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JIEKIINSI 4

MaTremaTudecKnii annapar KBAHTOBOI MeXaHUKN. DPMUTOBBI
oneparopsbl. IlocTyiaTel KBAHTOBOII MeXaHUKM

Ha mpormuoit jieknuu uexo/isi U3 MPUHIIAIIA, CYTEPIIO3UITUN COCTOSHUI OBLIO yCTAHOB-
JIeHO, 9TO0 J1t060e cocTosiame |X ) CHCTEeMbl YaCTHUIL MOYKET OBITh MPEJICTABIEHO KaK CyIep-
ITO3UIUSI COOCTBEHHBIX COCTOSIHUIT HEKOTOPO# (pU3MIeCKOil BeJIMINHbI:

) =) alf). (4.1)

7

[Ipu 9TOM BEKTOPBI COOCTBEHHBIX COCTOSHII OPTOTOHAJBHBI JIPYT JIPYTY U MOT'YT OBITDH
HOPMUPOBAHBI:
0, 1#k
(fil fe) = 0, O = . (4.2)
1, i=k
Ucxomst 13 sroro, KoaddurmenTsl ¢; B Bbipazxkennn (4.1) MOKHO OIPEJIETUTh KaK MPo-
exruu BekTopa |X) na optTsl |f;).
¢ = (fi| X). (4.3)

DTO BbIpaXKEHHE MOYKHO IOJYUINTh, YMHOXKHUB (4.1) Ha Opa-BeKTOp cocrosinmst ( fi|.
BaMeHUB B [OJIyYUBIIEMCS BBIDAYKEHUNU | <> K, HOJYIUM B TOYHOCTH Bbipazkenue (4.3).
PaccmoTpnM ckansspHOE MPOM3BeJIeHNE BEKTOpPa COCTOSHHII Ha CaMoro ceds, TO eCThb

KBaJIpaT HOPMBI
(XIX) = (Y ahi|> ki), (4.4)
i k
TaK KaK CyMMHPOBaHUE IIPOUCXOIUT HE3aBUCHMO.
B cuty Toro, 4rTo ckaJisipHOE [IPOM3BEJIEHIE JIMHEHHO [0 KeT-BeKTOPY U aHTUJIMHEIHO
o 6pa-BekTopy (cBoiictBa 3.2,3.3), T0 Beipazkenue (4.4) mpumer ciepyromuii BI:

(XIX) =) calfilfe) = crendin = ) |l

Ksajpar moaynsa koadduimenta ¢; J0/2KeH ObITh paBeH BEPOITHOCTH HAXOXKJICHUS
cucrembl B cocrosann | f;). Cymma Bcex BepOsiTHOCTel JI0JzKHA OBbITh paBHA €JIMHUIE, TAK
KaK Ipu U3MepeHnn (pU3MIecKOil BeJIUYUMHBI OJHO U3 ee 3Ha4YeHuil o0s3aTe/IbHO Oyjer
ITOJIY9€HO, CJIEI0BATE/IHLHO:

D el =1
i

Taxum obpazoM, puznvdeckne BeJIMIUHBI JOJIZKHBI OMUCHIBATHCA BEKTOPOM COCTOSHUN
¢ KOHEYHBIM KBa/IPATOM HOPMBI: €CJIM HOpMa KOHEYHasd, TO, MO/IeJINB Ha Hee, MOXKHO HOD-
MHUPOBAThH COCTOSTHUE.

Hamomuum, uro dpusmdeckoe OCHOBaHME KBAHTOBON MEXaHUKH — KOPILYCKYJISPHO-
BOJIHOBOW JTyajiu3M, a IIPUHITUI CYHEPIO3UIUN COCTOSHUN — CIocod Ha KOPITYCKYJISPHOM
SA3bIKE ONMCATh BOJIHOBBIE SBJIECHUS.

DTOT Ke MPUHIIAI ONPEJIETITeT, KAKOHM JTOIZKEeH ObITh MAaTEMATUIECKHil armapaT KBaH-
TOBOW MEXaHUKHU, CBOJMAININNCI K TOMY, YTO COCTOsIHUE OIUCHIBAETCS BEKTOPOM B 0COOOM
[POCTPAHCTBE, [JIe OPTAMU SIBJISIFOTCS BEJIMIUHBL | f;).
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HGKHI/IH 4. MaremaTnuecKnii allllapaT W IIOCTYJIaThI KBaHTOBOI MeXaHUKH

CdopmymupyeMm cjieayomuii mocTyaar:

Omnpenenenue 4.1. IlepBbIit mocTyIaT KBAHTOBO MEXaHUKHU — COCTOSIHAE CHCTEMBI
[IOJTHOCTBIO OMUCHIBAETCS BEKTOPOM COCTOAHUS, KOTOPBIi JTOJI?KEH ObITH OJIHO3HAYHO OIpe-
JieJieH (€ TOYHOCTBIO 10 06Imedi hasbl) 1 UMeTh KOHEUHYIO HOPMY.

N3 tpeboBanunit KOHEYHOCTU HOPMBI B JaJIbHEHIeM OYIeT CIeI0BaTh CYNIECTBOBAHUE
JUCKPETHBIX YPOBHEIl 3HEPIuu.

B kjraccmyeckoit MexaHuKe IOJTHOE OMUCAHUE CUCTEMbI O3HAYAJIO, 9TO, 3a/laB BCE KO-
OpPIMHATHI U CKOPOCTHU

{JZZ‘ e Uz'}to

B HEKOTOPBIIt MOMEHT BpeMeHU 1y, MOXKHO
1) Boramcsnuts 1106y10 MEXaHHYECKYIO BEJMYUHY (SHEPTUIO, MOMEHT, UMITYJIbC) B MO-
MEHT BPEMEHH Tg;
2) 3Hasi CHJIBL, JIEHCTBYIONE HAa CHCTEMY MOYKHO BBIYUCJIUTE T€ YK€ CaMble BEJTMIMHBI

{.TZ‘ . Ui}t

B JII00OIT MOMEHT BpeMeHH t.

B kBaHTOBOII MexaHuKe B npejcrasienun (4.1), rie B KauecTBe OpT BHIOPAHBI COCTOSI-
HU | f;) HeJIb3s JlayKe yKa3aTh BEJIMYUHY f; — MOXKHO yKa3aTh JIUIIb BEPOSITHOCTH TOTO,
YTO 3Ta BEJMYUHA IPUMET TO UM UHOE 3HAYCHHE.

OnHako, ecjn 3aJlaH BEKTOP COCTOsIHHSI B OIIPEJIEIeHHOM Oasuce |f;), T0 MOXKHO, co-
[JIACHO TIEPBOMY HOCTYJIATY KBAHTOBON MEXaHUKH, BHIYUC/IUTD BEPOATHOCTD JIFOOBIX BEJIH-
quH. Takum 06pa3oM, B KBAHTOBOW MEXaHUKE OIUCAHUE IIOJHOE B TOM CMBICJIE, ITO

1) Eciaum 3aaH BEKTOp COCTOSIHUS, TO €CTh AMIUIATY/BI ¢; B HEKOTOPOM Oasmce, TO
MOKHO yKa3aTh BEPOSTHOCTH BCeX (DU3UIECKUX BEJININH;

2) Ecmu BekTop cocrosinus |V) 3a/aH B MOMEHT BPEMEHH tg, TO [0 HEMY MOXKHO HAfTH
BEKTOD COCTOSHHA B JIIOOOH MOMEHT BPEMEHHU:

U)o = [¥)s

[Iycrb BekTOp cocrosimst |W) 3a/1aH ¢ MOMOIIBIO OPT, OTBEYAIONTNX COOCTBEHHBIM CO-
CTOTHUSAM BEJIMIUHBI f, TO
T) =" il fi)-

k

Haiijiem BeposTHOCTH HEKOTOPOIl BEJIMYUHBI (.

0) = elf) = sz‘wi)-

k

[Moncrasiiss Boipazkenne st (V) B 6asuce | fi), moayanm
Z Ckfk> = Z ck{gil fie)-
k k

Taxum obpazom, 3Hasg KOIPDUIMEHTHI ¢, MOYKHO HANTH aMILIUTYIbI COCTOSHUs b;, 1
cJIe/IoBaTe/IbHO, BepoaTHocTH |b;|2. [l 9Toro HeoGXoMMO 3HATH CKAJISIPHOE TTPOU3BEIe-
Hre BeKTopoB (g;| Ha | fx).

b = (gil®) = (g,
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HGKHI/IH 4. MaremaTnuecKnii allllapaT W IIOCTYJIaThI KBaHTOBOI MeXaHUKH

PaceMoTpuM 3T0 CKaJIsSIpHOE NMPOU3BEIECHUE ¢ FeOMETPHYECKON TOYKM 3peHus. IlycThb
B HEKOTOPOH cHCTeMe KOOpJMHAT 3aJiaH BEKTOp. BO3bMeM JpPYryio CUCTEMY KOODJIMHAT,
[OBEPHYTYIO OTHOCUTEIHLHO TIEPBOIA.

Yro0b! y3HATH IPOEKIMHA BEKTOPA B HOBOI CHCTEME KOOD/MHAT HaJI0 3HATH YIJIbI MEK-
JIy CTapbIMU U HOBBIME OCsiMu KoopuHaT. CkasisipHoe ipousBejsierne (g;| fr) — KOCHHYCBI
YIJIOB MEKJIy OPTaMH, [Jie B KauecTBe OpT OepyTcst COCTOsTHUS | fx) 1 |g;) cooTBeTCTBEHHO.

Takum obpazom, 3Had KaK COOCTBEHHBIE COCTOSHUS JIBYX CUCTEM CBA3AHBI MEXK]Iy CO-
60ii, Bcerja MOXKHO BBIYHC/IUTH BEKTOP COCTOSIHUSA B JIFOOOM JPyToii cucreMe KOO/ IMHAT.

IIpumep 4.1. Paccmorpum mpocreiimmuii cirydait — mycTb

JaCTUIZ MOXKET JIBUIaThCA TOJIBKO B OJHOM IpOCTpaH- . ' . | .

CTBEHHOM u3MepeHnu. Pa3obbeM IpsiMyIo Ha MaJjible OTPe3-

KI z;. B KadecrBe cocrogHMil pusnueckoil BeJMINHBI Oy- Puc. 4.1.

JIeM paccMaTpPUBATh IOJIO?KEHIE YaCTUIIBI B TOM WJIA MTHOM

yuaactke (cMm. puc. 4.1). N
BekTop cocTosiHus B 9TOM CJIydae TPUHUMAET CJIETYIO-

A BUJI:

0) = Z¢($k7t)|xk>‘ (4.5)

Taxkum o6pasoMm, BeKTOp coctosius |W) mpencraBien
B KOODIMHATHOM (KOH(MDUI'YDAIIMOHHOM ) TIpeJICTaBIeHnn (B
KadecTse (bU3NYecKoil BeJIMUNHBI GepeTcs KoopIuHaTa da-
CTHIIBI).

C apyroit CTOPOHBI, MOZKHO OBLIO OBbI B3ATh JAPYTYIO (hu-
SUYECKYIO BEIMYNHY — HAIPUMED, UMIIYJIbC. B 9TOM CIydae BEKTOP COCTOSHUS IIPUMET
BII:

&V

Puc. 4.2.

T) = alp,t)|p:)- (4.6)

(2
B sroMm ciryuae BeKTOp COOCTBEHHBIX COCTOSIHMUIA |p; ), IPEICTABICHHBIN 110 COOCTBEHHBIM
COCTOSTHUSAM |T), IPUMET BUT:

pi) = Z<$k|1%>|$k>-
k
[Toncrasiiss 910 Boipazkenne B (4.6), mosaydnm:
) = alps, ) (z|pi)]).

CpasruBast 310 Bbipaxkenue ¢ (4.5), HOJIydInuM cJiejiyroliee BblpazKeHue:
U(ae,t) =Y alps,t){lpi)- (4.7)

B ciyuae Tpexmeproro jpukenus (cMm. puc. 4.2), HaJI0 pasdUTh MPOCTPAHCTBO Ha
AIeHKH 1 CyMMHPOBATD 110 KazK/IOMYy HAIIPaBJICHUIO OT/IEIbHO. B aToM cirydae B BhIpazKe-
unu (4.7) mogBUTCA TpOiiHAA CyMMA.

Dopmyita (4.7) mo3BossIeT B cirydae, €CIi BEKTODP COCTOSIHIA IIPE/ICTABICH B KOHMHUTY-
PAIMOHHOM IIPEJICTABJICHNN, BBIYHCIUTD €I0 B UMITYJIbCHOM IIPeJICTaBIeHnN. AHAIOITYIHO
MOZKHO IIOJIyIUTh 0OpaTHYIO (hOPMYILY, IO3BOJIAIONIYIO 110 BEKTOPY COCTOSTHUSA B UMILYJIbC-
HOM IIPeJ/ICTaBJIeHNN BBIYHUC/INTH €r0 B KOH(DUTYPAIMOHHOM IIPe/ICTaBICHNAN.
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HGKHI/IH 4. MaremaTnuecKnii allllapaT W IIOCTYJIaThI KBaHTOBOI MeXaHUKH

Ha mnporoit ek ObLIM pacCMOTPEHBI CBOMCTBa JIMHEHHBIX ONEPATOPOB U yCTa-
HOBJICHO, 4YTO JieficTBUe JTUHEHHOIro ollepaTopa olpelesdeTcd ero MaTpulieil B HEKOTOPOM
npescrasiaenun. Ilycrs

[A) =D alfi),  1B) =D bilfi) = L1A), (48)

TOrIa,

1B) = 3 aiklf).

k

Cunenosarenbuo, ko3 duiiuent b; onpesessercs CIeLyONuM BbIPAXKeHUEM:

b= (f1B) = 3 anl L.

k

Takum obpaszom, 3Hast KOIDDUIMEHTHI pa3I0KEHUs af BEKTOpa |A) MOXKHO HailTh
; k
K03 DUIUeHThl pa3jiozKeHus b;, ecjiu U3BeCTHA MaTpPHUIla OllepaTopa

Ly = (fil L] fx)-

B marpuaHoM mpejicraBienun BekTop |B), cormacuo (4.8), MOXKeT ObITh 3aIliCaH cJie-
JYIOIIAM 00pa3oM

bl aq
b2 Ll 1 Lln Qs
bn Lnl Lnn a,

BBejieM [OHSATHE CyMMBI orepaTopos L u M:
(L + M)y = Li + My,

[Iycrb ectb BekTOp |A), pesynbraTom jeficTBus oneparopa L Ha KOTODBIH SIBJISIETCSI
BekTOp |B). A pesyibrarom jeiictus omeparopa M Ha BekTop |B), B ¢BOI0O Ouepejib,
sBiisiercst BeKkTop |C).

L M
|A) = |B) — |C).
Bekropy |A) conocrasiensr KosdbdummenTsl a;, BekTopy |B) — koaddunuentsr by,
BekTopy |C) — koadpdunuments ¢;. B sTom ciyuae

€Y = N|B) = ML|A). (4.9)

B sToM BbIpakeHUU CyIIecTBEHEH MOPSIOK JIEHCTBHUSA OIEPATOPOB L u M. Takum 06-
pasoM, 10/] IIPOU3BEIeHUEM OIepaTopos L u M OyIeM MOHIMATh UMEHHO TaKOe IIPO-
U3BeJICHUE.

Martpuria oneparopa ML — [IPOU3BEICHIE MATPHIL OIIEPATOPOB M u L. Takum obpa-
30M, B MATPUIHOM Bujle Bbipazkerue (4.9) mpumer cJeyronmii Bus:

C1 MH e Mln LH . Lln ai

Cn, My, ... My, Lpy ... Ly, an,
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HGKHI/IH 4. MaremaTnuecKnii allllapaT W IIOCTYJIaThI KBaHTOBOI MeXaHUKH

CreoBaTeIbHO, B MATPUTHOM BH/JI€ OIIEPAaTOP MPOU3BEIeHUS BHIPAYKAETCST CJIE/TY-
FOIITUM 00pa30M:

(ML)e =) MinLu.
n
B obmem cirydae, mpousBeieHue MaTPUI, HEKOMMYTATUBHO:
ML # LM,

B OTJIMYWE OT IIPOU3BEIEHUS KOMIIJIEKCHBIX YUCE].

B nanbheiinieM MaTeMaTHYeCcKnil anapaT KBAHTOBOW MeXaHUKU OyJieM paccMaTpH-
BaTh 110 AHAJOTHH C KOMILIEKCHBIMHU YucjaamMu. JacTto oObIvHbIE KOMILIEKCHBIE YUC/Ia Ha-
3BIBAIOT C-YMCJAaMM, & OIePaATOPhI, B CBOIO OYEPE/Ih, HA3BIBAIOT (-UUCJIAMMU.

[IycTh HEKOTOPOE KOMILIEKCHOE UHCJIO 2 3aIIMCAHO B CJIEYIOIIEM BHJIE

z=x+1y, x,y€ER,
TOIJIa KOMILJIEKCHO COIPSAZKEHHOE €My YHCJIO PABHO:
2f=x—1y.

Hepr,ZLHO IIOKa3aTh, 9YTO IIPOU3BEACHUEC ITUX JIBYX KOMIIJIEKCHBIX YUCEJTI — ,ﬂeﬁCTBI/I—
TEeJIbHOEC YNCJIO
2y =1t 4 9P

[ToobHO 3TOMY, JIJIsT KarKJ0r0 OlepaTopa MOXKHO BBECTH IOHSATHE SPMUTOBO COIPSI-
JKEHHOT'O OIl€paTOpa. DPMUTOBO COIPSKEHUE It ¢-UUCe] AHAJOTUYHO KOMILIEKCHOMY
CONPSYKEHUIO JIJIsl C-IUCEJI.

Pacemorpum ckassipHoe pon3BejieHne BeKTopa |A) u BeKTopa, SBJISIONErocst pesyJib-
TaTOM JEHCTBUA HEKOTOPOr'o JIMHEIHOTO olepaTopa L na BekTOp |B)

(A|L|BY.

Bekropy |A) B 9T0M BbIpazkeHuu comnoctaBuM KoadhduineHTs! a;, Bekropy |B) — Ko-
sdunmentsl b;. B 3TOM ciiydae BeIpazkeHue Jis CKaJSPHOrO IPOU3BEICHUS IPUMET CJIe-

JYIOIIA BU;
(A|lL|B) = Za:Likbk-
ik

[TorrpoOyem 060coOUTH B 9TOM BbIpazkeHHH Ipoussejenue a’L;;. B arom ciydae

(AIL|B) = 3 (Lia,) by (4.10)

ik
O6o3naunm vepes LT marpumy rakyo, aro

Ll =1L, (4.11)
B srom ciyuae Boipaxkenune (4.10) mpumer ciepyromuii BuI:

(AIL|B) = > (L},a:) b = (Liailbe) = (LTA|B)
ik
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HGKHI/IH 4. MaremaTnuecKnii allllapaT W IIOCTYJIaThI KBaHTOBOI MeXaHUKH

Taxum oOpaszoM, MOKHO 3aIUCATDH CJIEIYIONee PABEHCTBO:
(A|L|B) = (LT A|B) (4.12)

Biejiennblii TakuM 06pazoM onepartop L' HOCHT HasBaHHe SPMHTOBO COIPSIYKEH-
HOTO oreparopa. TakuM obpa3oMm, orepaTopoM L MoxHO jeficTBOBATH Ha JIEBYIO YaCTh
Bhipazkenus (4.12) (mepeHOCUTH €ro JieBee BEPTUKAJIBHON YepPThI), €C/IM 3aMEHUTh ero Ha
SPMHTOBO CONpsizKeHHbIii L.

Marpuna SpMUTOBO COIPSZKEHHOI'O OIEPATOpPa, COrIacHO Bbipaxenuto (4.11), ectsb
KOMIIJICKCHO-COIIPfAZKEeHHad TPaHCIIOHUPpOBaHHasd MaTpUIla, IIO3TOMY

it— 1

Dopmyia (4.12) sBiasieTcs ONpe/IeIeHHeM SPMUTOBA, COTPSIZKEHNUSL.
PaccmorpuM criejtyroree Ipou3BeieHue:

(A|LM|B). (4.13)

Omneparop L MOXKHO IIEPEHECTH 3a 9ePTY, IOCTaBUB BMECTO HErO SPMUTOBO COIIPSZKEH-
ueiit oneparop LT, ciemoBatenbro, Boiparkenne (4.13) npumer Bu:

(A|LM|BY = (L1 A|M|B).

AHaJIOormYHBIM 06pa30M MOXKHO IepeHecTH onepatop M, nocrasus ero nepex L. Cie-
JoBaTeIbHO, Beipazkenue (4.13) mpumer Bu:

(A|LM|B) = (MTLTA|B) (4.14)

C spyroit cTopoHbI, MOYXKHO ObLIO Obl B BbhIpaxkenuu (4.13) mepenectu 3a 4epTy cpasy
npousBejieHue onepatopos (LM ), Torma

(AILM|B) = ((LM)'A|B)
CpaBHEBas 3TO BbIpayKeHue C (4.14), IIOJIYIUM, Y9TO
(LM)t = MTLT, (4.15)

TO €CTh 3PMHUTOBO CONPsi?KEHUE ITPOU3BEJIEHUS — IPOU3BEJIEHNE SPMUTOBO COIPSI-
JKEHHBIX OIIepaTOPOB, B3sATOE B 0OPATHOM IOPSJIKE.
Jlerko 0600mMKUTH 9TO OIpeesIeHne Ha JI000e KOJIMIECTBO OIepaTOpOB:

(LM ...N)f =Nt ML

JleficTBUTEIBHOE YHCJIO0 — TAKOE YHUCJIO, KOTOPOE PABHO CBOEMY KOMILJIEKCHO COIIpsi-
KEHHOMY
z=2".

AHAIOrIIHBIM 06PA30M MOZKHO OIPEJIEINTH IPMUTOBBI (CAMOCONPsI?KEHHBIE) OI1e-
pPaTopBHI.

Onpenenenune 4.2. Oueparop K SPMUTOB, €CJTU

Kt=K.
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HGKHI/IH 4. MaremaTnuecKnii allllapaT W IIOCTYJIaThI KBaHTOBOI MeXaHUKH

ZL.HS[ KOMIIJIEKCHBIX YHCEJI
2z = |2]?,
a JIJIsl SPMUTOBBIX OIEPaTOpPOB, coraacHo dopmyie (4.15),
(ATA)t = AtA,
10 ecth onepatop Al A Taxske spMuTOB.

It paccMOTpeHHs CBOMCTB SPMUTOBBIX ONEPATOPOB HYKHO IIPEIBAPUTETHHO BBECTH
JIBa TIOHSITHSI.

Onpepenenne 4.3. I[lycrs ects HekoTpoe cocrosiine |A). Cpennee 3naveHue L ore-
paTopa L ompeesercst CJIeLyONIM BhIPaXKeHUEM:

L = (A|L|A).

Omnpenenenne 4.4. Eciu pesyibrar jeiicTBust oneparopa L Ha HEKOTOPBI BEKTOP CO-
CTOsIHUSL |f;) C TOYHOCTBIO JIO MHOXKHUTEJsI PABEH CAMOMY BEKTOpY |f;), mpudeMm |f;) —
HEHYJIeBO BEKTOP

L fi) = fil fi), |fi) # 0, (4.16)
TO BEKTOD |f;) — COBCTBEHHBIN BEKTOP orepaTopa [:, a f; — cobcTBEeHHOe 3HAYEeHUEe
9TOT'O OIIEPATOPA.

st ymobcTBa cOOCTBEHHBIN BEKTOP MPUHATO 0003HAYATH T€M COOCTBEHHBIM 3HAUEHU-
€M, K KOTOPOMY OH IpuHa/ jIezKuT. [Ipumenns oreparnuu TpaHCIIOHUPOBAHUS U KOMILIEKC-
HOTO CONPSIZKEeHMsT K KaxKJ0ii n3 dacreii paBeHcTBa (4.16), moayauMm, 910

(filL = f7(fil- (4.17)

[IpuMenuB 3T MOHATUSA K SPMHUTOBY oriepatopy hat K , IOJIydrM CBOHCTBA SPMUTOBBIX
OIIepaTOPOB.

CsoiicTtBo 4.1. Cpednee 3navenue spmumosa onepamopa Jeticmeumenvro.
(] JleiicTBUTEILHO, COTJIACHO ONpe/ieieHuIo 4.3
K = (A|K|A) = (KTA|A) = (K A|A).
[To cBO#ICTBY CKaJISIPHOTO MPOU3BEIECHUS:
(AIR|A) = (RAJA) = (AR A)",

TO €CTb HEKOTOpasd BEJINYINHa paBHa CBOEMY KOMIIJIEKCHO COIIPAXKEHHOMY 3HAYCHUIO.
CrieoBaTeIbHO, 9Ta BeJNYNHA JEHCTBUTEIbHAS, TO €CTh CpeHee 3HaAYeHNE SPMUTOBA
oneparopa K meiicTBUTEIbHO, 9TO U TpeboBasoch goka3arh. Il

CsoiicTBo 4.2. Cobcmeennvie 3HaUeHUAs IPMUMOBA ONEPAMOPa 0etCMEUMENDHbL.
(] Paccmorpum seiictBue onepaTopa K Ha HEKOTOPBIH cOOCTBEHHBIH BeKTOp ket f;
K| fi) = filfi)-
YMHOKHUB 006€ JacTh 9TOr0 BhIpayKeHUs cjeBa Ha (f;|, mosydnm, ato
(filK|fi) = K = fi{fil fi)-
ITo cBoiictBy 4.1 cpenHee 3HaUEHHE SPMHUTOBaA OIepaTopa JeHCTBUTEIBHO, a KBaJIpaT

HODPMEI ( f;|f;) Becerma meficrBuTesieH, IO9TOMY 3HAUYEHNE f; TaK¥Ke JEHCTBUTEIHHOE THCIIO,
4TO U TpeboBaoch JIoka3aTh. Il
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CsoiictBo 4.3. Cobcmesentvie 8eKmMoOpa IpMuUmoBa 0Nepamopa oPMmo20HANHbL €CAU OHU
NPUHAONENCAT, PASHBIM COOCTNEEHHBIM 3HAYEHUAM.

U IycTs R

a BTOPOIl cOOCTBEHHBIH BeKTOp 3amuiiem B Buje (4.17):

(ful K = fi(frl-

YMHOXKUM TIEpBOEe PABEHCTBO cjieBa Ha (fi|, a Bropoe cupasa Ha |f;) U BblUTEM U3
LIEPBOr0 paBeHCTBa BTOpoe. JIeBble YacTU MOJIyYMBIIMXCH BLIPAXKEHUIT PABHBI, IIO3TOMY,
BbIduTad IIpaBble 9aCTU, IIOJTYINM:

0= fi(fk’fi) - fk:(fk|fi> = (fk - fi)<fk|fi>'

W3 sToro BbIpa2zKC€HHA CJIEJYyET, 9YTO €CJIn

fi# fk = (filfi) =0,

TO €CTh BeKTOpa |f;) u |fx), IpuHAIeKAIINE PA3HBIM COOCTBEHHBIM 3HAYCHUSIM, OPTOIO-
nababl. W

Bo3MozKeH cirytail BHIPOXKICHIs: Oneparop K MOXKET HMETh HECKOJIBKO COOCTBEHHBIX
BEKTOPOB, COOCTBEHHbIE 3HAYEHMT KOTOPBIX PABHBI f;

K|fw¢>:fz|fwz>7 0621,2,...,7",

rae r — KpaTHOCTL BbIPO2KJICHUA.
B sTom ClIyda€ MO2KHO COCTaBUTDb HHHeﬁHym KOM6HH8JLHIO

an|fioz>7

a

KOTOpasi IO-TIpeXkHeMy OyaeT coOOCTBEHHBIM BEKTOPOM orepartopa K :

K an|fm> :fizca‘fia>-

Takum obpaszom B ciiydae, KOrJla €CTh BBIPOXK/IEHUE, JI0bas JUHeHas KOMOWHAIA
COOCTBEHHBIX BEKTOPOB TAKZKE SIBJIETCS COOCTBEHHBIM BEKTOPOM, UMEIOIIUM TO K€ CAMOe
coOCTBEHHOE 3HAYCHUE f;.

CreoBaTeIbHO, B CIydae BBIPOXKJIEHUsT BEKTOPA, MPUHA/IEYKAINE BBIPOXKIEHHOMY
3HAYEHUIO, COCTABJISIOT JIMHEHHOE TTO/IPOCTPAHCTBO. B jmHeHOM moiripocTpancTBe Bee-
r/1a MOXKHO IIPOBECTH IIPOTIEyPY OPTOTOHAIU3AINE BEKTOPOB, ITOITOMY B OOIEM CJIydae
(1 BBIDOXKJIEHHOM, ¥ HEBBIPOZKJIEHHOM ) MOYKHO CYMTATh, YTO COOCTBEHHBIE BEKTOPA IPMU-
TOBOT'O OIIEPATOPa OPTOTOHAJILHBI JIPYT APYTY.

CsoiictBo 4.4. Cobcmeennvie 8eKMOPa IPMUMOB020 ONEPAMOPE COCMABAANOM NOAHYLT
basuc 6 n-meprom duckpemmnom npocmparcmee. Caedosamenvro, 10000 6eKMOP MOHCEM,
OviMB PA3N0dAHCEH MO IMOMY bA3UCY.
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(] IlycTh cyIiecTByeT SpMHUTOB OIIEPATOD
K =K.
Basuc B 3TOM npocTpaHCcTBE 0003HATHM CJICTYIONUM 00pa30M:
lei), 1=1,2,...,n,

rJie 1 — pa3MEpPHOCThb TOTO IIPOCTPAHCTBA.
Bynem zamuceiBaTh cOOCTBEHHBIE BEKTOPa oreparopa K B cieayromeM Bujie:

1f) :Zci|€i>‘ (4.18)

i

st naxoxenns | f) weobxonnmo Haiitn kKoddduimentsl ¢;. [logeiicrBoBas oneparo-
pom K Ha Bbipaxkenue (4.18), nosyanm:

K|f) =) aKle) =\ cxlex).
k

%
yMHO)KI/IM 9TO PaBE€HCTBO CJIeBa Ha <€k’ B srom cjIydae, yduTbiBasd, 9TO
<€k’|ck|€k> = 5kk’7

IIOJIY UMM

Z(eﬂf(\eﬁci = A\¢p.

i

DTO paBeHCTBO — cHUCTeMa ypaBHeHUi jij1sd KoadduimenTos c. OO03HAUUB MATPHUILY
(er| Kles) = Ky,

HOJIYIUM CJielyromiee BbIpazKEHUE:

ZKkiCi:)‘cka k=1,...,n.

Paccmorpum Buji 9TUX ypaBHEHUI

k=1: K11C1+K12C2+"'+K1ncn:>\Cl
k=2: Korcp + Koo + -+ - + Kopep, = Ao

(4.19)
k=n: Knlcl + ancQ +--+ Knncn = )\Cn

OTa cucTeMa — CHCTeMa, JIMHEHHBIX OJHOPOJHBIX yPABHEHUN OTHOCUTEIHBHO KO3 dpu-
[IIEHTOB ¢. DTa CHCTeMa UMEeT HeTPUBUAJIbHOE (HEHYJIEBOE) PellleHne, KOTJIa JeTePMUHAHT

cucrembl (4.19) pasen myJtio. [lepenocs npasyto dactb ypasaenuii (4.19) BjeBo, morydnm
MATPUIHYIO 3aIIUCh 9TOMO TPEOOBAHUSI:

K — Ay = 0]
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Breimucas 3ToT JeTEpMUHAHT,

KH—)\ K12 Kln
Ko Koo — A ... Ky,
Koo oo Kon — A

[TOJTy YUM TIOJTUHOM N-Oi CTENeHU OTHOCHTEIHHO A. UTOOBI perienue ObLIO0 HETPUBUAJIBHO,
[TOJIMHOM JIOJI2KEH 00paIiaThbCs B HOJIb

Py()\) = 0.
COFJI&CHO OCHOBHOII TeopeMe aﬂre6pb1, 9TOT IIOJIMHOM HUM€EEeT POBHO N1 KOpHefI
A gy s

[To croiicTBy 4.2 9T KOPHU JOJIZKHBI OBITH JIEHCTBUTE/ILHBI, TIOCKOJBKY A — COOCTBEH-
HOE 3HAYEHUE SPMUTOBA OIEPATOPA.

[TosncraBuB mepBblil KOpeHb B cucteMy ypasaeruit (4.19), moxuo (n — 1) Koaddurm-
€HT ¢ BBIPA3UTh depe3 KOIDMUIMEHT ¢, eCin JeTePMUHAHT OTJIUIEH OT HYJIsI.

Taxkum obpasoM, mojcrasisig Ay B cucremy (4.19) cmozkem K03 uIueHTsl ¢y, . . ., ¢,
BBIpa3uTh uepe3 c;. CienoBaTe/bHO, COOCTBEHHBII BEKTOD MPUMET BUJI:

1
o
. 1
HopmupoBaB 3TOT BEKTOp Ha €JIUHUILY, MOXKHO HAWTH 3HAUYCHUE cg ) (OCKOJIBKY BCe
octasimecs Ko3bUIIEHTI TPOIOPIUOHAIBHBI €1 ). AHATOIUYIHO /I Ay U3 COOCTBEHHOTO
BEKTOPA

MOXKHO HalTH Cjy.

Taxum 0O6pa30M, OJIYIHIM 1 COOCTBEHHBIX BEKTOPOB. Ec/in Bce coOCTBEHHbIE 3HAYUEHU S
PA3JIMYHBI, TO BCe COOCTBEHHBIE BEKTOPA IPMUTOBOIO OIepaTopa K OPTOTOHAJIBHBI JAPYT
JIPYTY U B M-MEPHOM IIPOCTPAHCTBE COCTABJISIOT TIOJIHBIN Oasmc.

Ecnan xe HeKoTOpble U3 COOCTBEHHBIX 3HAYEHHIl OJMHAKOBBI, TO, KaK OBLIO IOKa3a-
HO paHee, B IOJIYIaloIeMcsi TOIPOCTPAHCTBE MOYKHO ITPOBECTU IIPOIIELYPY OPTOrOHAJIN-
zaruu. TakuM 0O6pa3oM, cOOCTBEHHBIE BEKTOPa 3PMUTOBOIO OIl€paTOpa B N-MEPHOM JIHC-
KPETHOM ITPOCTPAHCTBE 00PA3yIOT MOJIHbIM 0A31C, 10 KOTOPOMY MOZKHO Pa3JI0zKUTh JIFOOO0T
BEKTOP B 3TOM IIPOCTPAHCTBE, 9TO U TpeboBasoch joka3arh. M

JIerko ob6OOIIUTE 9TO CBOMCTBO Ha CJIydaii, KOTJIa

n — o0Q0.
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Tpynree 0600IUTEL 9TO CBOMCTBO Ha CIydail He JIMCKPETHDBIX, & HEIPEPBIBHBIX BEJINYNH.
ObpaTuM BHUMaHHWE HA CXOJICTBO CODCTBEHHDLIX BEKTOPOB 3PMHUTOBOIO OIl€pATOPA U
BEKTOPOB COOCTBEHHBIX COCTOSTHUI (DU3UIECKON BEJTUIMHBI: COCTOAHUST (PU3UIECKON BEJIU-
YUHBI TAKYKe SIBJISIOTCS BEKTOPAME U COCTABJISIIOT TOJIHBIN Oas3uc.
CpeiHee 3HaYIeHUST U COOCTBEHHBIE 3HAYEHUST B 00OUX CJIyUasX TaKKe JIeHCTBUTETbHBDI.
DTO MO3BOJISIET CHOPMYIUPOBATH

Onpenenenue 4.5. Bropoii mocty/iaT KBAHTOBOII MEXaHWKM — KaxKJ0il pusmde-
CKOMl BeJIMYMHE COOTBETCTBYET JIMHEHHBIN 3pMuToB orepaTrop. CobcTBeHHbIE 3HAYUEHUS W
cOOCTBEHHBIE BEKTOPA 9TOI0 SPMHUTOBOIO OIIEpATOPa SIBJISIOTCsI COOCTBEHHBIMU 3HAYUEHHSI-
MHN U1 CO6CTB€HHBIMI/I COCTOAHUAMU Cl)I/I3I/ILI€CKOIU/I BEJINYUHBI.

Onpepenenune 4.6. Tpernit mocTy/iaT KBAHTOBON MEXaHUKU — B PA3JIOKEHUU TIPO-
MU3BOJILHOTO BEKTOPA COCTOSHUS 1O COOCTBEHHBIM BEKTOPAM SPMHUTOBOTO OIIEPATOpPa, CO-
OTBETCTBYIOIIET0 (DUBUIECKOI BeJTMIIHE

X) =Y clf)

(2
KBaJIPATHI MOJTyJIell KO3 PUITUEHTOB ¢;

|Cz‘|2 =

Wy
€CTh BEPOATHOCTU OOHAPYYKUTH [IPU U3MePeHnn BeJnaussbl | f) B cocrosiuuu | X) cobeTBeH-
HOe 3HAUYCHUE f;.

Ocraercst UCIOIB30BATH TOJIBKO BTOPOE TPeOOBaHUE IMOJTHOTO ONUCAHUS, 3aK/II0Tai0-
nieecd B TOM, 9TO 3Had BEKTOP COCTOAHUA B OJMH MOMEHT BpEMEHU to MOXKHO YKa3aTb €r'o
B JIIOOOH JAPYyTroii MOMEHT BpeMeHu t:

(W) — [W)s.

Do oznavaer, uTo |¥); — HEKOTODBI OmepaTop, 3aBUCSIIHA OT t,ty, JefCTBY oMMl
Ha |U)y,: A
W), = Ult, to)|¥)y,. (4.20)

Hopwma |U),, 3anmcannas B TAKOM BHJIE, DABHA
(U, |W,) = (UW|UWg) = (UTTW,|Wy).

Ksaspar Hopmbl |Psi); — 10JIHas BEPOATHOCTD TOTO, YTO MPOU30HIET HEKOTOPOE CO-
ObITHE, TO €CTh 9Ta BEPOATHOCTb paBHa ejuHuIle. HopMa Ho/KHA COXPAHATHCH, TOITOMY

(U, |0,) = (We|Ty) = UU=1, (4.21)

rjae I — eIMHUYHBINA onepaTop (ero MaTpuia — eMHAIHAS MaTPUIIA).

Omepatop U , obtaatonuit cBoiictBoM (4.21) Ha3bIBaeTC YHUTAPHBIM OEPATOPOM.
Taxkum o6paszom, npeobpasosanue (4.20) JOJZKHO OCYIIECTBISITHCS ¢ MOMOIIBIO YHUTAP-
HOT'O OIlepaTopa.

Paccmorpum anasoruto ¢ c-auciiamu. IIpoussejienue

e =1.
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[To »Toit Ke aHAJIOIUHU, €CJIU (v MAJIO TI0 CPABHEHUIO C €JIMHUIICH, TO €% MOXKHO Ipe/JI-
CTABUTH CJICJIYIONUM 0Opa30M:

e =1+ia+ O(a?).

IIycts yamTapubiii oneparop U 3aBUCUT OT HEKOTOPOU BEJIUYUHBI (v, U TIPU STOM

PasiiozkuB 5T0T 0llepaTop 110 MAJIOMy IIAPAMETPY (, HOJLY IUM:
Ula) = I+ aA + 0(a?).
DPMHUTOBO CONPSKEHHBI OIEpaTOp UMeeT BH/L;:
Ut(a) = I + aAl + O(a?).

[IpousBeeHne 3TUX JABYX OIEPATOPOB JOJ?KHO ObITH PABHO €IMHUIHOMY OIIEPaTOpPY,
IIO3TOMY

I=UU =1+ a(A" + A) +0(c?).

CrenoBaTeIbHO,

At+A=0,
TO €CTb 121 — AHTHU3IPMMHUTOB OIllepaTop:
A=iK, K'=K.
[IycTn
t =ty + ot

rae 0t MaJio, Toraa

Ut)=1+idtK +0(t%), K =K.

[Ipo1o/12KMB 3TN paccyKIeHus Ha CJIeIyIolIeil ek, moaydnM ypasaerue [Ipeann-
repa.
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