPaeKTOPHUU
B HEKOTOPOII OKPECTHOCTU HEBO3MYIIEHHON TPAEKTOPUHU CTATUBAJINCH B OJHY. B ramuibTo-
HOBBIX CHCTEMAaX 9TO HEBO3MOXKHO, TaK KaK (DA30BBINl 00bEM COXPAHSETCH. SHAUUT, 38/ 1a4N
06 yCTOﬁqHBOCTH B raMMJIbTOHOBBIX CHUCTEMaX IIOYTU BCErJa IIPpHUHAAJIC2KaT K KPUTUICCKUM
CITyIaSIM.

4. CB0O0O/IHOE KAHOHUYECKOE ITpeoOpa3oBaHUE W €ro IIPo-
N3BOAAINAA (PYHKITUS

ITocae BBEICHUA ITOHATNA KaHOHNMYCECKUX HpeO6paSOBa.HI/II71 BO3HHUKAaIOT JIBa BaKHBIX BOIIPOCA.

1. Kak YCTaHOBUTD, ABJIAETCA JIX JaHHOE KOHKPETHOE npeo6pa3OBaHI/Ie KAQHOHUYECKAM !

2. Ecnm nmpeobpasoBaHue sBJISIETCS KAHOHMYIECKUM, KaKoil Oyaer HoBas (byHKusa [aMuib-
ToHA?

[IpucTynum K U3y4eHUIO BTOPOT'O U3 STUX BOIPOCOB.
[IycTh mMeeTcss KaHOHUYIECKOE ITpeoOpa30oBaHue

Q,=Q,(q,Dp,t), P, =P, (q,p,t), 1=1,2,...,n. (23.30)

Torma cyImecTByeT 9mc/Io ¢ TaKoe, 9TO
Czpi 0q; — Z P;0Q; = 0F(q,p,1t), (23.31)
i—1 i—1
re 0F(q,p,t) — momusiit quddepeninan HekoTopoit dyukiwm F (g, p,t). 3Hak § 3mech o3Ha-

qaeT, 910 auddepeHIual B3aT Ipu GUKCUPOBAHHOM t.

Onpedeaenue 61: Karnonuuecrkoe npeobpadosarue Ha3vi6aemcsa c80000HBIM, €CAU BLINOA-
HACMCA YCAOBUE

det 9@ _ 0@, Qn) + 0. (23.32)

op O(pyy . sDy) &

it ¢cBOOOTHOTO KAHOHUYIECKOTO TTPE0OPA30BAHMS UMITYJILChI MOXKHO BBIPDA3UTDh Yepe3 CTa-
pble U HOBble KOOpMHATHI 110 hopmysiam (23.30):

p=5(GQ.1). (23.33)

C yuérom 3T0ro ycsaoue KaHOHHIHOCTH (23.31) mepenuchiBaeTCst B BUJIE

=1 =1
cp; = g—j, —P, = %, 1=1,2,...,n. (23.35)

QOyukiusa S HA3BIBACTCS MTPOU3BOAMAIIEH DYHKIIUEH KAHOHUIECKOTO TPeo0PA30BAHST
(23.30). s cBOGOIHOrO KaHOHMYIECKOTO peobpasoBanus 3amucu (23.30) u (23.35) sxkBuBa-
JIEHTHBI.
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YrBepxkaenue 12 Eciu 3agano uncio ¢ # 0 u dynkums S(q, Q, t) Takasi, 9TO

n

£ 0, (23.36)

k=1

H 0%S
aqi an i

TO cooTHOIeHust (23.35) 3a1a10T KAHOHUYIECKOe Tpeodpa3oBaHue. *

Yenosue (23.36) HE0OX0MUMO, 9TOOBI PA3PEIIUTh IEPBOe U3 cooTHOIeHMi (23.35) oTHOCH-
TEJIbHO CTapbIX KOODJWHAT (;.

Taxum 06pazoM, MOKHO MTOCTPOUTH CKOJIBKO YT'OJIHO KAHOHUYIECKUX ITPEoOpa3oBaHuil ¢ 3a-
JIAHHO# BAJIEHTHOCTHIO. BO3bMEM HEKOTOpOE YHCIIO ¢ (HAIPUMED, eJIUHUILY JJisl YHUBAJIEHTHBIX
KAHOHMYECKUX MTpeobpas3oBanuii), 3a1a1uM (MYHKIMIO S, YAOBIETBOPSIONLYI0 COOTHOIIEHITO
(23.36), u mosryunM KaHOHUYeCKoe mpeobpasoBanue B dhopme (23.35).

[Tokazkem, kKak u3 mpousBojsiieil GpyHKIMU S MOXKHO MOJYIUTh HOBYIO yHKIMO ['a-
MuIbTOHA. Ha mporuioit jiekruu GbLI0 TI0JIyYeHo, 9To ecyid K ypaBHeHusiM [amuibrona (23.2)
[IPUMEHUTH 3aMeHy MepeMeHHbIX (23.4), TO B HOBBIX IIEDEMEHHBIX YDABHEHUsI J[BUKEHUS BbI-

TVIAOAT TaK:

dy 0y
= JedT 4 =7 93.37
at o (23.37)

rine ¢ — ucxomgnas pyukimsa ['amMmuabToHa, BhIpaKeHHasl depe3 HOBbIe repeMmenabie. Hamom-

—

HUM, 9TO {J — 9TO 2Nn-MEPHBI BEKTOP HOBBIX KOODJWHAT U WUMITY/TbCOB (%) Ecan ycmo-

Bue (23.36) BBINOJIHIETCSI, YTO U3 BTOPOrO U3 PABEHCTB (23.35) MOXKHO MOJIYYAThH (DYHKIUIO
Q = Q(q,p,t). lHomcraBum 31y dyHKImO B nepsoe u3 pasencts (23.35). [loxyunres Tox jie-
CTBO OTHOCUTEJILHO ¢, p u t. I[Ipomuddepennupyem 1mo BpeMeHu 06e 9acTh 9TOr0 TOXKIECTBA:

"\ 9% 0Q, 038
- ,=1,2, ... 23.
’ Zaqian ot " oagqor T oot (23.38)
0Q, 0B, 0% _ o
Z ot g, o dq; 0, i=L2..m, (23.39)
T 2
) (23.40)

ot 97 " otog
00T _ 9% D00 (95)
ot 0tdg 9p 9P \ot)’

QT oOPT
. Tenepb BBIYUCINM HaCTHYIO ITPOU3BOIHYIO

(23.41)

Wrak, momy4eHo BbIpaKeHue JJIs

JJ1st 5TOr0 BO3bMEM YACTHYIO TPOU3BOIHYIO TI0 BDEMEHH OT BTOPOrO U3 BhIpaykenwii (23.35):

DT 2
— or = 4 Sﬁ, (23.42)
ot 9toqQ
DT
oF" __ 0 (%) - (23.43)
ot 2Q
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Bammmem coorromenus (23.41) u (23.43) B MaTpUYHOM BHJIE:

8y oS
- J( m) . (23.44)

Teneps ypasuenusi (23.37) MOXKHO 3alUCATh TaK:

dy oS oS
— =Jc®] J( ) J<<I> —) : 23.45
dt I o), (23.45)
Urak, noBast dpyuknusa 'amMuibTona nMeeT BUJT
oS
=cd+ —| 23.46
c® + T ( )
B HOBBIX 1TepeMeHHbIX ypaBHeHUsI ['aMUIbTOHA BBITJIAIAT TaK:
dy
=J FT 23.47

Uraxk, 3a1aB 9ucyao ¢ u GyHKIUIO S, YIOBJIETBOPSIONLYIO ycaoBuio (23.36), MOXKHO MOJIy-
9UTh CBOOOHOE KaHOHHUYIeCcKoe npeobpasopanne. HoBas dpyukius ['amuiabrona OymeT paBHA
CyMMe IPOU3BeJIeHud cTapoil PyHKImU ['aMUIbTOHA HA ¢ M YACTHON MPOW3BOJIHON TTPOU3-
BOJIsAIIEN (DYHKIMK 110 BpemeHu. Boioupasi S onpeaeiéHHbIM 00pa30M, MOXKHO 3HAYUTETHHO
yrpocTtuTh ypaBHenus ['amuiabrona. Hammane Takoro ajnropurMma yrportinenus yHKImn [a-
MUJIBTOHA SIBJISIETCS OOJIBIITUM TTPEUMYIIECTBOM FAMUJIBTOHOBON MEXAHUKU 110 CPABHEHUIO C
ypasuenusimu Jlarpamxka. Hajgmexarum momgbopom ¢ u S MOXKHO 10JIy4IaTh JiI0Oble (PpyHKITAN
laMuabTOHA, B TOM YHCJIE U TOXKJIECTBEHHO PaBHbBIE HYJIIO.

B KOHIIE HpOIHIIOfI JIEKIUU ITPUBOANJINCDH 5 IIpuUMEpPOB. Hamomuum st IIpuMephbl, YTOOBI
IIPOUJIJIIOCTPUPOBATH Ha HUX TOJIBKO 9YTO M3JIO2KEHHYIO TE€OPHUIO.

1. PaccMoTpuM TOXKJIECTBEHHYIO 3aMEHY IEPEMEHHBIX: Qj = q;, Pj =pj,J=1..,n

Torma TpuBnasibabiM o6pasom I' = H(Q, P, t). Urak, ToxaecTBeHHOE Ipeobpa30BaHue
ABJIdETCA KaHOHNUYECKUM.

2. Ilomensiem poigaMU KOOPJAMHATHI U UMITYIbCHI: Qj =p;, Pp=q;,75=1..,n Shve)
mpeoOpa30BaHe TOXKe KAaHOHUYECKOe, ero BaJIeHTHOCTh paBHa —1. HoBasa dyukiua ['a-
muibTona I' = —H (P, Q, t).

3. Usmennm macimTab no KoopiuHaTaMm W uMIyabcaM: Q; = agq;, P, = fBp;, j=1,...,n
970 mpeobpazoBaHre — KAHOHUYIECKOE ¢ BajeHTHOCThIO ¢ = «af. Hoas dpynkmmsa [a-

6 P
o' B

4. Ilyctb cucreMa mpejicTaBiigeT coOOi OJIHOMEPHBIN OCIMLIATOp ¢ pyHKIueid ['amuibTona

muabToHA ' = af H ,t

H= 3 (p? + w?q?). Bepasum crapble IepeMeHHBIE Yepe3 HOBBIE CJIEYIOMIM 00pasoM:

q= \/ 2P sin Q, p = V2wP cos Q. (23.48)
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OxkasbIBaeTcsi, YTO 9TO YHUBAJEHTHOE KaHOHMYECKoe mpeobpasoBanue. HoBas dyHKIms
lamunbrona I' = wP. Takyto 3ameny npumyman [lyankape, nsydas nebecHy0 MexaHU-

KY.

1
5. Ilycts H = 3 (¢*> + p?). CoBepumm 3aMeHy HepeMeHHBIX () = qcost — psint, gsint +

pcost. DTO mpeodbpaszoBaHUE ABJISIETCS KAHOHUIECKUM YHUBAJIEHTHBIM TPEOOPA30BaHNU-
eM. Urtorosas dpyukius amuasrona I' = 0.

YKazkeM mpou3BojgdIiiue (PyHKIIUU B 3TUX IIPUMEpPaX.

[IpeobpazoBanus B npumepax 1 u 3 He SIBJISIOTCS CBOOOIHBIMU.

[IpeobpazoBanue mpuMepa 2 IMeeT BaJEHTHOCTb ¢ = —1, a ero Mpou3BOASINad PyHKITUS
n

S=-— Z q;Q;-
i=1

B npumepe 4 (ogHOMEDHBIH OCIMIIISTOD) TPeobpa3oBaHue YHUBAJIEHTHO; €r0 IPOU3BO-
Jasas QyHKIUs

1
S = §wq2 ctg Q. (23.49)

[IpeobpazoBanue B ipuMepe 5 TaKKe YHUBAJIEHTHO, a €r0 IMPOU3BOIAIIAs (DYyHKITHS

Q@

1
S = —ctg(®* + Q%) — i

> (23.50)

C mepBOro B3IJIfAIa KaXKeTCsl CTPAHHBIM, YTO TOXKJIECTBEHHOE IIPeodpa30BaHne He sIBJIAETCS
cBobosHbIM. Jle10 B TOM, 9TO CyIIECTBYeT MHOI'O HMPOU3BOIAAIIUX (PYHKIUNA JIPYyroro TUTIA,
HE TOJIbKO B TIEPEMEHHBIX (, Cj, t. Paccmorpum omuH TH Tpeobpa30BaHUil U IPOU3BOIATIIAX
dyHKIMIT, KOTOPBI OXBATHIBAET U TOXKJIECTBEHHOE TPEOOPA30BAHME. JTO BAXKHO, IIOTOMY UTO
B T€OpUM BO3OYKJIECHUI CUCTEMa YaCTO MHTETPUPYETCS MPU MAJBIX ITapaMeTpax, U BBITOIHO
IIPUMEHUTH MIpeoOpa3oBaHue, OJU3KOE K TOXKJIECTBEHHOMY .

5. Ipyro#n tTun npom3BOAAIINX (PYyHKIUA
[Tpeamosiozkum, uro s mpeodbpasoBanus (23.3) yJI0BJIETBOPSIETCSI HEPABEHCTBO

oP
det % + 0. (23.51)

Torma u3 BTOPBIX CcOOTHOIIEHWH U3 (23.3) MOXKHO BBIPA3UTHh HMCXOJIHBIE UMITYJIbCHI KaK
dbyHKIIMN IEpEMEHHbIX ¢, P u t:
p=p(q,P,t). (23.52)

[Tepernmiiem kpuTepuit Kanonuaroctu (23.31):

ey Dp0a =Y _p0Qu =D QuiP+ Y Qu0P, =0F (4. (4. P.t).t),  (2353)
k=1 k=1 k=1 k=1
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Czpk gy, +ZQk5Pk =0 (F (‘jaf’ (@13715) 775) + ZQkPk> . (23.54)
k=1 k=1 k=1

O6o3naunm GyHKIuoO F (cj,f) ((j, ]3, t) ,t) + i Q. P, xax S ((j, ]3,15). Torna
k=1

_ 95
_3%’

Qi_a_pia

cp; 1,2,...,n. (23.55)

Bepuo u obparnoe: eciu 3a7ath qucio ¢ # 0 u dpyuknuo S, ((?, P, t) TaKyIO, YTO BBIIOJI-

HSIETCS YCJIOBUE
n

0%,

det || =221
“llag, P,

£ 0, (23.56)

i k=1

TO paBeHCTBa (23.55) 3a/1af0T KAHOHUYECKOE Mpeobpa3oBaHWe C BaJIEHTHOCTHIO . YCJIO-
Bue (23.56) Hy2KHO, 9TOOBI Pa3peIIUTh MepBble cOOTHOIIeHNs 3 (23.55) oTHOCHTETHHO ;.
MozkHo mokazath (chopMyupyeM 6€3 J0Ka3aTeIbCTBA), YTO HOBast (DYyHKIWs [aMuIbTOHA

S y
umeer I' = ¢® + —, Kak u B ciiydae CBOOO/IHBIX TTPe0OPA30BAHUIA.

ot

n
Paccmorpum opus mpuMep — ToxKecTBeHHOE Tpeobpasosanue. st Hero S; = Y ¢, P;.
i=1
OxaHo 1 TO Ke peodpPa3OBaAHNIE MOXKET 331aBATHCSA C IMOMOIIBIO PA3HBIX ITPOU3BOISIIINX

dyukruit. s ¢cBOOOIHBIX Tpeodpa3oBaHuil TPOU3BOAIAA (DYHKIUS TOXKE MOXKET 3aBUCETH
TOJILKO OT TIepeMeHHbIX ¢, P u t.
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