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JIEKIINS 11

3aKOHBI COXpaHeHUsd B KBAHTOBOII MexaHnKe. MOMEHT MMILyJIbCa

11.1. CummMmeTpusl raMUWJIBTOHUAHA U 3aKOHBI COXPAaHEHUS

laMuIbTOHMAH CHCTEMBI OIIPE/IesisieT ee IIOBe/IeHIe U CBOICTBA M MOYKET 3aBUCETH OT
psasia napaMeTpoB. Eciim 9TH napaMeTphl MOJBEPraioTcs HEKOTOPOMY IIPe0OPa30BaAHUIO:
TAKOM, IIPH KOTOPOM T'aMHIJIBTOHUAH COXPAHSIET CBOM BUJI, TO TOBOPST, 9TO TAMUILTOHUAH
CAMMETPHUYEH OTHOCUTEIHHO ITOrO IpeodpasoBaHust (MJIM IIPOCTO TOBOPSAT, UTO CYIIe-
CTBYeT CHMMETDHs CHCTEMBI).

[TpeobpazoBanust raMHJIBTOHUAHA JIEJISTCA Ha J[BA TUIIA!

— AKTHUBHBIE ITpeoOpa30BaHUs, HAIIPUMED — CJABUI CHCTEMBI YaCTHUI[ B IIPOCTPAH-

CTBE;

— ITaccuBHBIE mpeobpa3oBaHUS, PE3yJILTAT TOrO MPE0OPA3OBAHMA MOXKET ObITDH
TOT K€ CaMBIil, OJIHAKO C/IBUHYTH MOYKHO HE CHCTEMYy B IPOCTPAHCTBE, & CUCTEMY
KoOpAMHAT (IIPU U3MEHEHUH CHCTEeMBbI KOOD/MHAT cama CHCTeMa YacTUIl, OYeBUJIHO,
0CTaeTCsl HEM3MEHHOH );

B natem Kypee yo0mHee Io/Ib30BaThesl MACCHBHBIME Tpeobpasosanusami. 1lycrs O —
HEKOTOPBLIi oreparop npeobpazoBanus. [lomeiicTBoBaB 3TUM OlI€pATOPOM Ha BEKTOD CO-
CTOSHUSA, ABJIAIONIMICA Pe3yJbTaTOM JIeficTBUs oreparopa ['aMmibToHa Ha BOJIHOBYIO
dyuKIHIIO:

OHV.

Ecim oneparop l'amusibTona cuMMeTpuYeH OTHOCHTETHHO STOIO IIPeoOpa3oBaHmsd, TO
OH HE MEHSETCHd, MOITOMY JIeficTBUE olepaTopa Ipeodpa30BaHMdA CBEJETCS K JIEHCTBUIO
TOJIBKO HA BOJIHOBYIO (DYHKITHIO:

OHVY = HOW.

B cumy mpon3BoIbHOCTH BOJTHOBOM (PYHKIINU TOJTYYIAeTCsl, ITO

OH=HO = |[H,0]=0. (11.1)

OrnepaTop MpoOu3BOIHON (U3NIECKOl BeJIMINHBI f, He 3aBUCAIINN sIBHO OT BPEMEHH,
UMeEET CJIEAYIONUNA BUJI:

df i i i

CileoBaTesIbHO, €CIM BBIIOJIHACTCHA COOTHOIIIE-
ure (11.1) u B omeparope O MOXKHO BBLIE/IUTE HEKO-
TOPYI0 (DUBUUIECKYIO BEJIUUNHY, TO 9Ta (pusnmIecKast

BeJIMYNHaA 6y,ZLeT COXpPaHATBhCHA: M

dO  dO  i—m—= — a
L _C — _ —a 5
o =7 [H,O] =0 = O = const.

Taxum obpasoM, eciu cymecTsyeT cuMmmerpud- O (0 ;7!
HBII raMmnJIbTOHHaH, 1 B 3TON CHUMMETPpHUN MOXKHO BbI-
JIEJINTh HEKOTOPYIO (PU3MIECKYIO BEJIMIHHY, TO ITa
BeJIMInHA OyIeT COXPAHATHCS U, CJIeI0BATEILHO, OyIeT ABISITHCS HHTEIPAJIOM JIBUKEHUSI.

Puc. 11.1.
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PaCCMOTpI/IM HECKOJIBKO 3aKOHOB COXPaHEHHUsI, IIOJTYIalOINXCA U3 CUMMETPUU I'aMUJIb-
TOHUAHA. HyCTb TraMUJIbTOHNAH SaMKHYTOfI CHUCTEMbI 9aCTHUIl UMeeT BUJI:

_2
jz g ;’i+ S Va7 = 7onl). (11.2)
n M n#m

TaKOI';I raMMWJIbTOHHaH CUMMETPUYIEH OTHOCUTEJ/IbHO C/BUI'a BCell cucTeMbl Ha olrpe/e-
JIEHHOE PACCTOSIHIE WJIN CABUTA CHCTEMBI KOODJIMHAT, IIOCKOIBKY IIPH 9TOM HH PACCTOSHUE
MexKAYy YacTullaMu, HU UMITYJIbCbl 9aCTUI] HE MEHAIOTCHA.

PaccemoTpum 3T0 1nmpeobpaszoBanue Ha mpuMepe o/iHoi YacTuiibl. IlycTh ecTh HeKoTOpas
cucTeMa KOOPJIMHAT, KOTOpasi CIBUTAaeTCs Ha BeqnanHy a (cMm. puc. 11.1).

[Tycts Hekoropast Touka M mMeer KOOpIAMHATY (T, Yo) B CTAPOl CHCTEME KOODMHAT.
B HOBOII cucTteme Koop/imHAT KOOPJAUHATHI TOUYKUA M OKaXKyTCS paBHBIMU:

¥r=x—a

r_
y=yY
Bui BosiHOBO# (DyHKIIMU B TOUKe &' MOXKET OTJIMYATHCS OT BUJIA €€ JKe B [IepBOHAYA b~
noit cucreme O. OHAKO, TOCKOIBKY € (PUBUTIECKON TOUKHU 3PEHMST HUYEro He M3MEHUIOCh,
TO

V' (2')=¥(z) = V(2 +a). (11.3)

CitefioBaTeIbHO, TIPU CJIBUTE CHCTEMbI KOOD/IMHAT BOJHOBas (DYHKIINS MEHSETCS U ee
3HaYEHUE B TOYKE C KOOPJIUHATON 1’ paBHO 3HAYEHUIO W3HAYabHON byHKIME ¥ B TOUKE
C KOODJMHATOMN T + a.

Omuycrus unzekc mrpux B (11.3) B aprymente dyukuumit W' u W, nosryanm:

V' (z) = V(x4 a) = T,9(x), (11.4)

rie T, — HEKOTOpPHBI olepaTop TpaHcasuuu (CABUra).
[Iycth @ — GeckoHeIHO MaJjias BeJIUYINHA,

a — da.

Torma W/ () MOXKHO Pa3JIOKHUTH [0 MAJIOMY IapaMeTpy @, ¢ TOYHOCTBIO JIO BTOPOIO
MTOPSIIKA MaJIOCTH:

U'(z) = U(z) + g—i] da+ 0(5a*) = |1+ (5a((% U(z). (11.5)

Cpasnusast Beipazkerns (11.4) u (11.5), MOKHO CKa3aTh, YTO OIEPATOP CABUTA NMEET
BH/I;:

. 0
Tse =1+ da—.
5 + aax

DTO BBIpaXKeHNE MOXKHO OBbLIO OBbI 3AIIUCATH MTO-IPYTOMY:

) i .0 i
Tga—l—F(Saﬁ (—Zh%) —1+5aﬁpx, (116)

e P, — OIEePaToOp UMIIY/JIbCA B HAIIPABICHUU OCH T.


http://lectoriy.mipt.ru

http://lectoriy.mipt.ru 3us 14

ﬂeKHI/IH 11. BakoHsbl COXpaHEeHUA B KBaHTOBOI MexaHnke. MoMeHT UMITyJIbCa

lamumpronman (11.2) omnmcbiBaeTcss  BOJIHOBOI y
dyHKIHMEd N YacTuIr: y \
\

U(.. 7).

Barmmcas amasormano (11.6) omeparop casura

BJIOJIb OCe# Y U z, OJLY4YUM, ITO €CJIA CABUI' CUCTEMBI 5
IIPOUCXOJUT Ha HEKOTOPBIA BEKTOD z!

/ Z/ z
da = (bay, day, da,)

z

(em. puc. 11.2), 10 BosiHOBYIO dyHKIuIO ¥ B 3T0M Puc. 11.2.
cJIydae HY’KHO PACKJIa/IbIBATh 110 T,y U 2 HE3ABUCHUMO.
B pesyisibrare, onepaTop CBIUIa Jisi OJIHOM YaCTUIIbI OKAXKETCsl PABHBIM:

) o0 1 “ ~ ~
i_idap =1+ ﬁ(éaxpx + dayp, + da.p.),

a JIJIg CUCTEMBbI, COCTOLAIIE M3 N 9acTHIl, OTIEPATOp CABUTA MPUMET BUJ;:

T:Hﬁzp

T%azl_‘_

[TockosibKy TIpH CJIBUTe TaMUJIBTOHMAH HE MeHsieTcsi, To, coriacHo (11.1), om Oymer
KOMMYTHPOBATH C OIepaTopoM Ti,:

[H7 Téa] - 07
TO €CTb IIOCKOJIbKY OllepaTop BCerla KOMMYTUPYET C YUCJIOM, 'aMUJIbTOHUAaH 6yﬂeT KOM-

MYTHUPOBATb C CYMMOﬁ OIIEPaTOPOB UMIIYJ/IbCa II0 BCEM YaCTHUIaM, TO €CTb C OIlI€epaTOPOM

CyMMapHOTO UMITysIbca P:

> pp=P = [HP=0. (11.7)

Eciin 661 cMmenienne 0d ObLIO TAKOBO, YTO:
da = (da,,0,0),

To ramusibroHnaH B (11.7) KOMMyTUPOBAJI OBl TOJIBKO C Z-KOMIOHEHTON CYMMAPHOTO MM-
IIyJIbCa:

[H,P,] = 0.

AnajlorugHoe yTBep:K/IeHne MOXKHO ObLIO ObI JIOKa3aTh B Cydae, KOIJa CMeIeHUe
[IPEJICTABIEHO TOJIBKO Y MM Z-KOMITOHEHTOM. Takum oOpasoM, it 3aMKHYTON CHCTEMBbI:

—

P = const.

Crayio ObITh, U3 CUMMETPUU OTHOCHUTE/ILHO CJBHUIOB CJIE/lyeT 3aKOH COXPAHEHUS HM-
IIyJIbCa B KBAHTOBOH MeXaHUKe aHAJOTMYHO TOMY, KaK OH IOJIydaeTcsd U3 9TOI CUMMEeTPUN
B KJ1accuieckoit mexannke. CytiectByer obiast Teopema Dmu Herep, KoTopasi yTBep:K 1a-
€T, 9TO BCSIKOMY 3aKOHY CHMMETPUU OTBEYAET HEKOTOPBIM 3aKOH COXPaHEHWS, U HA00O-
POT — BCAKOMY 3aKOHY COXPAHEHUS OTBeYAEeT OlpesesleHHas CUMMETPUI.
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Hanpumep, 3aK0HYy COXpaHEeHUs SJIEKTPUIECKOTO 3aps/ia OTBEYAET ONPE/ICICHHAS CUM-
MeTpust (KaJnbpOBOYHAS CUMMETPUSI ), UCIIOJIb3Ys KOTOPYIO MOXKHO T€OPETHYECKH TIOCTPO-
UTh KJIACCUYIECKYIO 3JEKTPOJINHAMUKY.

AnajlorugabIM 06pa3soM MOXKHO IIOJIyYUTh 3aKOHBI COXPAHEHHS, BLITEKAIOIINE U3 CHM-
MeTPUHM FaMUIJIBTOHHAHA OTHOCUTEJIbHO IIOBOpPOTa Beeli cucreMbl. IIycTh ecTh HEKOTOpast
dbusmueckas cucTeMa u HEKOTOpasi HavaJbHas cucrema Koopauaar K (cm. puc. 11.3).

Boeibepem HEKOTOPBIN €IUHUIHBIN BEKTOP 71, U MOBEPHEM BOKDPYT HEro CHCTEMY KOOp-
JINHAT HA yTOJI 0p:

0 =1m-0¢p.

3 Kypca TeOpeTUIeCKOil MEXaHUKU U3BECTHO, ITO
— — —
7 =7—[0F XT].

B nanbHeiiiem BeKTOpHOE TPOU3BE/IEHUE JIBYX BEKTOPOB OYIEM 3aIMCHIBATH, UCIOJIb-
3ys 3HaK HAKJOHHOI'O KPecTa X, YTOOBI M30€KaTh MyTaHUIIBI MEXKTY BEKTOPHLIM ITPOU3-
BEJICHUEM U KOMMYTaTOPaMU.

YapY AN

>

Puc. 11.3. Puc. 11.4.

[IycTb OBOPOT HMPOUCXOMUT TOJBKO BOKPYT ocu z (cMm. puc. 11.4). Torma, mockoabKy
CUCTeMa He MeHSeTCs:

CHOBa OIlyCTHUB INTPUX IPHU apryMeHTax BOJIHOBOM dyukimr ¥ u U, moaydnm:
V(i)=Y ..F+ [0 xT]...), (11.8)

YUIUTBIBasI, 9TO JIJIsA CJIydasi 1 9acTHIl 7y, — PaIyC-BEKTOP OJIHOW U3 YACTHIIL.
Ecsin monpo6oBath pasznoxuTh Beipazkenue (11.8) mo masomy napamerpy 0@, TO TO-
JIyYUM cJlejiylollee:

V(o) = W)+ S G X 7V, - 0 = {1+Z[5cﬁxfn]ﬁrn}\ll.

B sTom BbIpazK€HUM YMHO2KE€HHE BEKTOPHOI'O IIPOU3BEJACHUA CKaJIAPHO Ha I'PaJIUueHT —
CMEIIaHHOE IIPOU3BEACHUE, KOTOPOE MOXKET OBLITH 3aIIMCAHO B CJIeAyIonemM Buie:

(0@ X 7] Vy, = [ x V]6@.
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DTO yI0O6HO C/Ie/IaTh, TIOCKOJIBKY B 9TOM CJIydae 0@ MOXKHO BBIHECTH 3a 3HAK CYMMBI.
Oneparop nosopoTta s, B 9TOM CjIydae MOXKHO 3alIICATh TaK:

Rsy = 1408 [Fn x V. (11.9)

[Tockobky .
1=:%(—ihL

TO, YMHOXKUB BTOpOE ciaaraemoe B (11.9) Ha 910 BhIpaxkenue, npudiem npurucas (—ih) ps-
JIOM C TpaJIMEHTOM, a ¢ / j, BBIHECST 3a CKOOKY, TO oreparop noBopora (11.9) Ha GeckoHewTHO
MaJIblil yroJ B 9TOM cjydae HpUMeT BUJI:

A (A IS
Rs, = 1+i_1690 E [T X D]
n
B kiraccuueckoit mexanmke
L= [rnvpn]
€CTb MOMEHT UMITYJIbCA, 1-Oi JaCTUIIBI.

CrenoBaTesbHO,
Z[Fn X Pp)] =L

n
€CTh CyMMa MOMEHTOB MMITYJ/IbCA BCEX YACTUIl, TO €CTh CyMMAapHBIH MOMEHT WUMITYJIHCA
JaCTHUTIHI.
CremoBaTeIbHO, OEpPaTOp MOBOPOTA CHCTEMBI MOYKHO 3aIlUCATh TaK:

i

AL 11.10
0PL, ( )

R&P:l—i—

rae orepaTrop L COOTBETCTBYET KJIACCUICCKOMY MOMEHTY KOJIMYECTBa JIBU2KEHU A BCEN CU-

L= % x 7l

n

CTEMDbI:

HOCKOJIbe TraMnJIbTOHaH 3aMKHyTOfI CUCTEMbI HE MEHAETCA IIPpU IIOBOPOTE, KOMMY-

TaTOP
[H7 R&p};

KaK U B IPeJbLJIYIINI pa3, CBOAUTCH K KOMMYTaTOPY I'aMUJIBTOHHAHA C OlIEPATOPOM T10JI-
HOI'O MOMEHTa KOJIMYeCTBa JIBUKCHUS.
CretoBaTeIbHO, BCe KOMIIOHEHTHI MOMEHTa KOJIMYECTBA JIBUYKEHUS JIOJIZKHBI COXPa-
HATbCA: R
H,L|=0 = |[H,L,)=[H,L,)=[H,L,)=0.
PaccMoTpuM, moyemMmy KOMIIOHEHTBI JIOJIZKHBI COXPAHATHLCS 110 oTjieabHocTh. [lycTn, Ha-
npuMep, 0 MPEJICTABIEHO CJIELYIOIIUM 00pa30M:

595 = (590907 07 0)

B sTom cirydae, oueBuIHO,
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BssB Teneps BetmauHy 07 TaKyI0, YTO B HE COAEPIKATCS TOIBKO Y WM 2-KOMITIOHEHTHI,
MOJIyYUM COOTBETCTBYIOIIEE BhIPaKEHUE JJIA f/y 51 [:Z

Taxum obpazom, orrepaTopbl ﬁx, ﬁy, ﬁz 110 OTJEJbHOCTA KOMMYTHUPYIOT C TaMUJIbTOHU-
aHoM. /13 nHBapmaHTHOCTU raMUJIbTOHNAHA 3aMKHYTOI CUCTEMbI OTHOCUTEIHLHO ITOBOPOTOB
cJeyeT COXpaHEHUE BEJIMYNH, OTBEYAKIIMX MOMEHTY KOJIMYECTBA JBUKEHUSI.

DT 3aKOHBI COXPaHEHNUS B KBAHTOBON MeXaHUKe OBLIN ITOJTYyIeHBI TAKIM K€ CIIOCODOM,
KAKUM OHH OBbLIM ITOJIyIeHbl B KJIACCUYIECKOW MeXaHUKe ITPU HEIPEPLIBHBIX OECKOHEYHO
MaJIbIX IIPeoOPa30BaHUIX CABUIA WU IIOBOPOTAX CUCTEMBI.

B kBaHTOBOII MexaHWKe BO3ZHHMKAIOT TaKxKe 3aKOHBI COXPAHEHHUs, aHAJOTOB KOTOPHIM
B KJIACCHYIECKON MexaHuKe He cyiiecTByeT. OHM BO3SHHUKAIOT IIPU TaK HA3BIBAEMBIX JIHC-
KPETHBIX NMpeo0pa30BaHUIX.

OjiHa U3 TaKuX CUMMeTpuii (M COOTBETCTBYIOIINIT eff 3aKOH COXPAHEHHUs ) y7Ke BCTPe-
JaJnch B HaleM Kypce. [Ipn paccMoTpennu JBUKEHUS YACTUIIHI B MTEPUOIMIECKOM T10JIe
OBLIO BBISICHEHO, UTO CYIIECTBYeT TeopeMa bjioxa, To ecTh BO3HUKAET KBA3UUMILYJILC: BOJI-
HOBBIE (DYHKIIUN UMEIOT OJIOXOBCKUM BT

U = e, (), (11.11)
rae Uy,(x) — nepuogudeckas QyHKIMS, IPUIEM
U T
PP
a a

BGJII/I‘{I/IHy ¢ MO2KHO IIpeZICTaBUTL B BUJIE

q:

SIS

Torya, npu mojcranoBke 3roro 3uadenus B (11.11), mosydaercs, 4To B HepHOIYe-
CKOM TIOJIE BOBHMKAET KBA3HMUMITY/IbC, IPHYEM STOT KBA3UUMITYJIHC MOYKET CYIIECTBOBATH
B OI'PaHUY€HHBIX IIpE/e/Iax.

STO €CTb CJIeACTBUE rZ[‘I/ICerTHOIU/I CUMMETpPHUU: B IIEPUOIUIECCKOM IIOJI€e CUCTEMY KOOP-
JAUHAT MOXKHO CMEIIATh Ha JUCKPETHOE PACCTOAHNE, KPATHOE IIEPUOLY PELICTKU.

Beesiem nonsiTue werHoctu. ['amuibronuan (11.2) uHBaApUAHTEH OTHOCUTENHHO WH-
BEPCUU BCEX OCEil, TO eCTh 3aMeHbI BCEX OCeil Ha ITPOTUBOIOJIOKHBIE 110 HAITPABJIEHUIO.
[Ipu sTOM M3MEHEeHne KOOPAMHAT YaCTHIbI 3allUChIBACTCs CJAELYIONIM 00pa30M:

—

F— 7 = —T.

BosinoBast dyuknus W' () mo/KHA PaBHATHCS 3HAYEHUIO BOJTHOBOM dyHKImn W B

TOYKE C PAJINyC-BEKTOPOM 7
V() = U(F) = ¥(—r).
CHoBa orrycKas IMTPUXOBAHHBII UHJEKC B apI'yMeHTaX BOJTHOBBIX (DYHKIIHI, TIOJIY IUM:
V() = () = [0 (),

rje I — omepaTop WHBEPCHUU, KOTOPbIii, JeiicTByst Ha BoJaHOBYIO (yHKuuio W (7), npe-
Bparaer ee B dyHknuio V(—r).
Omneparop MHBEPCUU KOMMYTHPYET ¢ TaMUJILTOHUAHOM:

[H,1] =0, (11.12)
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IIOCKOJIBKY IIPU M3MEHEHNUN BCEX KOOPAMHAT Ha IIPOTHUBOIIOJIOZKHbIEC 'aMUJIBTOHUAH HE ME-
Hsercs. V13 91oro dbakra HAIPAMYIO CJeyeT KOMMYyTaluouHoe coorrorrerue (11.12).

Ecim ortepaTopsl IByX BEJINYUH KOMMYTHUPYIOT, TO 9TH BEJUYUHBI OJJTHOBPEMEHHO W3-
MEPUMBI, TO €CThb CYIIEeCTByeT CUCTeMa ypPaBHEHUIL:

HU = EU

. (11.13)
IV = \U.

CiieioBaTeIbHO, €CJIN UMEETCsT OIPeIe/IeHHBIN HEeBBIPOYKIEHHBII yPOBEHb SHEPIUHU, TO
€My COOTBETCTBYET OIIPeJIeJIEHHOEe COOCTBEHHOE 3HAUEHNE OTepaTopa MHBEPCUN I.

Haiinem cobcrBennoe 3nadenue oneparopa uaBepcuu. [lomelicrByeMm oneparopom uH-
BEpCHUU I na BTOpOE ypashenue cucrembl (11.13):

11V =\,
[TockosibKy omepaTop
11 =T1?
COOTBETCTBYET JIBOMHOMY OTPaKECHUIO (To €CTh OTCYTCTBUIO KAKUX-JTHOO I/I3MeHeHI/H71), TO

I=1*=1.

~>

CreioBaTesIbHO, COMJIACHO BTOpOMY ypaBHeHuio B (11.13)
U =AU =\ = ).

CreoBaTeIbHO, B CHJIY MPOU3BOJILHOCTH BOJTHOBOI dyHKIMKM W, BO3MOKHBIE 3HAE-
HUSA \ OKa3bIBAIOTCS PABHBIMHU:

>\2:1 = )\:]-, >\:_17

pryeM BeJmdrHe A = 1 COOTBETCTBYET, OUE€BHUIHO, YeTHAsS BOJTHOBas (DYHKIUS, & BeJIH-
qnne A = —1 — HedeTHas.

CymiectBoBanue BeJIMIUHBI A (YETHOCTH) OIpeJIeisieT BasKHbIe MOHATHsI B KBAHTOBOM
mexannke. Ecim B iepBom ypasraernu cucremsl (11.13) Besmanna F HeBBIpOXKIeHHAS (TO
ecTh BOJIHOBast (DYHKITHs, COOTBETCTBYIOIIAsT 9TOH SHEPIUH, €IMHCTBEHHAsT), TO Y€THOCTh
COCTOSTHUS TaKxKe OyJIeT OIpe/ieieHa.

IIpumep 11.1. [TokakeMm, 9TO U3 COXpaHEHUsI YETHOCTU CJIEJIyeT, HAIIPUMEDP, OTCYTCTBUE
JUTIOJIHHOTO MOMEHTa Y aTOMOB, HAXOIAINXCA B HEBBIPOXKJIEHHBIX COCTOTHUAX.
ITo ompeieieHnIo, £-COCTABIAIONIAA JTUTOJIHLHOIO MOMEHTa paBHAa:

d, =) e, (11.14)
i
rae CyMMHUPOBaHUE BEAETCA II0 BCEM HaCTHUI[AM.

LLJIH HaXO02K/IeHUd CpeJHero sHadeHud AUIIOJIbHOI'O MOMEHTa CHUCTeMbl BO3bMEM MHTE-
I'paJr IO BCEM HYaCTHUIIaM:

d, :fj \I/’:L(xz)Zexl\Ifn(xz)Hd?’xz (11.15)

(]
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3aMeHuM
T, — —I;

18 KazKJI0 9acTUIlbl.
B sTom citydae, coriacHO OIpeJIe/IEHIIO OllepaToOpa UHBEPCUU:

n

npudem BesmanHa (11.14) MeHsier 3HAK Ha MPOTUBOIOJIOXKHBIN IIPH TAKOM MIpeodpa3oBa-
HUK (OCYIIECTBUTH TAaKOe Mpeobpa3oBaHMe BCETJa BO3MOXKHO, TIOCKOJIbKY 9TO IIpeobpaso-
BaHMe KOOP/MHAT, 10 KOTOPBIM IIPOMCXOJINT HHTEIPUPOBAHUE).

Crenosaresbio, waTerpat B (11.15) n3MeHUT 3HAK Ha MPOTUBOIOJIOKHBINA, TO €Th

dy = —d,, N=1 = d,=0.

Ecim ke cymiecTByeT BBIPOXKJICHHE, TO TakKoe TPeOOBAHUE MOXKET HE BBITIOJIHATHCS.
MaTrpudHbIil 97IeMEHT JUITOJBEHOTO MOMEHTa JIJisl PA3JINYHBIX BOJHOBBIX (GyHKIHi (¢ nH-
JleKkcaMu m u n) OyeT OTJIMYeH OT HyJId TOJIbKO B CIydae, KOrja YeTHOCTH OJIHOM U JIpyToii
BOJIHOBBIX (DYHKITUI OYIyT ITPOTUBOIIOIOKHBI.

DToT (paKT ompeie/sieT 3aKOHBI JIEKTPOMArHUTHOTO U3JIyIeHUsI: [IPU PACCMOTPEHUN
[IEPEXOJIOB B ATOME € UCITyCKaHueM (pOTOHA, JTUTIOJIbHBIN MEPEX0]] MOXKET OCYIIECTBIATHCS
TOJIBKO MEXKJIy COCTOSIHUSIMU C ITPOTUBOIIOJIOZKHOIN YE€THOCTHIO.

Taxum 06pa3oM, 9eTHOCTb MOXKET paspelrarh U 3allpenaTh OlpeIe/IeHHbIE TePeX0/Ibl
JIJIS IATIONIBHOTO Npub/imzKenns. KBaapynosibHoe 1 MarHUTHOE M3JIyUYeHHe, B CBOIO OYe-
Pe/lb, JOJIZKHO TMPOUCXO/IUTH O€3 U3MEHEHUs YeTHOCTH.

Amnajiorun pu3mIecKkoit BeJIMINHBI 9eTHOCTh B KJIACCHIECKON MEXaHUKE HET 1 He MOYKET
ObITH. /L7151 BOJTH B BOJTHOBOJ/IAX TAKOE IMOHSITHE MOYKHO BBECTH.

YeTHOCTL HE KOMMYTHPYET ¢ mMITyJIbcoM. l[lojieiicTBOBaB orepaTopoM WHBEPCHU Ha
HEKOTOPYIO KOMIIOHEHTY UMIIY/IbCa, JEHCTBYIONIYIO, B CBOIO OUepe/Ib, Ha BOJHOBYIO (DYHK-
§1920{0% R X R R

Ip,V=—p, IV = Ip,=—p.1,
TO €CTh YeTHOCTh AaHTUKOMMYTHUPYET C OTEPATOPOM UMITYIbCA.

CrietoBaTeILHO, COCTOSTHIE C OIIPeIeJIeHHBIM UMITYIbCOM He NMeeT OIpeIeIeHHON JeT-

noctu. B aTom jierko yoeanthes. BodbMeM cocTosHIE ¢ OIPeIeIeHHBIM UMITY/IbCOM:

iz v DT
€h = CoS— + 1810 —,
h h

[IpUYIeM TIepBOe cjlaraeMoe B 9TOM PaBEHCTBE COOTBETCTBYET COCTOAHUIO ¢ A = l,a BTO-
poe — coCcTosiHHIO ¢ A = —1.

Takum 0Opa3oM, COCTOSTHIE € OIPeIe/IeHHBIM UMITYJIbCOM COAEP:KUT B cebe COCTOSTHUE
U C IOJIOYKUTEIbHOM, ¥ ¢ OTPHUIATE/BHONR YeTHOCTHIO.

Cocrosiane

18

ipi
e h

oTBeYacT SHEPIruun

E=— (11.16)
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ODTO COCTOSTHUE BBIDOZKJI€CHHOE, ITOCKOJIBKY CYIIECTBYET TaK2Ke COCTOAHUE

_pr
e h,
UMeIoIee Ty 2Ke SHEPTHIO.

Taxum 06pazom, TpeboBanne cucteMbl (11.13) BBIIOIHAETCS: COCTOSTHUST € OLPEJIeIeH-
HBIM HUMITYJIbCOM HUMEIOT BBIPOXKJIECHHYIO SHEPIUIO U, CJCIOBATEILHO, HE UMEIOT OIpe/ie-
JICHHO YeTHOCTH.

Hernocrs KOMMyTUDYET € OLEPATOPOM MOMEHTa UMILyIbca. IIpu npumenenun onepa-

Topa mHBepcun | K OnepaTopy MOMeHTa MMITYJIbca L:

L=

S

MEHSIeTCSl Ha IIPOTHBOIOJIOKHOE U 3HAUYEHHe BeJIUIUHBI 77, U 3HAYEHUE BEJIUYIUHBI P, TO
eCcThb o o
17510 = [ .

CrenoBaTeIbHO, COCTOSIHIAE C OIPEIEIeHHBIM MOMEHTOM HMMIIY/IHCA UMEET OIPE/Ie/IeH-
HYIO 4eTHOCTb. Hapsijly ¢ mpoCTpaHCTBEHHON YE€THOCTBIO CYIIECTBYIOT JIDYTHUE BUbI YeT-
HOCTH.

JLmst CMJTBHBIX sJIEPHBIX B3aUMOJIEMCTBUN U JIJIS 3JIEKTPOMATrHUTHBIX B3aUMO/IeCTBUI
XapakKTepHO COXpaHEHUe CJEJIyIONeil CMMMETPUN: TIyCTh €CTh CUCTeMa, B KOTOPOH YHCJIO
YaCTHI 1 aHTUIACTHUIL OJUHAKOBO.

BaMeHNM BCe YaCTHUIIbI Ha aHTHIACTHILLI, 1 HaoOopoT. B At AE
9TOM cJiydae, (DaKTUIECKH, CHCTEMa He M3MEHUIACh. DTO
JefiCTBAE aHAJIOTUYHO IIPUMEHEHUIO OllepaTopa MHBEPCHUU. =1
CrenoBaTeibHO, OTHOCUTEIBHO TAKOH 3aMEHbI MOXKET Cy-
MIECTBOBATh YETHLIA W HEYCTHBIA MHOXKUTEIb BOJHOBON A
dyHKIIH.

DTO sIBJIEHWE TIpeJCTaBsgeT coboil 3apsiJOBYIO 4YeT-

HOCTB crucTeMbl. Hapsity ¢ IpocTpaHCcTBEHHOH YeTHOCTDIO, et Ve
3apsoBas YEeTHOCTH BaykKHa: OHA OIpeesisieT IPaBUJIO
Pas3IMYHBIX IEPEX0/I0B U 3alIPEeIIaeT HEKOTOPHIE IEePEXO/IbI. Puc. 11.5.

[IycTtb cumcTeMa COCTOMT W3 3JEKTPOHA U IO3UTPOHa (Mojeb atoma). CyriecTByer
OPTOMO3UTPOHMIA (KOT/Ia CIIMHBI 9JIEKTPOHA U TIO3UTPOHA HATIPABJIEHBI B OJIHY CTOPOHY )
U Mapano3uTPOHUIA, KOrJla CIIMHBI HAIIPABJIEHbI B pa3Hble CTOPOHBI (cM. puc. 11.5).

IIepBoe cocTostHE MMeEET YeTHOCTH

a BTOPO€E YE€ETHOCTDb

C=1

BapsioBast 9eTHOCTH (DOTOHA OTpHUIIATEIbHA, TTOCKOIbKY MIPU 3aMEHEe BCEX YaCTHUIL HA
AHTUYIACTHUIIBI B CHCTEME 3HAK IT0JI M3MEHUTCS Ha MPOTUBOMOJIOKHBINA. COOTBETCTBEHHO
9TOMY, HAPAIIO3UTPOHUIT MOKET pacnalarhcs Ha jaBa dortona (cMm. puc. 11.6). BapsgoBas
9EeTHOCTh IIPU 9TOM COXPAHSETCs, TaK KaK:

¢y Cy=(-1)-(-1) =1
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OpTOomno3UTPOHNIL, B CBOIO OYepPe/ib, PACIIATAeTCs

-1
Ha Tpu doroHa (cMm. puc. 11.6), Tak Kak: .
pu P (cm. p ), 7 =101 cex.
3 _ 3 _ =1
(C'Y) - ( 1) - _17 -1
[IpUYeM BpeMs KU3HU T [1apario3uTPOHUS COCTABJISA- -1
er 10719 cexkymnupl, a BpeMs KHU3HH IIapaIlO3UTPO- 7 =107 cex. 1
g — 1077 cexymapL. =1
CymiectByer Macca NpuMepoB U3 (huU3UKU 3j1e- -1
MEHTapPHBIX YaCTUI, B KOTOPBIX 3apAa0Basg Y€THOCTD P 6
uc. 11.6.

ompeJiesisieT BO3MOYKHOCTb Pacla IOB U MEPEXOJIOB.

B ciabpix B3amMOJIEfICTBUAX HE COXPAHSETCS HU ITPOCTPAHCTBEHHAS, HU 3apsioBast
YEeTHOCTH. B ¢c/1abbIX B3aNMOJICHCTBUAX (B PEJISITUBUCTCKOM CJIydae) FraMUIbTOHUAH HMEEeT
6oJ1ee CJIOKHBIN BUjI, deM Bbipaxkenue (11.2): OH 3aBHCHT, HAIIPHMED, OT CIIHHOB YACTHII.

B ciabeix B3aummMoseiicTBusax coxpansercs Cp-4eTHOCTh (KOMOUHAIIOHHAS YETHOCTD ).
Ec/ii 0/iHOBpeMEHHO MPOM3BECTH 3aps/I0BOE COMPSZKEHNEe CHCTEMbI (3aMEHy BCEX YaCTHIL
Ha AHTHYACTUIBI) U HPOCTPAHCTBEHHOE OTPAYKEHUE, TO OTHOCUTEIHLHO TAKOro TPeodpaszo-
BaHUA YE€THOCTH COXPAHIETCH.

1™ -ME30H PacIaJIaeTcs Ha 3JIeKTPOH €, aHTUHEHTPUHO U, ¥ MIOOHHOE HEHTPHUHO U,

W= e Ve + 1y,
a pt-Me30H pacnajaercs Ha MO3UTPOH €', 9JIeKTPOHHOE HEHTPHUHO Ve U AHTUMIOOHHOE
HEeHTPHUHO U,
pt=et +u.+ 0,
Ecmn cnimu g~ Me30Ha HampaBjieH Kak Ha pUcyHKe 11.7, TO 3JIeKTPOHBI TIOJ yIyioM 6
u T — 0 pacupoCTpaHsIOTCs ¢ PaBHOU BeposiTHOCTHIO (GoJibIieil B nampassienun 6). Cie-

JOBaTEJIbHO, OYEBUJHO, YETHOCTHL B IUIOCKOCTH (¢, IEPIECHJAUKYJIAPHON CIMHY, ABHO HE
COXPAHAETCA.

- - +
N A A

/ 2°
[©) [C)
—6 / —0O 7/ /
[0 o
7 7

Puc. 11.7. Puc. 11.8.

O/IHAKO, €CJIU CPABHUTH TOT PACIIQJL C PACIIAJIOM /i -ME30HA, OKAYKETCS, ITO PACIIaJ,
9TOTO Me30Ha OyJier Gosiee MHTeHCUBEH B HampasieHun m — 6, gem B 6 (cum. puc. 11.8).

To ecTh, Ipu 1epexojie OT YaCTUIl K aHTUYACTUIIAM U OCYIIECTBJIEHUIO OTParKEeHUs B
IJIOCKOCTH, MEPIIEH/INKYJIAPHOM CIIUHY, TO BO3HUKAET CHUMMETPUS.

B xonne XX Beka ObLiu oOHApY2KEHBbI SIBJICHUS, B KOTOPBIX HAOJIIOMACTCS HAPYIIIEe-
e C)-9eTHOCTU. DTHU ABJIEHHs, BO3SMOXKHO, MOI'YT OOBACHUTH OAPHOHHYIO CHMMETPHIO
Beenennoit. Orcyrcrere anTnbapuoHoB Bo BeesienHOi (KpoMe ciiydast UX POXKJIEHUS B
KOCMHYECKHX JIydaX U Ha YCKOPHTEJISAX ), BOSMOYKHO, CBSI3aHO ¢ HapyenneM C),-9eTHOCTH.
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Cy1iecTByOT Ipyrue TUIBI CHUMMETPUN TaMUJIBTOHUAHA, TPUBOISIIIE K OIPE/Ie/TeH-
HBIM 3aKOHaM cOXpaHeHHsd. Hamnpumep, B cucteme OIMHAKOBBIX YaCTHI] IIEPECTAHOBKA Ta-
KUX YaCTHIl, KA3aJ0Ch ObI, He MeHseT raMujibToHnana. /3 9Tux mpaBus mepecTaHOBOK
MOT'YT OBITH MOJIYU€HbI HEKOTOPbIE 3aKOHBI COXPAHEHUS.

11.2. MowmenT uMmitysibca. KomMmyTarymsas MOMeHTa ¢ BEKTOPHBIMEU BeJINYWHA-
MU

B kJraccuveckoii MexaHUKe BEKTOPOM HAa3bIBaETCd BeJUYNHA, IIPEoOPa3yIoNascs TaKk
JKe, KaK BEKTOPBI CHCTEMbBI KoopauHaT. Hampumep, mpu moBopoTe cUCTEMBI KOOPIUHAT:

l)

—

Ecim Besmmanne A orBedaer omnepartop A, TO Takoe yKe COOTHOIIEHHE JIOJZKHO BBIIOJI-
HATBCS JIJI OLIEPATOPOB:
A=A+ [0 x Al (11.17)
PaccmoTpuMm cBsi3b Mexk Iy 1mpeoOpa3soBaHUSIMU CHUCTE-
MbI KOOpAWHAT IOJIgd BEKTOPHBIX BCJINYNH B Pa3HbLIX CHCTE-
Max orcuera. [Ipu MoBOpoTe HEKOTOPOH CHCTEMBI KOOD/IH-
war K (cm. puc. 11.9) na yron

0f = 1o,

BO3HUKAaeT cucreMa KoopauHar K’ obo3HadeHHAs IITPU-
XOBaHHBIMU JINHUAMU Ha pucyHke 11.9.

[Ipu sTOM BOJIHOBBIE (DYHKIIUU IIPEOOPABYIOTCS CJIE]LY-
FOIIUM 0Opa30M:

W) = Rs,| W), (V| = (¥|R],. (11.18) Prc. 11.9.

B noBoit cucreme KOOpJauHaT K’ ¢ noBbiMu BOJIHOBBIMMU (byHKHHHMH cpejJgHee 3HadeHue

A = (W) A0,

[Moxcrassst B 910 Bbipazkenue npeobpasosanue (11.18), morydnm:

~

A = (V|R] AR5, |V). (11.19)
C mpyroit ctoponsl, coryiacao (11.17)
A = (U|A - 65 x Al|w) (11.20)

CpasuuBas Beipazkenusi (11.19), (11.20), mosryduM cjie/IyIoILy o 3aiuch:

~
-,

R;wﬁéw — A—[0@ x A (11.21)

Pasencrso (11.21) 1t n-0ii KOMIIOHEHTBI TIPUMET BUI:

~ A~
A - —

Ry = A, — 0@ x Ay (11.22)

1>

Rt

(g%

N
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CorstacHo ompejiesieHnto oneparopa moopora (11.10), jeBast gacTh npumer Bug, (CyM-
MHUDOBaHUE BEJIETCS 110 1)

(1= 500 L) u (14 350 L) = A~ o6 x AL (11.29

N3 Kypca Teopun 1oJjisi ©3BECTHO, 9TO k-0€ 3HaUEHUEe MPOU3BEICHUS MOXKET ObITh 3a-
[IICAHO CJIELYIONINM 00pa30M:

~
-

(0@ x Al = eradpiAi = —eidpi Al
IJIe €;,; — COBEPIICHHO aHTHCUMMETPUYIHLIA TEH30D.

PackpbiB ckobku B sieoii wactu (11.23) u npenebperasi KBaJAPATUIHBIMA UJI€HAMH,
TTOJTY UMM

~ T A A ~ A~ ~ 1 ~ ~ ~
Ay — ﬁ{Lz‘Ak - AkLi} = Ay — ﬁ590i[Li,Ak] = Ap + eidp; A

COKpaTI/IB Ha Ak B 00€nX 4acTsX 3TOr0 paBE€HCTBa, IIOJIy49UM CJieAyromee COOTHOIIIEeHE:

Takum 06pazomM, KOMMYTATOp OI€pATOpa MOMEHTa ¢ KOMIIOHEHTAMU BEKTOPA BbIPa-
JKaeTcs caenyomuM obpasoM. B Beipaxkennn (11.24) cofep:Kkurcs KOMMYyTaIns MOMEHTA
U ¢ KOODP/IMHATAMU, U C UMITYJIbCAMU, U JazKe ¢ KOMIIOHEHTAMU MOMEHTA.

13 dbopmysbt (11.24) jerko moayduTh Cieyonme KOMMY TAIIMOHHBIE COOTHOIIEHUST:

[Ls, &) = iheg i
[Li, i) = iheapy (11.25)
[Li, Ly) = ihei Ly

OTHU COOTHOILICHUSA TAaKyKe MOYKHO OBLIO OBI BbIBECTH, HaIIpUMeEpP, BOCIIOJIb30BaBIINCH

~

oneparopom Momenta L. Pacemorpum mogpobuee Boipakenue (11.25), mampumep, Jjist
UMITYJIbCA.

4 AY
AP AP
%
Puc. 11.10. Puc. 11.11.

KommionenTs! 1o O/IHOMY HalIpaBJIEHNIO KOMMYTHUDYIOT:

A A A

[Lwaﬁm] = [Lyvﬁy] = {Lm@] =0,
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MOCKOJIBbKY, eCJTH UMITYJIbC HampaBJyieH 1mo ocu z (cm. puc. 11.10), To moBopoT BOKpyYT ocu 2
HEe M3MeHseT UMITYJIbCa P.

Ecym ke KOMITOHEHTHI MOMEHTa KOJTNYeCTBA JIBUXKEHUS U UMITYJIbCA PA3JINYHbI, TO OHU
HE KOMMYTUPYIOT:

[Lzapx] = ihpya
TO MIPH IIOBOPOTE BOKPYT OCH 2 OCh X cMeraercst K ocu y (em. pue. 11.11).
AHAJIOTUYIHO HAJIO TOHUMATH CJIEIYIONIEe: BOZbMEM CO-
CTOSHUE C OIpPeJe/IeHHbIM UMITY/IHCOM D,, HAITPaBJIEHHBIM A
BJ0JIb ocu z (eMm. puc. 11.12). BosiHOBO# BeKTOp MMeeT BUJI;: A

- A AA A A
e h s

TO €CTh CYIIECTBYET IJIOTHOCTD ITOTOKA BEPOSITHOCTH Yepe3
IIJIOCKOCTL X Y .
. O
[TockoIbKY MMITYJIbC OJIMHAKOBBIi, a IJ1e90 (paccros- / (0) Ny
Hrie oT To9Ku O J10 TOYKH TPUIOXKEHUS UMITY/ThCa) PA3HOE, / \
TO OYJyT CyIIECTBOBATL PA3HBIE MOMEHTBI OTHOCHUTEIBHO & &y
oceil x n y.

CureoBaTeIbHO, MOMEHT KOMMYTHPYET C BEKTOPOM Puc. 11.12.
TOJILKO B CJlydae, KOTJa BpallleHHe He MeHsieT HallpaBJIeHHd BeKTopa. VI3 Tpernero co-
orHommenus B (11.25) BugHO, 9TO pasjudHble KOMIOHEHTHI MOMEHTa HE KOMMYTHUPYIOT
MeZKTy COOOIA.

CocraBuM omepaTop KBaJapaTa MOMEHTa, KOJINIeCTBA JIBUKEHUSI:

PPop2i B2y R

OkasbiBaeTcs, 3ToT onepaTop L? KOMMYyTUpyeT ¢ j1o60i KOMIOHEHTOII:

[Tokaxkem 310. OUeBUIHO,

TO €CTh HEOOXOJINMO II0Ka3aTh, UTO
Fo 7 PR
Ly, L]+ [L,, L.] = 0. (11.26)

Kaxxkiptit n3 koMMyTaTopoB B Bbipazkenuu (11.26) MoxKHO peoOpa3oBaTh, BOCIOIB30-
BaBIIUCH CJIEIYIONINUM [TPABUJIOM:

[AB,C] = A[B,C] + [A, C)B.
CuaestoBaresibHO, Bbipazkenune (11.26) mpumer ciieryroruii Bu,I:

A ~ A ~ ~ ~

{Lx[ﬁx, L]+ [Lw,Lz]zx} + {ﬁy[Ly,L;] + [zy,LZ]zy} = 0. (11.27)
B sTom BbIpakenuun

[ s Ez] = ih@lgziy = _Zhiya
[j}y, [:z] = ih@gglzx = —Z.heglgix = ih@lzgix = ZFLI:I

—
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CrenosaresbHo, Bhipazkenue (11.27) mpumer ciesyio-
U BUT:

A A A A ~ ~

{_LCCLy - [A/ny} _|_ {Lny + .i/q;Ly} — 0,

nprdeM Kazkiasd U3 CKOOOK II0 OT/ICILHOCTH, OYeBUIHO, HE
paBHa HYJIIO.

AHAJIOrHIHBIM 06pa30M MOYKHO JOKA3aTh, 9T0 L2 KOM-
MyTHpYET ¢ L, u f}y. [Tosrydaercs, 9TO IPHU OIPEIEJTCHHOM
KBaJpaTe AJIMHbI BEKTOPa COXPpaHACTCdA €ro IIPpOCKIruA Ha
ochb z (em. puc. 11.13), T0 ecTh B pe3yJibTe BpallleHUs BO-
KPYT 3TOil OCH HOJIydaeTcsi HeKOTOPBIl KOHYC, Y KOTOPOIr'o
BBICOTA paBHa L., a 1ymHa obpasyliomeii pasHa VI2.

Puc. 11.13.

ITpu sTom L, n L, He uMeIOT ollpe/ieJIeHHBIX 3HaYeHNH], II0CKOJIbKY OHU HE KOMMYTH-

pytor ¢ L,.

HOCKOJIbe IIpOoEeKIUM MOMEHTa KOJIMYEeCTBa ABU2KEHUA KOMMYTHUDPYIOT C 'aMUJIBTOHU-
aHOM, TO HMX CpelJHee SHadeHue JOJIZKHO OBITH ITOCTOAHHBIM. DTO cpeaHee 3HadeHnue OKa-

3bIBa€TCA PaBHBIM HYJIIO:

~

Ly=1,=0.

DTO JIErKO JI0KA3aTh CJIELYIONUM obpa3om. PaceMoTpum crie Iy ommit KOMMY TaTop:

~ ~ ~ ~

Ly, L) = LyL. — L.L, = iheysL,.

Bzas cpejnee 3navuenne ot 06enx dacTeil ITOro BhIPAYKEHUs U YIUTHIBasA, UTO

L.|0) = p|¥),

TIOJTY IUM:

(U|LyL. — L.Ly|W) = (0| Ly| W) — p{¥|Ly| W) = 0= —ihL, = L,=0
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